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Genetic Programming for the Automatic Inference
of Graph Models for Complex Networks

Alexander Bailey, Mario Ventresca, Beatrice Ombuki-Berman

Abstract—Complex networks are becoming an integral tool for
our understanding of an enormous variety of natural and artifi-
cial systems. A number of human-designed network generation
procedures have been proposed that reasonably model specific
real-life phenomena in structure and dynamics. Consequently,
breakthroughs in genetics, medicine, epidemiology, neuroscience,
telecommunications and the social sciences have recently resulted.
A graph model is an algorithm capable of constructing arbitrarily
sized networks, whose end structure will exhibit certain statistical
and structural properties. The process of deriving an accurate
graph model is very time intensive and challenging and may
only yield high accurate models for very specific phenomena. An
automated approach based on Genetic Programming was recently
proposed by the authors. However, this initial system suffered
from a number of drawbacks, including an under-emphasis
on creating hub vertices, the requirement of user intervention
to determine objective weights and the arbitrary approach to
selecting the most representative model from a population of
candidate models. In this paper we propose solutions to these
problems and show experimentally that the new system is a
very significant improvement and is very capable of reproducing
existing common graph models from even a single small initial
network.

Index Terms—Automatic programming, Complex networks,
Evolutionary Computation

I. INTRODUCTION

THE term complex network [1] refers to any set of inter-
related things where the pattern of links is meaningful.

The elements or objects are the vertices in the network and
their relations or physical connections form the edges. These
networks are not necessarily large and the term complex in
this context refers to the inherent meaning behind the pattern
of links [1]. These sorts of networks are all around us. For
example, the patterns of socialization between people create
social networks [2], [3]. We also build physical networks to
transmit signals [4], [5] as well as to distribute commodities
and people [5]–[7]. We create networks to organize and
structure information, such as the world wide web [8]–[10]
or citation networks [11], [12]. There are even networks to
be found in nature, from the way proteins, metabolites, and
cells interact [13]–[15] to the way organisms interact in an
ecosystem [16], [17]. Networks are everywhere, and despite
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their ubiquitous nature complex networks are still not well-
understood, though the study of these networks is rapidly
growing.

Building graphs to visualize and understand information has
been a long-standing practice in many fields including the
social sciences, biology, chemistry, physics, computer science,
and mathematics. Understanding the patterns of connections
that arise between components in these networks furthers
our understanding of the interactions and behaviours of the
components, as well as the behaviour of any processes acting
on the network itself [6]. In many cases a natural question
which arises from the study of a particular network is, “what
would happen if this network were to grow larger?” Perhaps
the question is, “what kinds of underlying processes created
this network?” The answer to questions such as this may
come in the form of algorithmic modelling of the underlying
processes. Such models, called graph models, can suggest
the growth behaviour of the network and many network
properties can be precisely measured and accurate estimations
of the behaviours of processes acting on the networks can be
made [6]. If an algorithm can successfully be designed that
produces graphs which share similar properties with a real-
world network then we can say we have a graph model for
that network. The model does not need to reproduce the exact
network it is modelling – this is not a graph isomorphism
problem – and will likely be capable of producing an infinite
set of graphs which should be similar to each other in some
way (Figure 1 illustrates this process).

For example, if we can understand the patterns of connec-
tions that arise in epidemiological networks then the spread
of disease within those networks can be better predicted; the
number of infected individuals at a given time step could
perhaps be estimated, or effective vaccination practices could
be devised. Accurate graph models could contribute significant
advancements in many fields given that there is a method
for producing them, a task that traditionally has been done
by hand. This is not only time consuming, but challenging
because it often requires a great deal of domain-specific
knowledge or analyzing and generalizing on a large amount
of data. See, for example [12]–[14], [17]–[21].

Fig. 1. A graph model produces a set of graphs
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An automated approach to the construction of graph mod-
els can significantly reduce the amount of human effort
required, and could potentially out-perform human attempts
at constructing graph models, especially when the network
at hand has a large number of edges or vertices. Humans
are only able to manually process a relatively small amount
of data, so human-generated models are created using a
small subset of real-world examples. These general human-
generated models are not necessarily accurate for other graphs,
although evidence can be given as to the similarities between
the model-generated graphs and many real-world networks,
general models are often incapable of describing all important
features of a given network. Automated models can be tailored
to specific kinds of data with minimal effort, and therefore
have the potential for being robust to any given real-world
data.

The most obvious difficulty in the automatic generation
of graph models is the choice of metrics used to determine
how well the constructed graph model fits the target network.
The process that created the target network is not known a
priori, so the problem is one of graph comparison. However,
as mentioned above this is not a graph isomorphism problem
because the goal is not to produce the same graph, but rather
an algorithm that produces a set of graphs with statistically
similar properties as the given graph. The structure of two
graphs can be compared without checking for isomorphism,
but if the selection of comparison metric is not a careful one
then a seemingly good match could be a poor one in reality.
Another very important consideration is that the discovered
model must not only be able to replicate the structural proper-
ties of the given example graphs, but also be able to replicate
the manner in which it grows over time. Over-fitting to the
given graph is a strong possibility.

This paper proposes a Genetic Programming (GP) method
for the automatic generation of graph models for complex
networks. Genetic programming is a natural fit to this problem
because the goal here is to reproduce an algorithm which
grows a structure, an application at which GP excels [22],
[23]. Genetic Programming has also been shown to produce
good results in areas where the domain is not well understood
[24], [25]. Further motivation to use GP comes from the multi-
objective nature of the problem. Evolving graph models, by
nature, is a multi-objective problem and there is a large body
of work concerning multi-objective strategies for Evolutionary
Algorithms (EA) [26], [27].

In [28], we proposed and gave the first empirical evidence
that a GP system is a viable tool for automatically generating
graph models for complex networks. However, the previous
system suffered from an inability to properly recognize the
importance of small numbers of nodes with many connections.
The GP language also suffered from many problems, in
particular it was difficult for the GP to express useful values for
probabilities, and it had no apparent mechanism for reasoning
about how to select a destination vertex when adding edges.
The latter problem made it difficult for the system to construct
preferential attachment networks. The previous system also
required the user to set weights for each objective, this can
at times be a non-trivial task as different weight settings

were found to impact the performance of the system greatly.
Additionally, the previous system offered no straightforward
way to select the most representative final result from the set of
evolved models. The task of finding a suitable result was left to
the user and was generally performed by a manual comparison
of data. The system proposed here addresses these issues by
including a new fitness objective, refining the GP language,
and introducing an adaptive weighting mechanism, as well as
a method for automatic model selection from the set of results.

The rest of this paper examines the efficacy of Koza-
style GP for automatically generating graph models from
unweighted, undirected networks. The sets of experiments
presented are designed to generate models to fit graphs gen-
erated by graph models which are known a priori, allowing
for algorithmic comparison between the evolved models and
the actual models. Sections II and III provide some necessary
definitions, and give a brief overview of the benchmark graph
models. Section IV describes the proposed GP system, the
GP language, as well as the fitness function and evaluation
process. Finally, section V describes the experimental setup
and results, with conclusions remarks and future work given
in section VI.

There are a large number of network properties which
can be measured with reasonable time complexity, and a
subset which have been used in the literature to differentiate
between types of complex networks and to suggest which
kinds of graph models may fit the network. These measurable
properties, the kinds of existing models they suggest, and
how this information was leveraged to automatically construct
graph models will be the subject of the rest of this article.

II. MEASURABLE PROPERTIES OF COMPLEX NETWORKS

This section contains an overview of some useful measures
which can be used to quantify network structure. Understand-
ing some properties of the network allows us to infer the
behaviour of some processes or to make estimations about
the function of groups of connected vertices. These measures
also give us a means for comparing networks (to say they are
similar or dissimilar with respect to the presence or absence
of a particular property and the degree to which that property
presents itself). Properties commonly used for comparing
network structure include the average geodesic path length,
the diameter of the network, the average vertex degree, the
clustering coefficient, sometimes called transitivity, and the
degree distribution [1], [29]. However, there are many more
measures and metrics which exist, and only those relevant to
this work will be discussed here. A comprehensive overview
of network properties can be found in [1].

The degree, k, of a vertex vi is the number of edges that are
adjacent to it, i.e., the number of edges such that (vi, vj) ∈ E,
or (vj , vi) ∈ E, where E is the edge set. The average vertex
degree, 〈k〉, is the average of all vertex degrees in the network:

〈k〉 =
1

n

n∑
i=1

ki (1)

where n is the number of vertices in the network, and ki is the
degree of vertex i. The degree of a vertex can be computed
in O(1) time.
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Fig. 2. Two non-equivalent graphs with the same degree distribution

A geodesic path is defined as the minimum distance be-
tween between two vertices and the average geodesic path
length is defined as the average of all geodesic paths in the
network. Let n be the number of vertices, and i and j be
vertex pairs, the average geodesic path length l is defined as
[1]

l =
2

n(n+ 1)

∑
i≥j

dij . (2)

The average geodesic path can be computed in O(|V ||E|)
time.

The diameter of a network is the largest geodesic path
between any vertex pair. A component is a subgraph G′ ⊆ G
where there exists a path between any pair of vertices v1, v2 ∈
G′, and there does not exist a v3 ∈ G \ G′ such that there
exists a path between v3 to any v ∈ G′. The diameter can be
computed in O(|V ||E|) time.

The global clustering coefficient, C, measures how con-
nected a vertex’s neighbours are to each other, i.e., it is a
measure of the number of triangles in the graph [1], [30]:

C =
number of triangles× 3

number of connected triples
. (3)

A “connected” triple in this context means a set of three
vertices a, b, c where a is connected to b and c is connected to
b but a and b may or may not be connected [1]. For local as
well as alternate definitions of the global clustering coefficient,
see [1], [21], [30]. The clustering coefficient is frequently a
good indicator as to which graph model fits a given network
or to check if a network may just contain random connections
[1], [6], [7]. The global clustering coefficient can be computed
in O(|V |〈k〉2) where |V | is the cardinality of the vertex set,
and 〈k〉 is the average vertex degree.

A. Degree Distribution

The degree distribution refers to the probability distribution
describing the probability of choosing a random vertex with
a given degree within a network [1]. The degree distribution
can reveal quite a bit about a graph’s structure, for example it
can indicate the presence of well-connected hub vertices [1].
However, alone it does not give all the structural information.
For example, the two graphs in Figure 2; the graph on the left
and the graph on the right have the same degree distribution
but are not equivalent.

Fig. 3. The degree distributions of a graph produced by the Barabási-Albert
model and a graph produced by the Watts-Strogatz model.

Despite this caveat, it is often enough information to identify
graphs produced by one model versus another model, or
enough information to discern which model may be most
suited to a particular network [1], [6]. Consider Figure 3 which
plots the degree distributions of two 100 vertex graphs, each
one produced by a different model. One distribution shows
that most vertices in the graph have a degrees of roughly six,
give or take three vertices, a relatively small range. The other
distribution shows most vertices have a degree of one, while
there are a few vertices with degrees of more than fifteen, this
implies that there are a small number of well-connected hub
verticies. From the degree distribution plots we can infer that
the graphs are not similar in structure. This is typical of graphs
produced by very different models.

The Kolmogrov-Smirnov test (KS-test) is a good candidate
for comparing degree distributions because the only restriction
is that the distributions be continuous. The test statistic,
Dn,n′ , for a two-sample KS-test is defined as [31]: Dn,n′ =
supχ|F1,n(χ)− F2,n′(χ)|, where F1,n is the empirical distri-
bution function of the first sample, and F2,n′ is the empirical
distribution function of the second sample. Minimizing Dn,n′

minimizes the difference between the distributions.

III. GRAPH MODELS OF COMPLEX NETWORKS

When questions arise about the impact of various structural
properties found to be present in a known network, or we
wish to learn how these properties will affect the network as
it grows – e.g., a high clustering coefficient, or an exponential
degree distribution – building a model is often the answer.
Graph models provide an algorithmic means to generate a
large number of artificial networks and to study the effect
of network properties on those systems. This is particularly
useful when there is not a lot of real-world data available for
a given system.

This section discusses a small set of three models, selected
for both their historical significance, and because they each
exemplify different network properties observed in real net-
works.
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Fig. 4. A graph generated by the Erdös and Rényi model with n = 100,
and p = 0.022

A. The Random Graph Model

The Random graph model was proposed by Erdös and Rényi
in 1959 [32]. This model generates a graph by adding n
vertices, and adding each possible edge with probability, p.
This produces a graph denoted Gn,p. The model represents
the ensemble of all Gn,p graphs in which a graph having
m edges appears with probability pm(1 − p)(M−m), where
M = 1

2n(n − 1) is the maximum number of edges [6]. In
the limit of large n, keeping the mean degree z = p(n − 1)
constant, the probability, pk, of a vertex having degree k is

pk =

(
n
k

)
pk(1− p)n−k ' zke−z

k!
(4)

with the approximation becoming exact in the limit of large
n and fixed k. Thus, the degree distribution for the random
graph is a Poison distribution [6].

Figure 4 is an example of a graph generated by the Erdös
and Rényi model. Note that the graph is not necessarily
connected, and that there is one component which most of
the vertices belong to.

While the random graph was an important first step in graph
modelling it is now understood to be a poor model of complex
networks [1]. By definition the links between elements in a
complex network are not random and by measuring particular
properties of specific networks it can be shown that they differ
from random graphs. In particular, social networks, tend to
have clustering coefficients orders of magnitudes higher than
what is found in random graphs [1], [7], [21], [33].

B. The Watts-Strogatz Model

The Watt-Strogatz small-world model focuses on modelling
two properties observed in real-world networks. First, there
tends to be a large number of triangles in many networks [21].
Secondly it maintains a small average geodesic path length
between any two vertices as network size grows large, the
so-called small-world effect [1], [21].

The Watts and Strogatz small-world model builds graphs by
creating a ring of n vertices in which each vertex is connected

Fig. 5. A graph generated by the Watts-Strogatz model where n = 100, and
p = 0.2.

to each of its neighbours up to k spaces away from itself. Each
edge is then considered in turn and with probability p one
of its ends is “rewired” to a new vertex chosen uniformly at
random. This results in a high connectivity among a vertex’s
neighbouring vertices as well as a low upper bound on average
geodesic path length. Figure 5 shows a graph generated using
the Watts-Strogatz small-world model.

While the Watts-Strogatz model produces graphs with tran-
sitivity values and path lengths which are similar to some real-
world networks, it fails to produce graphs with realistic degree
distributions. It can be shown that the degree distribution of
small-world graphs corresponds to [1]:

pk = e−cp
(cp)k−c

(k − c)!
(5)

where pk is the probability of a vertex having degree k, c is
the initial degree of each vertex before the rewiring process,
p is the probability of rewiring. Depending on the application
the unrealistic degree distribution may or may not be a prob-
lem. The model was never intended to produce graphs with
distributions that matched those found in real-world networks
– the transitivity and path length were the main considerations.
Models such as the Barabasi-Albert model explicitly provide
mechanisms for reproducing the degree distributions found in
many real-world networks.

C. The Barabási-Albert Model

The Barabási-Albert model [20] was based on the observa-
tion that many real-world networks, such as the World Wide
Web (WWW) exhibit a degree distribution which follows a
power-law [6]. In such networks, the probability Pk ≈ k−α,
where α is some constant (typically in the range [2, 3]), is
the probability that a vertex chosen uniformly at random has
degree k. Price had observed a similar degree distribution
in citation networks which are directed and acyclic and had
constructed his own earlier model to which the Barabási-Albert
model bears some resemblance [1], [12].

The Barabási-Albert model operated on two new assump-
tions. First, an observation was made that real-world networks
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Fig. 6. A graph generated by the Barabási-Albert model with n = 100, and
m0 = 1

do not always start with all their vertices and instead grow over
their lifetime. Finally, in addition to this growth process the
idea of preferential attachment, or cumulative advantage was
introduced. Preferential attachment means that the higher the
degree of a vertex, the greater is its propensity to collect new
edges [6], [7], [34]. The two mechanisms work as follows:

1) Growth: Starting with (m0) vertices, at each time step
a vertex with, m ≤ m0 edges, is added and attached to
m different vertices already present.

2) Preferential attachment: The probability that a new
vertex will be connected to vertex i depends on the
degree ki of vertex i, such that

Π(ki) = ki

∑
j

kj

−1 . (6)

It can be shown that after t time steps the scale-free network
will have n = t+m0 vertices and mt edges. Figure 6 shows
a graph generated using the Barabási-Albert model.

IV. THE AUTOMATIC GENERATION OF COMPLEX
NETWORKS

The GP system for automatically generating graph models
for complex networks was built using the RobGP system, a
Koza-style GP system written in C++ [35], [36]. Network
properties were computed using the iGraph C library [37].
All operations were strongly typed. The system was designed
in order to evolve a graph model given a specific network,
called the target network. The evolved models should produce
graphs which are similar to the target network with respect
to the fitness metrics. The following subsections describe the
fitness metrics, the shape of the GP tree as well as the GP
language used.

A. Selection and Fitness Evaluation

The model which produced the target network is unknown
to the GP system. The fitness functions are therefore designed
to compare the target network to the graphs produced by the

evolved models, called the active graphs. This gives an indirect
measure of the fitness of the model. The goal here is not to
compare the graphs for isomorphism, which is known to lie
somewhere between the P and NP complexity classes [38].
In the past, reasonable graph models have been benchmarked
by comparing how well they reproduce a particular feature
of a set of complex networks [1], [20], [21]. The goal here
is to determine a graph generation algorithm able to produce
graphs that are similar in some way or set of ways to the target
network. The GP system in this work used a multi-objective,
weighted and normalized, summed-ranks strategy [39]. This
multi-objective strategy is simple to use, ranks are easy to
compute, and it has been shown to perform well in problems
of high dimensionality [40], and recently it has been shown
to work well on problems of low dimensionality [41]–[43].

Summed-ranks works by assigning each individual j a raw
fitness value for each objective i. Individuals are then assigned
a rank Rankji with respect to each objective, such that zero
is the worst rank. The fitness Fj of an individual then used
for selection for a maximization problem is defined as:

Fj =

∑
i∈O wi ×Rankji
max(Ranki)

(7)

where O is the set of objectives and wi is the weight placed at
objective i. This is the same formulation given by Bentley and
Wakefield in [39] for their Weighted Average Ranking with the
addition of a rank normalization by the maximum rank in each
objective. The raw fitness objectives are defined as:

F1Raw = |l(Gt)− l(Ga)| (8)

F2Raw = [C(Gt)− C(Ga)]
2 (9)

F3Raw = DGt,Ga (10)

F4Raw =
1

|H|
∑
i

(hti − hai )

hti + hai
. (11)

Where l(Gt) is the average geodesic path length of the target
graph, l(Ga) is the average geodesic path length of an active
graph, C(Gt) and C(Ga) are global clustering coefficients
of the target and an active graph respectively, and Dt,a is
the KS-test statistic comparing the degree distribution of the
target graph to an active graph. |H| is the number of discrete
values in the degree distribution histogram, hti and hai are
the ith values in the target network and active graph’s degree
distributions respectively.

The raw fitnesses are used during evolution in order to
compute the ranks of each model. For presentation, they are
adjusted to values in the range [0, 1] with a value of 1 being
the most desirable. These adjusted fitnesses are computed as
follows:

F1 =

[
1 +

(
F1Raw

n

)]−1
(12)

F2 = [1 + |C(Gt)− C(Ga)|]−1 , (13)

F3 = 1− F3

n
(14)

F4 = 1− F4Raw (15)

In our previous work it was found that the system was sensitive
to different weight settings [28]. Here, we have devised an
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adaptive weighting scheme in order to eliminate the need to
search for useful objective weights. The rank weight for each
objective i ∈ O at generation t, denoted w(t)i was computed
as:

w(t)i =

√
1.0− F (t− 1)i∑

j∈O

√
1.0− F (t− 1)j

(16)

where O is the set of objectives, F (t − 1)i is the average
adjusted fitness value for objective i at generation t− 1. The
value for w(t)i is used in place of wi in (7).

Equations (8) to (10) and (12) to (14) are taken from [28].
Equations (11) and (15) were added because it was found
that the system did not put enough importance on high degree
nodes in the tail of exponential degree distributions. Equations
(10) and (11) compare the degree distributions of the active
graph and target network. The average geodesic path length
and the clustering coefficient have been shown to be useful
measures for estimating graph structure [29], this information
is used in (8) and (9).

Before the fitness values are computed for any graph
produced by an evolved model, the generated graph was first
simplified to remove any self-loops or multi-edges. When
calculating the average geodesic path length, if there was no
path between a vertex pair the length of the path was returned
as the size of the vertex set, a value larger than any possible
path. If the graph was empty, the worst possible fitness values
were assigned. If the user chose for the evolved model to be
executed more than once during evaluation then the model was
assigned the average fitness value per objective.

B. Shape of the GP Tree and Language

Strong typing [44] was used to enforce a specific tree shape,
which was evaluated in the following manner. The root node
has three branches, each containing a list of actions. One
branch for initialization, one branch which defines growth
actions, and one branch which describes finalization actions.
Operations in the initialization branch are responsible for
adding vertices or specifying how vertices are to be added
during the graph building process, these actions are executed
once per evaluation. Growth operations are responsible for
adding edges to the graph, and are executed n times per
evaluation, where n is the desired number of vertices in the
generated network. Finalization operations are any operations
which require edges and vertices to be present in the graph,
edge removal, for example. Figure 7 illustrates the tree struc-
ture.

In addition to a basic set of math operators, {+,−, ∗,%},
Ephemeral random constants (ERC), boolean functions,
{AND,OR, TRUE,FALSE}, IF structures, and the rela-
tional < operator which takes two float arguments and returns
a boolean (only the < operator was included because swapping
the arguments is equivalent to flipping the operator), the
language includes:
• Probability

– prob addProb: Adds two probabilities, and
clamps to the range [0, 1] using the function
P (float).

Fig. 7. The shape of the trees used by the GP

– prob subProb: Subtracts two probabilities, and
clamps to the range [0, 1] using the function
P (float).

– prob floatToProb: Converts an arbitrary float-
ing point value to a probability, using the function
P (float).

– prob indexToProb: Converts an integer value to
a probability, using the function P (index).

• Initialization Actions
– INIT ADD_ALL_NODES: Add all nodes to the

graph with no edges.
– INIT BUILD_RING: Add all nodes and build a

ring.
– INIT SET_GROW_NODES: One node is added at

each iteration (grow).
• Growth Actions

– GROW CREATE_TRIANGLE: Creates a triangle
which includes the current node in the active graph.

– GROW CONNECT_W_PROB(prob): Connect to
each node with probability prob.

– GROW CONNECT_RAND: Connects the current node
in the active graph to some random node in the active
graph.

– GROW CONNECT_STUB(prob, bool):
Connects an edge from the current node to a node
that has previously executed CONNECT_STUB. If
no suitable node has made an edge request, then
an edge request is made. Requests are stored in a
binary heap structure, heapified by the degree of
the vertex which made them. Requests are satisfied
randomly, or probabilistically, based on node degree
from a range according to priority. The range, r|R|,
is determined starting from the top of the heap; r is
given by the value of the argument prob, and |R|
is the cardinality of the set of edge requests. The
method of selection from the range is determined by
the boolean argument. Once all edge requests made
by a node are satisfied its entry is removed from the
priority queue of edge requests. A vertex can make
more than one request and a vertex cannot satisfy
its own request. Each call to CONNECT_STUB can
only make or satisfy a single request.

– GROW CONNECT_STUB_PERSIST(Prob, bool):
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Connects an edge as CONNECT_STUB does, but it
always adds its own request to the request queue
and it does not remove any requests it satisfies from
the request queue.

• Finalization Actions
– FINAL REWIRE_EQUAL_PROB(prob): Rewire

all edges with probability prob.
– FINAL REWIRE_RANDOM: Randomly rewire

edges.
– FINAL REMOVE_PROB(prob): Remove each

edge with probability prob.
• Terminals

– prob baseIndexM: An integer of type index,
whose value is M = {1, 3, 5}.

– prob baseProb001: An float of type prob,
whose value is 0.001.

– float CUR_NODE_DEGREE: Returns the current
node degree as a float.

– float AVG_DEGREE: Returns the average node
degree in the active graph as a float.

– float MAX_DEGREE: Returns the max node de-
gree in the active graph as a float.

– float TOTAL_VERTEX_COUNT: Returns the to-
tal vertex count in the active graph as a float.

– float FINAL_VERTEX_COUNT: Returns the fi-
nal expected vertex count in the active graph.

– float FINAL_EDGE_COUNT: Returns the edge
count in the active graph.

• Other
– bool TRUE_WITH_PROB(prob): returns true

with with probability P (prob).
– GROW_LIST if(bool,

GROW_LIST, GROW_LIST):
Executes the second argument if bool = TRUE,
otherwise the third argument is executed.

The function P (index) takes an integer value as an argument
and returns a floating point value from a pre-defined list at the
location specified by index MOD L, where L is the length of
the list. If the value of index is negative then the absolute
value is used. The function P (float) takes a floating point
value and returns a value between [0, 1]. If the argument’s
absolute value is already within that range, it simply returns
the absolute value of the argument. If the absolute value of
the argument is greater than one then it computes b|float|c
and behaves in the same way as P (index).

V. EXPERIMENTATION AND RESULTS

In order to examine the efficacy of the approach, graph
models were evolved to match target networks generated by
known target models. A graph was generated at a size of 200
nodes by each known model, these graphs were then used in
turn as input by the GP system. These graphs are called the
target graphs. The GP system was run 30 times for each target
graph, producing a set of 30 evolved models. In our previous
work, we found it was difficult to establish which models were

most useful or even most representative of the results and the
final step of selecting such models was a manual task [28].
Here we propose a post-processing step for automatic model
selection.

The final evolved models were used to generate 30 graphs
which were compared to their respective target graphs. The
comparisons were used to assign a final fitness value to each
model with respect to each objective, i. The models were
then ranked according to these values. The rankings were then
automatically assigned a weight, αi, according to:

αi =
max(µji)−min(µji)∑
i=1 max(µji)−min(µji)

(17)

where µji is the average fitness objective produced by the jth

evolved model. Each evolved model j was then assigned a
final weighted rank sum, RankSumj , used to automatically
select a final model for further experimentation (note that this
value is used only for final model selection and not as a fitness
value during evolution). RankSumj is computed as:

RankSumj =
∑
i

αi × rankji (18)

where rankji is the rank of the jth individual with respect
to the ith objective. Once the ranking process was completed
the median model was selected for growth experiments. We
found that selection of the best model often led to selection of
a model which was both over-fit, and not representative of the
quality of the models the GP system was likely to produce.
Thus, in selecting the median model both of these difficulties
could be avoided.

Growth experiments measure how well the model performs
at the task of projecting the growth of a complex network
over time; this is done by comparing graphs produced by
the evolved model at various sizes to graphs produced at
the same sizes by the known target algorithm. The networks
produced are compared with respect to the fitness measures,
that is, the average Geodesic Path length Difference (GPD),
the difference in global clustering coefficients or the Global
Transitivity Difference (GTD), the KS-test statistic (KS), and
the Normalized Sum of Percent Differences (SPD).

The following subsections describe how a model was
evolved for the random graph model, the Watts-Strogatz
model, and the Barabási-Albert model. All experiments were
conducted using the parameters specified in Table I, previously
established in [28] or established empirically. Where more than
one parameter is listed in the table, the specific parameters
used are specified in the subsections corresponding to each
experiment. The results are presented by first showing the
plots of average per-generation fitness over the course of the
GP runs. This is followed by degree distribution plots for the
growth experiments, as well as tables containing the numeric
comparison of fitness values. In cases where they may be
helpful these comparisons are followed by visualizations of
some graphs generated by the target and evolved algorithms.
It should be noted that in the visualizations the node sizes are
proportional to their degree. In the cases where pseudocode is
given for the evolved models, the models were first simplified
symbolically by the system using a set of rules. Once this
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process was complete the output was then further simplified by
hand and translated from the GP language into more readable
pseudocode.

TABLE I
GP PARAMETERS.

Parameter Value
Initialization Method Grow
Grow Min 3
Grow Max 5
Population Size 100, 200
Generations 50, 400
Selection Tournament: k=3
Crossover Subtree Crossover: 0.95
Mutation Grow: 0.2, linearly decreasing,

min depth = 1,max depth = 4
Runs 30

A. Model Inference From A Random Graph

A model was evolved over 400 generations, with a popu-
lation size of 200 individuals, using a 200 node target graph
generated using the Erdös-Rényi model, with p = 0.05. The
target graph is shown in Fig. 13. All other parameters are the
same as those given in Table I.

The median model, ER-M200, (which was selected using
the ranking system previously described) contained 365 func-
tions so it will not be reproduced here. The evolved model
made use of the ADD_ALL_NODES initialization function
and it made heavy use of the CONNECT_W_PROB function.
Following this, it then removed edges it had added using the
REMOVE_PROB function using a probability of 0.09. Fig. 8
shows the average behaviour over 30 runs at each generation
of the absolute fitness objectives (0 is the worst value, 1
is the best). Notice that the difference in average geodesic
path length, and the difference in clustering coefficients is
effectively zero throughout the run – these two objectives are
usually the easiest to satisfy, however, without their presence
the quality of the final results may suffer.

Fig. 9 to Fig. 12 are degree distribution comparison plots
for graphs at 200, 400, 600, and 800 nodes respectively. The
model ER-M200, evolved against a 200 node target, was used
to generate 30 graphs at each size, which was then compared
against a graph generated at the same size by the Erdös-Rényi
algorithm. The distributions labelled as “Evolved Model” are
the average degree distributions of the 30 graphs generated by
ER-M200. The average distributions have error bars at one
standard deviation about the means. These plots show that the
average degree in the graphs produced by both ER-M200 and
the Erdös-Rényi model both increase with the number of nodes
in the graph and both produce graphs containing nodes with
similar degrees with similar frequencies. The mean p-values
for KS tests comparing distributions for each graph produced
by the evolved model against the corresponding target graph
are given below the distribution plots. The results of the KS
tests show that the distributions are the same with a mean
confidence of between 94.7% and 98.3%, indicating a very
good fit. The results of the comparison with respect to the
other fitness measures are given in Table II. A value of 1.0 is

Fig. 8. Erdös-Rényi experiment. Average fitness convergence over thirty
runs.

TABLE II
COMPARISON OF GRAPHS PRODUCED BY ER-M200 TO GRAPHS

PRODUCED BY THE ERDÖS-RÉNYI MODEL. SIZE REFERS TO THE NUMBER
OF NODES, µ CONTAINS AVERAGE VALUES, σ CONTAINS STANDARD

DEVIATIONS.

Size Measure Min µ Max σ

200
Geodesic path 1.00 1.00 1.00 3.09 ×10−5

Global trans. 0.995 0.998 1.00 1.73 ×10−3

KS-test 0.925 0.944 0.965 1.22 ×10−2

SPD 0.792 0.842 0.876 2.49 ×10−2

400
Geodesic path 1.00 1.00 1.00 7.82 ×10−6

Global trans. 0.998 0.999 1.00 4.77 ×10−4

KS-test 0.958 0.965 0.975 4.55 ×10−3

SPD 0.800 0.820 0.838 1.14 ×10−2

600
Geodesic path 1.00 1.00 1.00 3.57 ×10−6

Global trans. 0.996 0.997 0.998 5.93 ×10−4

KS-test 0.967 0.974 0.980 3.55 ×10−3

SPD 0.798 0.819 0.843 1.24 ×10−2

800
Godesic path 1.00 1.00 1.00 1.42 ×10−6

Global trans. 0.994 0.995 0.996 4.60 ×10−4

KS-test 0.959 0.967 0.974 4.19 ×10−3

SPD 0.728 0.753 0.771 1.10 ×10−2

Averaged over thirty graphs of each size. Similarity measures are defined in
(12), (13), (14), and (15).

best and a value of 0.0 is worst. All average values are at least
0.9 regardless of the size of the graph produced, except the
value of the SPD, which is the most difficult fitness objective
(consider that in order to achieve a SPD value of 1.0 the
degree distributions of all 30 graphs generated by the evolved
model would need to match the target distribution perfectly).
The small amount of variation in the fitness values, regardless
of the output network size, indicates that the evolved model
continues to perform well even when generating graphs at four
times the size of the network used as input during evolution.

Fig. 13 is the Erdös-Rényi graph which was used as a
target for the GP system. Fig. 14 is a graph produced by
ER-M200. Both graphs are very dense, and from the node
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Fig. 9. ER-M200 vs. Erdös-Rényi degree distribution, n = 200. Mean KS
test statistic, D = 0.149. Mean p-value p = 0.950.
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Fig. 10. ER-M200 vs. Erdös-Rényi degree distribution, n = 400. Mean
KS test statistic, D = 0.103. Mean p-value p = 0.979.

0.00

0.02

0.04

0.06

0.08

0.10

0 10 20 30 40 50

Degree, k

F
ra

c
ti
o

n
 o

f 
N

o
d

e
s
 W

it
h

 D
e

g
re

e
 k

NAME

Erdös−Rényi

Evolved Model

Degree Distribution

Fig. 11. ER-M200 vs. Erdös-Rényi degree distribution, n = 600. Mean
KS test statistic, D = 0.0804. Mean p-value p = 0.983.
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Fig. 12. ER-M200 vs. Erdös-Rényi degree distribution, n = 800. Mean
KS test statistic, D = 0.0867. Mean p-value p = 0.947.

sizes it can be observed that the node degrees are roughly
equal throughout and between the two graphs. There is no
clear tree-like structure or important hubs in these graphs, as
should be expected from a random graph.

B. Model Inference From A Watts-Strogatz Graph

Next, a model was evolved against a 200 node Watts-
Strogatz target graph over 50 generations, using a population
size of 100 individuals. The target graph is shown in Fig. 20.
All other parameters are the same as those given in Table I.
Fig. 15 shows the average behaviour over 30 runs at each



10

Fig. 13. Erdös-Rényi target, n = 200

Fig. 14. ER-M200 graph, n = 200

generation of the absolute fitness objectives. Notice the target
graph’s transitivity value is more difficult to match in this case
than in the case of the random graph, this is because the Watts-
Strogatz model produces models with a higher-than-random
transitivity by design.

Pseudocode for the SW -M200 algorithm is given in Alg.
1. The evolved algorithm achieves the small-world behaviour
by utilizing the BUILD_RING function in conjunction with
random connections. The evolved algorithm will produce
graphs with a mean degree of approximately 6 for any size
graph. The CONNECT_STUB function in this context must be
used to close sets of connected triples into triangles, as the
evolved model graphs have clustering coefficients very similar
to the target Watts-Strogatz graphs. A comparison of the
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Fig. 15. Watts-Strogatz experiment. Average fitness convergence, over thirty
runs.

Algorithm 1 SW -M200 algorithm
BUILD RING(); {Add all nodes and connect in a ring.}
for each node n do

if TRUE WITH PROB(FLOAT TO PROB(0.08)) then
CONNECT STUB(FLOAT TO PROB(TOTAL EDGE COUNT),
TRUE);
CONNECT RAND;
if CURRENT NODE DEGREE < AVG DEGREE then

CONNECT RAND;
end if

end if
CONNECT RAND;

end for

clustering coefficient values of graphs produced by the evolved
model versus the clustering coefficient for a random graph
with the same number of nodes and edges is given in Table
III. Note that even the minimum values for the evolved model
are nearly two orders of magnitude higher than the random
graph values, so the values observed in the evolved model
cannot be attributed to random chance. Fig. 16 to Fig. 19 are
degree distribution comparison plots for graphs at 200, 400,
600, and 800 nodes respectively. The distributions labelled as
“Evolved Model” are the average degree distributions of the
30 graphs generated by SW -M200. The plots show that the
evolved model and the target model have produced graphs
with the same minimum k values, and a similar frequency of
nodes with those values. Both the evolved and target models
create degree distributions with maximum frequencies between
0.25 and 0.35 at k = 6 regardless of the number of nodes in
the graph. This behaviour is very different from the random
graph model and the ER-M200 model in the previous section
which produced graphs with an average degree that increased
with the number of nodes in the graph. The maximum values
for k are also similar, although the evolved model, with low
frequency, produces nodes with at most three more edges than
the target model. The mean p-values for KS tests comparing
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TABLE III
CLUSTERING COEFFICIENT COMPARISON.

Size Min Q1 Median Q3 Max Random
200 1.04 · 10−1 1.07 · 10−1 1.09 · 10−1 1.17 · 10−1 1.10 · 10−1 0.00
400 9.29 · 10−2 9.40 · 10−2 9.40 · 10−2 9.48 · 10−2 9.41 · 10−2 3.48 · 10−3

600 9.58 · 10−2 9.59 · 10−2 9.63 · 10−2 9.89 · 10−2 9.68 · 10−2 4.21 · 10−3

800 8.75 · 10−2 8.80 · 10−2 8.87 · 10−2 9.14 · 10−2 8.91 · 10−2 5.92 · 10−3

TABLE IV
COMPARISON OF GRAPHS PRODUCED BY SW -M200 TO GRAPHS

PRODUCED BY THE WATTS-STROGATZ MODEL. SIZE REFERS TO THE
NUMBER OF NODES, µ CONTAINS AVERAGE VALUES, σ CONTAINS

STANDARD DEVIATIONS.

Size Measure Min µ Max σ

200
Geodesic path 0.999 0.999 0.999 1.57 · 10−4

Global trans. 0.934 0.938 0.945 3.56 · 10−3

KS-test 0.900 0.940 0.970 2.50 · 10−2

SPD 0.759 0.843 0.883 4.12 · 10−2

400
Geodesic path 0.999 0.999 0.999 2.46 · 10−5

Global trans. 0.927 0.928 0.928 6.00 · 10−4

KS-test 0.968 0.976 0.983 7.01 · 10−3

SPD 0.828 0.869 0.896 2.63 · 10−2

600
Geodesic path 1.00 1.00 1.00 2.17 · 10−5

Global trans. 0.949 0.950 0.952 9.58 · 10−4

KS-test 0.923 0.937 0.953 9.80 · 10−3

SPD 0.837 0.861 0.888 2.10 · 10−2

800
Geodesic path 1.00 1.00 1.00 8.25 · 10−6

Global trans. 0.929 0.930 0.932 1.06 · 10−3

KS-test 0.935 0.966 0.976 1.38 · 10−2

SPD 0.808 0.869 0.935 3.13 · 10−2

Averaged over thirty graphs of each size. Similarity measures are defined in
(12), (13), (14), and (15).

distributions for each graph produced by the evolved model
against the corresponding target graph are once again given
below the distribution plots. The results of the KS tests show
the distributions are the same with an average confidence of
at least 97% in all instances. The results of the comparison
with respect to the other fitness measures are given in Table
IV. A value of 1.0 for each objective is best and a value of
0.0 is worst. The average values are at least 0.8. These values
show that the quality of fit is maintained even when generating
graphs much larger than the graph used as input to the GP
system with respect to all objectives.

The Watts-Strogatz model was used to produce the graph
shown in Fig. 20. The median evolved model, SW -M200, was
used to generate the graph shown in Fig. 21. Note that the
graphs lack any obvious hubs or branches, and ostensibly look
similar to the Erdös-Rényi graph in Fig. 13. However, these
graphs are much less dense than the Erdös-Rényi graph and
the node degrees are noticeably smaller. It is also possible to
pick out triangles around the edges of Fig. 20 and Fig. 21,
whereas the Erdös-Rényi graph has no apparent triangles.

C. Model Inference From A Barabási-Albert Graph

Finally, a population of 100 was evolved over 50 generations
against a target generated by the Barabási-Albert algorithm.
The average fitness per generation over 30 runs is shown in
Fig. 22.

Pseudocode for the BA-M200 algorithm is given in Alg. 2.
The evolved algorithm makes use of the SET_GROW_NODES
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Fig. 16. SW -M200 vs. Watts-Strogatz distribution, n = 200. Mean KS test
statistic, D = 0.159. Mean p-value p = 0.988.
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Fig. 17. SW -M200 vs. Watts-Strogatz distribution, n = 400. Mean KS test
statistic, D = 0.166. Mean p-value p = 0.981.
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Fig. 18. SW -M200 vs. Watts-Strogatz distribution, n = 600. Mean KS test
statistic, D = 0.175. Mean p-value p = 0.985.
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Fig. 19. SW -M200 vs. Watts-Strogatz distribution, n = 800. Mean KS test
statistic, D = 0.178. Mean p-value p = 0.972.

Fig. 20. Small-world target, n = 200

Fig. 21. SW -M200 graph, n = 200

initialization function which helps generate the branching
structure. It achieves the preferential attachment behaviour by
using the CONNECT_STUB_PERSIST function using a small
range specification (only the top 2% of nodes in the priority
queue will be selected), and a degree-proportionate selection
from that range.

The distributions generated by BA-M200 are very similar

Algorithm 2 BA-M200 algorithm
SET GROW NODES; {Add one node per iteration.}
for each node n do

CONNECT STUB PERSIST(0.02, TRUE);
end for
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Fig. 22. Barabási-Albert experiment. Average fitness convergence, over thirty
runs.

in shape to the target distributions, but appear to have a much
longer tail at n = 200, and n = 600. This means that the
degree sequences in the target graph versus the average degree
sequence generated by BA-M200 are almost the same but the
evolved model may produce a small number of nodes with
a much higher degree than is observed in the target graph.
However, these plots show an average distribution and the
tail points may not always appear in every graph generated
by the model. Table VI shows the minimum, average, and
maximum degree values from the set of maximum degree
nodes across all graphs (i.e., the set which contains one
node from each graph where those nodes have the largest
degrees in their respective graphs) generated at each size by
the median evolved model. The table shows that the median
maximum node degree is actually much closer to the expected
maximum degree. The values in Table VI suggests the data is
not normally distributed. In fact, the distribution of maximum
degrees across all graphs of each size is bimodal (see Fig.
27). In the case of n = 200 and n = 600 the left mode
more closely corresponds with the expected value for each n
found in Table VI and in the other cases the rightmost mode
corresponds most closely to the expected values.

Fig.23 to Fig. 26 are degree distribution comparison plots
for graphs at 200, 400, 600, and 800 nodes respectively. The
distributions labelled as “Evolved Model” are the average
degree distributions of the 30 graphs generated by BA-M200.
The mean as well as the median p-values for the KS test are
given with these figures in order to highlight their bi-modality,
and to illustrate that often only one mode is a good fit but
that in each case there are indeed graphs produced which
are a good fit. The median p-values show the distributions
are the same with at least 95% confidence. The results of
the comparison with respect to the other fitness measures
are given in Table V. A value of 1.0 for each objective is

TABLE V
COMPARISON OF GRAPHS PRODUCED BY BA-M200 TO GRAPHS

PRODUCED BY THE BARABÁSI-ALBERT MODEL. SIZE REFERS TO THE
NUMBER OF NODES, µ CONTAINS AVERAGE VALUES, σ CONTAINS

STANDARD DEVIATIONS.

Size Measure Min µ Max σ

200
Geodesic path 0.993 0.997 0.999 1.49 · 10−3

Global trans. 1.00 1.00 1.00 0.00
KS-test 0.960 0.974 0.985 8.52 · 10−3

SPD 0.682 0.715 0.793 2.69 · 10−2

400
Geodesic path 0.997 0.998 0.999 6.05 · 10−4

Global trans. 1.00 1.00 1.00 0.00
KS-test 0.968 0.970 0.975 3.37 · 10−3

SPD 0.705 0.706 0.711 3.03 · 10−3

600
Geodesic path 0.999 1.00 1.00 3.08 · 10−4

Global trans. 1.00 1.00 1.00 0.00
KS-test 0.988 0.989 0.990 6.78 · 10−4

SPD 0.693 0.710 0.779 3.50 · 10−2

800
Geodesic path 0.998 0.999 0.999 5.81 · 10−4

Global trans. 1.00 1.00 1.00 0.00
KS-test 0.971 0.975 0.986 5.46 · 10−3

SPD 0.637 0.663 0.731 3.42 · 10−2

Averaged over thirty graphs of each size. Similarity measures are defined in
(12), (13), (14), and (15).
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Fig. 23. BA-M200 vs. Barabási-Albert distribution, n = 200. Mean KS
test statistic, D = 0.178, median D = 0.121. Mean p-value p = 0.648,
median p = 0.955.

best and a value of 0.0 is worst. The comparisons show that
the model performance is maintained even when generating
graphs at 800 nodes. The values of 1.0 for the difference
in global transitivity fitness objective reflects the strong tree-
like structure of the graphs generated by the Barabási-Albert
graphs and the corresponding BA-M200 model, neither model
is very likely to produce any triangles at all.

The target graph, shown in Fig. 28. It is sparse, and has an
easily discernible tree-like structure with obvious hubs. The
median evolved model, BA-M200, was used to generate the
graph shown in Fig. 29. Fig. 30 and Fig. 31 show the 800
node target used for growth experiments and an 800 node
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Fig. 24. BA-M200 vs. Barabási-Albert distribution, n = 400. Mean KS
test statistic, D = 0.0778, median D = 0.0513. Mean p-value p = 0.950,
median p = 1.00.
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Fig. 25. BA-M200 vs. Barabási-Albert distribution, n = 600. Mean KS
test statistic, D = 0.0677, median D = 0.0667. Mean p-value p = 1.00,
median p = 1.00.

TABLE VI
BA-M200 : SPREAD OF MAXIMUM DEGREE NODES

Size Min Q1 Median µ Q3 Max Expected
200 18 22 31 27.70 31 41 17
400 30 32 38 35.87 38 38 41
600 38 44 44 42.80 44 44 34
800 41 41 57 49.53 57 57 68

Averaged over thirty graphs of each size. Size is the size of the
vertex set, µ is the average maximum degree, and Expected refers

to the maximum degree found in the target model at that size.
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Fig. 26. BA-M200 vs. Barabási-Albert distribution, n = 800. Mean KS
test statistic, D = 0.122, median D = 0.0522. Mean p-value p = 0.645,
median p = 1.00.
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values for each n found in Table VI.
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Fig. 28. Barabási-Albert target, n = 200

Fig. 29. BA-M200, n = 200

graph generated by BA-M200 respectively.

VI. CONCLUSION

In our previous work [28], it was established for the first
time that it is feasible to automatically generate graph models
for complex networks. However, the system proposed in [28]
suffered from some deficiencies. This paper proposes a new
system, which refines the GP language and uses an adap-
tive weighting mechanism in order to alleviate the system’s
sensitivity to objective weighting. A new fitness objective is
added in order to emphasize the importance of matching the
number and degree of high degree nodes in the target graph. A
ranking and selection method for evolved models is proposed,
which alleviates the difficulty in selecting the most suitable
model from the set of results. The experimentation focused
on undirected and unweighted graphs from two-hundred to
eight-hundred nodes. The proposed GP language is capable of
approximating the Erdös-Rényi, Watts-Strogatz, and Barabási-
Albert algorithms. The evolved models performed well with
respect to the fitness measures when predicting the growth
of networks generated by the target algorithms. The graphs
produced by the evolved algorithms are statistically similar

Fig. 30. Barabási-Albert target, n = 800

Fig. 31. BA-M200, n = 800

to their corresponding targets, and the algorithms themselves
show similarities to the target algorithms.

Future work will include generating more types of graph
models, and the use of larger graphs, as well as more con-
ventional means of model comparison and selection such
as Bayesian Information Criterion (BIC), or Akaike Infor-
mation Criterion (AIC). Furthermore, this work considered
unweighted, undirected, networks and while they are the most
general kind of networks, future work will explore directed,
weighted, and dynamic models. An important challenge which
lies ahead will be to demonstrate that the technology is capable
of being used to reverse-engineer real-world complex networks
a further measure of its strength will be how it performs in
these applications as compared to human approximations. The
progress presented here is very promising, and many open
and interesting questions remain. As research in this direction
continues more and more questions arise, presenting many
future possibilities in this field.
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