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Abstract

In the present report, we study collections of contact relations on a fixed Boolean algebra and show that they
can be provided with a rich lattice structure. This follows from a representation theorem which associates with
each contact relation a closed graph on the ultrafilter space of the underlying Boolean algebra and vice versa.
We also consider collections of special contact relations which have gained some importance in qualitative
spatial reasoning.

1 Introduction

Contact relations have their origins, among others, in the work of de Laguna [2], Whitehead [17], and Tarski
[14], who were concerned with the ontological foundations of space. The basic concept was to take regions
as the basic entities instead of points. Eventually, this led to the concepts of “pointless geometry” [10], and,
in modern qualitative spatial reasoning, to “mereotopology” [13, 16]. Regions are assumed to form a Boolean
algebra, with two additional binary relations among regions, namely “part of” and “in contact with”. These
structures are calledBoolean contact algebras(BCAs).

A standard example for a BCA, indeed, the original motivation for studying contact relations, is the collection
of regular closed sets of the Euclidean plane withstandard contactdefined byaCb⇐⇒ a∩ b 6= /0. Recently,
there has been some interest in the properties of abstract BCAs, their axiomatizability and representability, and
their connection to topology and relation algebras. A recent in depth study of BCAs in relation to topological
properties can be found in [4], and, for an overview of the algebraic aspects we invite the reader to consult [6].

In the present report, we study collections of contact relations on a fixed Boolean algebra and show that they
can be provided with a rich lattice structure. This follows from a representation theorem which associates with
each contact relation a closed graph on the ultrafilter space of the underlying Boolean algebra and vice versa. We
also consider collections of special contact relations which have gained some importance in qualitative spatial
reasoning.

∗Both authors gratefully acknowledge support from the Natural Sciences and Engineering Research Council of Canada.
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2 Definitions and notation

Our standard references are [12] for Boolean algebras, [1] for Lattice Theory, [3] for Graph theory, and [9] for
Topology, where all unexplained material can be found.

If 〈P,≤〉 is an ordered set with smallest element0, we let P+ = P\ {0}; if P has a largest element1, we let
P− = P\{1}. ForM ⊆ P, theupset ofM is defined by↑M = {y∈ P : (∃x)[x∈M andx≤ y}.
For any setU , we denote byRel(U) the set of all binary relations onU . If x∈U andR∈Rel(U), thendomRx =
{y : yRx}, and, if M ⊆ U , we let domRM =

⋃
x∈M domRx. Similarly, we defineranRx and ranRM. If R is

understood, we will usually drop the subscript. Two different elementsx,z∈ U are calledconnected (with
respect toR), if there arey0, . . . ,yk ∈U such thatx = y0,z= yk, andy0Ry1R. . .Ryk. If x andz are connected,we

write x
R→ z. A nonempty subsetW of U is calledconnected, if any two different elements ofW are connected.

A componentis a maximally connected subset ofU .

If 〈U,R〉,〈U ′,R′〉 are binary relational structures, then〈U ′,R′〉 is called asubstructure of〈U,R〉, written as
〈U ′,R′〉 ≤ 〈U,R〉, if U ′ ⊆ U and R′ is the restriction ofR to U ′, i.e. R∩ (U ′×U ′) = R′. If U andU ′ have
the same algebraic type, then we suppose that〈U ′,R′〉 ≤ 〈U,R〉 also implies thatU ′ is a subalgebra ofU , i.e.
U ′ ≤U .

Throughout,〈B,+, ·, ∗,0,1〉 will denote a Boolean algebra (BA),B its completion, andAt(B) its set of atoms. We
write a = a0⊕ . . .⊕an, if a = a0 + . . .+an, and theai are pairwise disjoint.B is called afinite–cofinitealgebra
(FC–algebra), if every nonzero element is a finite sum of atoms or the complement of such an element. IfB is
an FC–algebra, and|B| = κ, thenB is isomorphic to the BA which is generated by all finite subsets ofκ; this
algebra is denoted byFC(κ). If γ ∈ κ , we letFγ be the ultrafilter ofFC(κ) generated by{γ}, and, ifω ≤ κ, then
Fκ is the ultrafilter of cofinite sets. Note thatFκ is the only non–principal ultrafilter onFκ .

If y∈ B andk∈ {0,1}, we set

y[k] =

{
y, if k = 0,

y∗, if k = 1.

If X is a nonempty subset ofB, then each element of the formy[∈0]
0 · . . . · y[∈n]

n , wherey[∈i ]
i ∈ X and∈i∈ {0,1} is

called anelementary product(overX). X is a set offree generators ofB, if X generatesB, and each elementary
product of different elements ofX is nonzero. In this case,B is called thefree Boolean algebra on|X| generators,
denoted byF|X|.

If M ⊆ B+ andu 6∈M, we say thatu is independent of M, if u ·x 6= 0 andu∗ ·x 6= 0 for all x∈M. If M = B+, we
say thatu is independent of B.

If B≤ A andu∈ A, thenB(u) is the smallest subalgebra ofA containingB∪{u}, called asimple extension ofA.
Eachx∈ B(u) can be written asa0 ·u+a1 ·u∗ for a0,a1 ∈ B, or, alternatively, asa0 ·u+a1 ·u∗+a3, whereai ∈ B,
anda0⊕a1⊕a2 = 1.

{Bα : α ∈ κ} is asimple (continuous) chain of BAs, if Bα+1 is a simple extension ofBα for eachα ≤ κ , and, for
each limitλ ≤ κ, Bλ =

⋃{Bγ : γ ∈ λ}. Clearly, each BA has such a representation.

We denote byUlt(B) the set of ultrafilters ofB, and in the sequelF,G will denote ultrafilters ofB. There is a close
connection betweenUlt(Fκ) and2κ , see [12]: LetFκ be freely generated byD = {xα : α ∈ κ}. If F ∈ Ult(Fκ),
let MF = {α : xα ∈ F}. Then, clearly, the assignmentF 7→ MF is injective. Conversely, each subsetM of κ
determines a unique ultrafilter, namely, the ultrafilterF for which F ∩D = {xα : α ∈ M}. Hence, there is a
bijective correspondence between the ultrafilters ofFκ and the the subsets ofD.
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The mappingh : B→ Ult(B) with h(x) = {F ∈ Ult(B) : x ∈ F} is the Stone embedding, andσ is the Stone
topology onUlt(B), i.e. {h(x) : x ∈ B} is a clopen basis ofσ . It is well known that〈Ult(B),σ〉 is a Boolean
space, i.e. compact,T2, and totally disconnected. The product topology onY = Ult(B)0×Ult(B)1 is denoted by
τ ; sinceσ is a Boolean space, so isτ . p0, p1 are the projections fromY to the factorsUlt(B)0,Ult(B)1. SinceY
is compact, the projections are closed mappings.

We denote byτd the collection of closed sets ofτ. It is well known that〈τd,∩,∨, /0,Y〉 is a complete atomistic
dual Heyting algebra, where

∨
i∈I Ri = cl(

⋃
i∈I Ri); note thatR∨S= R∪S. Since finite sets are closed, its atoms

are the singleton sets. IfR,S∈ τd, we denote byR
d→ S the smallestT ∈ τ2 for which R≤ S∨T, and writeR+

for R
d→Y; it is well known thatR

d→ S= cl(−R)∩Sand thus,R+ = cl(−R). SinceR∩cl(−R) is not necessarily
empty, we see that thatτd need not be a dual Stone algebra. IfB is finite, however, thenτd is a Boolean algebra,
since every subset ofUlt(B)×Ult(B) is closed.

1′ is the identity relation onY, i.e. 1′ = {〈F,F〉 : F ∈ Ult(B)}. Note that1′ is closed inY, sinceY is compact.

Relrs(Ult(B)) is the collection of graphs (i.e. reflexive and symmetric binary relations) onUlt(B). If R∈
Relrs(Ult(B)) andx ∈ B, we let Mx = domRh(x) = {F ∈ Ult(B) : (∃G ∈ Ult(B))[x ∈ G and〈F,G〉 ∈ R]}. By
the symmetry ofR, we havedomRh(x) = ranRh(x).

A binary relationR on Ult(B) is calledclosed, if it is closed inY; we denote byRelrsc(Ult(B)) the set of closed
reflexive symmetric relations onUlt(B). Note that reflexivity ofR implies thatpi(R) = Ult(B).

3 The lattice of contact relations

Suppose thatC∈ Rel(B), and consider the following properties:

C0. (∀x)0(−C)x

C1. (∀x)[x 6= 0⇒ xCx]

C2. (∀x)(∀y)[xCy⇒ yCx]

C3. (∀x)(∀y)(∀z)[xCy∧y≤ z⇒ xCz.

C4. (∀x)(∀y)(∀z)[xC(y+z)⇒ (xCyor xCz.

C5. (∀x 6= 1)(∃y)[y 6= 0∧x(−C)y].

C6. (∀x)(∀y)[(∀z)(xCzor z∗Cy)⇒ xCy]

C7. (∀x)[(x 6= 0∧x 6= 1)⇒ xCx∗].

C is called acontact relation(CR), and the structure〈B,C〉 is called aBoolean contact algebra(BCA), if C
satisfies C0 – C4.C∈C is calledextensional(ECR) if it satisfies C51, strongif it satisfies C6, andconnectedif it
satisfies C7. We denote the set of all contact relations onB by C , and, for5≤ i ≤ 7, we letCi = {C∈C :C |=Ci}.
Theoverlap relationO is defined byxOy⇐⇒ x ·y 6= 0. It is not hard to see thatO is a contact relation, indeed,
the smallest one onB.

The next observations follow immediately from the first order properties of the axioms, see e.g. [11]:

1We have changed the notation previously used in [8] to conform with the literature.
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Lemma 3.1. 1. The classes of all BCAs, strong BCAs, and connected BCAs are universal, and thus, are
closed under substructures and, hence, under unions of chains.

2. The class of extensional BCAs is axiomatized by∀∃ sentences, and thus it is closed under union of chains,
but not under substructures.

We require one more preliminary result:

Lemma 3.2. If C is an extensional contact relation,x 6= 1, y 6= 0 andx · y = 0, then there is somez∈ B+ such
that z≤ y andx(−C)z.

Proof. Suppose thatx,y are as prescribed, and assume thatxCzfor all 0� z≤ y. By our hypothesis,x≤ y∗ � 1,
and thus,y∗Cz for all z∈ B+. This contradictsC |= C5.

Our aim in this Section is to describe contact relations onB by certain binary relations onUlt(B). We then
show thatC can be made into a complete atomistic co–Heyting algebra. IfF,G ∈ Ult(B), we let [F,G] =
(F×G)∪ (G×F).

If C∈Rel(B), we setRC = {〈F,G〉 : F×G⊆C}; conversely, ifR∈Rel(Ult(B)), we letCR =
⋃{F×G : 〈F,G〉 ∈

R}.
The following is immediate from the definitions:

Lemma 3.3. 1. CR satisfies C0, C3 and C4.

2. The assignmentsR 7→CR andC 7→ RC are isotone.

Other connections betweenRC andC were exhibited in [5]:

Theorem 3.4. Suppose thatR∈ Rel(Ult(B)). Then,

1. If R is reflexive, thenCR satisfies C1.

2. If R is symmetric, thenCR satisfies C2.

3. If R is connected, thenCR satisfies C7.

Furthermore,

Theorem 3.5. [5] Suppose thatC∈ Rel(B) satisfies C0 and

C4a. (∀x)(∀y)(∀z)[xC(y+z)⇒ (xCyor xCz)].

C4b. (∀x)(∀y)(∀z)[(y+z)Cx⇒ (yCxor zCx)].

Then,

1. RC is reflexive if and only ifC satisfies C1.

2. RC is symmetric if and only ifC satisfies C2.

3. RC is transitive if and only ifC satisfies C6.
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Furthermore,C = CRC, i.e.

xCy⇐⇒ (∃F,G∈ Ult(B))[〈F,G〉 ∈ RC andx∈ F, y∈G].(3.1)

This shows that each contact relation onB is of the formCR for some reflexive and symmetricR∈ Rel(Ult(B)).
It is not true, however, that each reflexive and transitiveR is of the formRC for someC ∈ C , or that transitivity
of R implies thatCR satisfies C6; examples can be found in [5].

As far as substructures are concerned, we observe

Lemma 3.6. If 〈B′,C′〉 ≤ 〈B,C〉, thenC′ =
⋃{(F ∩B′)× (G∩B′) : 〈F,G〉 ∈ RC}.

Proof. “⊆”: Let x,y ∈ B′ andxC′y. SinceC′ ⊆ C, we havexCy, and thus there areF,G ∈ Ult(B) such that
〈F,G〉 ∈ RC, andx∈ F,y∈G. Hence,〈x,y〉 ∈ (F ∩B′)× (G∩B′).

“⊇”: Suppose that〈x,y〉 ∈ (F ∩B′)× (G∩B′) for some〈F,G〉 ∈ RC′ . Then,x,y ∈ B′ andxCy. SinceC′ =
(B′×B′)∩C, the conclusion follows.

If θ is the equivalence relation onUlt(B) defined byFθG⇐⇒ F ∩B = G∩B, then,RC′ is obtained fromRC by
contracting each class ofθ to a single vertex and keeping the edges between classes.

Our next aim is to show that there is a 1–1 correspondence between contact relations onB and closed reflexive
and symmetric relations onUlt(B). We need one preliminary Lemma:

Lemma 3.7. If {Ri : i ∈ I} ⊆ Relrs(Ult(B)), thenclY (
⋃

i∈I Ri) ∈ Relrs(Ult(B)).

Proof. SetR=
⋃

i∈I Ri , and observe thatR is reflexive and symmetric. Let〈F,G〉 ∈ cl(R), andh(x)×h(y) be a
basic neighbourhood of〈F,G〉; then(h(x)×h(y))∩R 6= /0. SinceR is symmetric,(h(y)×h(x))∩R 6= /0, and,
since every basic neighbourhood of〈G,F〉 is of the formh(y)×h(x) for an open neighbourhoodh(x)×h(y) of
〈F,G〉, we conclude that〈G,F〉 ∈ cl(R).

Theorem 3.8. R= RC for someC∈ C if and only ifR∈ Relrsc(Ult(B)).

Proof. “⇒”: By Theorem 3.5, all that remains to be shown is thatR is closed. Suppose that〈F,G〉 ∈ cl(R), and
assume that〈F,G〉 6∈ R. SinceR= RC, we haveF ×G 6⊆C, and thus, there arex∈ F, y∈ G such thatx(−C)y.
Now, h(x)×h(y) is an open neighbourhood of〈F,G〉, and, by our hypothesis, there is some〈F0,G0〉 such that
〈F0,G0〉 ∈ RC and〈F0,G0〉 ∈ h(x)×h(y). But then,F0×G0 ⊆C and〈x,y〉 ∈ F0×G0, a contradiction.

“⇐: Suppose thatR∈Relrsc(Ult(B)). It follows from Theorem 3.4 and the remarks preceding it thatCR satisfies
C0 – C3. For C4, letxCR(y+z); then, there areF,G∈ Ult(B) such thatx∈ F, y+z∈ G, and〈F,G〉 ∈ R. Since
G is an ultrafilter,y∈G or z∈G, and it follows thatxCyor xCz.

All that remains to be shown is thatR= RCR. R⊆RCR follows immediately from the definitions, so we just show
the other direction: Suppose that〈F,G〉 ∈ RCR, and assume that〈F,G〉 6∈ R. SinceR is closed, there arex,y∈ B
such thatx∈ F,y∈G, and(h(x)×h(y))∩R= /0. Now, from the definitions,

〈F,G〉 ∈ RCR ⇐⇒ F×G⊆CR⇐⇒ F×G⊆
⋃
{F ′×G′ : 〈F ′,G′〉 ∈ R},

and it follows that there areF ′,G′ ∈ Ult(B) such thatx∈ F ′, y∈ G′, and〈F ′,G′〉 ∈ R. This contradicts(h(x)×
h(y))∩R= /0.

Corollary 3.9. The mappingm : Relrsc(Ult(B))→ C is an order preserving bijection.
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The preceding Corollary implies that eachC ∈ C can be written in the formC = O∪⋃{Fi ×Gi : i ∈ I}, where
Fi ,Gi ∈Ult(B), Fi 6= Gi for all all i ∈ I , andF×G⊆C,F 6= G imply that there is somei ∈ I such thatF = Fi and
G = Gi . In the sequel, we will assume this notation.

The next step is to exhibit the algebraic structure ofRelrsc(Ult(B)).

Theorem 3.10.The collectionRelrsc(Ult(B)) of closed reflexive and symmetric relations onUlt(B) is a complete
atomistic1 – sublattice of the lattice of closed sets ofτ with smallest element1′, and a dual Heyting algebra. Its
atoms have the form1′∪{〈F,G〉,〈G,F〉}, whereF 6= G, and this representation of atoms is unique.

Proof. Since the arbitrary intersection of closed sets is closed, and the arbitrary intersection of reflexive and
symmetric relations is reflexive and symmetric, Lemma 3.7 tells us thatRelrsc(Ult(B))is a complete sublattice of
τd. Since1′ is the smallest reflexive and symmetric relation onUlt(B), and1′ is closed, it is the smallest element
of Relrsc(Ult(B)). Similarly,Y is the largest element ofRelrsc(Ult(B)).

It remains to show thatRelrsc(Ult(B))is a dual Heyting algebra. Thus, letR,S∈Relrsc(Ult(B)), and suppose that

R⊆ S∪T. If 〈F,G〉 ∈ T and〈G,F〉 6∈ T, then, the symmetry ofR implies thatR⊆ S∪T \{〈F,G〉}. HenceR
d→ S

is symmetric, and, clearly,1′∪ (R d→ S) is the smallest reflexive and symmetric relationQ for whichR⊆ S∪Q.

Since1′ and{〈F,G〉,〈G,F〉} are closed, the relation1′∪{〈F,G〉,〈G,F〉} is also closed, and, clearly, a minimal
reflexive and symmetric relation onUlt(B). Since finite sets are closed,

{〈F0,G0〉,〈G0,F0〉} ⊆ cl({〈F,G〉,〈G,F〉}) = {〈F,G〉,〈G,F〉}

implies{〈F0,G0〉,〈G0,F0〉}= {〈F,G〉,〈G,F〉}, and thus, the representation of atoms is unique.

Theorem 3.11.C can be made into an atomistic complete co–Heyting algebra which is isomorphic toRelrsc(Ult(B)).

Proof. We know from Corollary 3.9 that the functionm : Relrsc(Ult(B)) → C defined by

R 7→
⋃
{F×G : 〈F,G〉 ∈ R}

is bijective, and furthermore, order preserving. LetxOy⇐⇒ x ·y 6= 0; then,O =
⋃{F×F : F ∈ Ult(B)}, and it

follows thatm(1′) = O.

Suppose that〈Ri : i ∈ I〉 ⊆ Relrsc(Ult(B)). We will show thatm(cl(
⋃

i∈I Ri)) =
⋃

i∈I m(Ri):

〈x,y〉 ∈m(cl(
⋃

i∈I

Ri))⇐⇒ (∃〈F,G〉 ∈ cl(
⋃

i∈I

Ri))[〈x,y〉 ∈ F×G],

⇐⇒ (∃〈F0,G0〉 ∈
⋃

i∈I

Ri)[〈x,y〉 ∈ F0×G0], sincecl(
⋃

i∈I

Ri)) is closed,

⇐⇒ (∃i ∈ I)[〈x,y〉 ∈ F0×G0 and〈F0,G0〉 ∈ Ri ]
⇐⇒ (∃i ∈ I)[〈x,y〉 ∈m(Ri)].

Thus,〈C ,
∨

,
∧

,O,Y〉, is an atomistic complete co–Heyting algebra, where
∨

i∈I Ci =
⋃

i∈I Ci . The meet operation,
however, is not set intersection, since the closure operation does not, in general, distribute over∩, and we only
knowC∧C′ ⊆C∩C′.The meet of a family of CRs can be described by

∧

i∈I

Ci = {〈x,y〉 ∈
⋂

i∈I

Ci : (∀s, t)[y = s+ t ⇒ x

(
⋂

i∈I

Ci

)
sor x

(
⋂

i∈I

Ci

)
t]}.(3.2)

Clearly, the atoms ofC are the relations of the formO∪ [F,G], whereF,G∈ Ult(B) andF 6= G.
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Since the Stone topology of a finite BA is discrete, we note

Corollary 3.12. If B is finite, thenC is isomorphic toRelrs(Ult(B)).

Since the ultrafilters of a finite BA are determined byAt(B), the contact relations onB are uniquely determined
by the graphs onAt(B).

Even though the meet inC is, in general, not the intersection, we have

Lemma 3.13. If {Cα : α ∈ I} is a descending chain of CRs, then
∧

α∈I Cα =
⋂

α∈I Cα .

Proof. The only not completely trivial case is C4: Letx(
⋂

α∈I Cα)(s+ t), and assume thatx(−⋂
α∈I Cα)s and

x(−⋂
α∈I Cα) t. Then. there areα,β ∈ I such thatα ≤ β andx(−Cα)s, x(−Cβ )t. FromCβ ⊆Cα we obtain

x(−Cβ )sandx(−Cβ )t, contradictingxCβ (s+ t).

4 The fine structure ofC

In this section we study some properties of the collectionsCi , 5≤ i ≤ 7. Recall thatxOy⇐⇒ x ·y 6= 0. Clearly,

O |= C5,C6, O 6|= C7, B+×B+ |= C7,C6, B+×B+ 6|= C5.

Our first observation is the following:

Lemma 4.1. C5 is an ideal ofC .

Proof. Clearly↓C5 = C5. LetC,C′ ∈C5, and assume thatC∪C′ 6∈C5. Then, there exists somex∈B,x 6= 1, such
thatx(C∪C′)y for all y∈ B+. SinceC∈ C5, there is somey 6= 0 such thatx(−C)y; then,x·y = 0 andxC′y. Since
C′ ∈ C5, by Lemma 3.2 there is some0� z≤ y such thatx(−C′)z. But then,xCz, implying xCy, a contradiction.
Hence,C∪C′ ∈ C5.

SetRx
C = RC∩ (h(x)×Ult(B)). Then,

Lemma 4.2. C |= C5 iff p1(Rx
C) is not dense inX for all x∈ B−.

Proof. First, note thatp1(Rx
C) = ranRC h(x) = {G∈ Ult(B) : (∃F)[x∈ F and〈F,G〉 ∈ RC}. Suppose thatx 6= 1.

Then,

pi(Rx
C) is not dense inX ⇐⇒ (∃y∈ B+)[h(y)∩ p1(Rx

C) = /0],
⇐⇒ (∃y∈ B+)(∀F,G∈ Ult(B))[〈F,G〉 ∈ RC andx∈ F ⇒ y 6∈G],
⇐⇒ (∃y∈ B+)[x(−C)y].

This completes the proof.

Theorem 4.3. 1. LetF,G∈ Ult(B), F 6= G, andC = O∪ [F,G]. Then,C∈ C5 if and only if neitherF nor G
are principal.

2. B is isomorphic to a finite–cofinite algebra if and only ifC5 = {O}.
3. B is atomless if and only ifC5 contains all atoms ofC .
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Proof. 1. “⇒”: Suppose thatC ∈ C5, and assume that w.l.o.g.F is generated by the atomx. Then,x∗ · y 6= 0
for all y 6∈ {0,x} which implies thatx∗Cy for all suchy. All that is left to is thatx∗Cx, sincex is an atom. Since
F 6= G, we cannot havex∈G, hence,x∗ ∈G andG×F ⊆C imply that alsox∗Cx.

“⇐”: Suppose thatF,G are non–principal, and assume thatC 6|= C5. Then, there is somex 6= 1 such that, in
particular,xCyfor all y 6= 0,y≤ x∗. Let w.l.o.g.x∈ F ; then,B+∩ ↓ x∗ ⊆G, which implies thatG is generated by
x; otherwise, there are nonzero disjointy,z≤ x∗, whose sum isx∗, which cannot be, sincey,z∈G.

2. The “only if” direction was shown in [7]. IfC5 = {O}, then, wheneverF,G are distinct ultrafilters ofB, then
O∪ (F ×G)∪ (G×F) 6∈ C5. By 1., this implies that one ofF,G must be principal. Hence,B has at most one
non–principal ultrafilter, and therefore,B is a finite–cofinite algebra.

3. Just note thatB is atomless if and only if it contains no principal ultrafilters.

Theorem 3.5 shows thatC6 has a satisfying structure:

Theorem 4.4. C6 is isomorphic to the lattice of closed equivalence relations onUlt(B).

Proof. By Theorem 3.5, there is an isotone one–one correspondence betweenC6 and the collection of closed
equivalence relations onUlt(B). Thus, all that remains is to show that the latter is a lattice. It is well known
that all equivalence relations on a set form a complete lattice under set inclusion, where the meet is just set
intersection, and the join of a family of equivalence relations is the transitive closure of its union. Since an
arbitrary intersection of closed sets is closed, and each family of closed equivalence relations has an upper
bound, namely, the universal relation onUlt(B), the collection of all closed equivalence relations onUlt B is also
a complete lattice.

We also note

Lemma 4.5. For eachC∈ C there is a smallestC′ ∈ C6 containingC.

The following concepts have their origin in proximity theory, which has a close connection to the theory of
contact relations [15]. Aclan is a subsetΓ of B which satisfies

CL1. If x,y∈ Γ thenxCy.

CL2. If x+y∈ Γ thenx∈ Γ or y∈ Γ.

CL3. If x∈ Γ andx≤ y, theny∈ Γ.

It is not hard to see, that each ultrafilter ofB is a clan, and each clan is a union of ultrafilters, see e.g. [8]. For
a clanΓ, we letUlt(Γ) be the set of ultrafilters contained inΓ. By CL1, the structure〈Ult(Γ),R ¹ Ult(Γ)〉 is a
complete graph. In the sequel, we will use upper case Greek lettersΓ,∆ etc to denote clans (and only clans).

A cluster is a clanΓ which satisfies{x}×Γ ⊆C impliesx∈ Γ, and it is not hard to see that every cluster is a
maximal clan. For the converse, it is known that for everyC ∈ C6, every maximal clan is a cluster, see e.g. [8].
The following example now shows that the converse is not true: We will exhibit a contact relation onFC(ω), in
which every maximal clan is a cluster, but which does not satisfy C6.

Example 1. For n∈ ω, let Fn be the ultrafilter generated by{n}; furthermore, letU be the ultrafilter of cofinite
sets. Now, defineC by

C =
⋃
{Fn×Fm : n≡m mod 2}.(4.1)
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In other words,

xCy⇐⇒ (∃n,m)[n∈ x, m∈ y, n≡mmod 2].(4.2)

Since each cofinite set contains both odd and even numbers, we havexCy for each cofinite setx and each
nonemptyy∈ B. There are exactly two maximal clans inC, namely,

1. Γ0 =
⋃{Fn : n≡ 0 mod 2}∪U ,

2. Γ1 =
⋃{Fn : n≡ 1 mod 2}∪U .

Let x∈ B, {x}×Γ0⊆C, and assume thatx 6∈ Γ0. Then, sinceU ⊆ Γ), x must be finite and cannot contain an even
number. But then, e.g.x(−C){2}, a contradiction. Thus,Γ0 is a cluster, and similarly,Γ1 is a cluster.

Next, letx = {n}, wheren is even, and sety = {n+ 1}; then,x(−C)y. Suppose thatz∈ B+ such thatx(−C)z;
then, in particular,z is finite, i.e.z∗ is cofinite, and hence,z∗Cy. This shows thatC 6∈ C6. 2

Turning toC7, we first note thatC7 =↑ C7. Furthermore,

Lemma 4.6. LetC = O∪⋃{Fi ×Gi : i ∈ I}, whereFi ,Gi ∈ Ult(B) andFi 6= Gi for all all i ∈ I . Then,C |= C7
implies that{Fi : i ∈ I}= dom(RC \1′) is dense inUlt(B).

Proof. Suppose thatx ∈ B+. By C7 we havexCx∗, and thus, sincex · x∗ = 0, there is somei ∈ I such that
〈x,x∗〉 ∈ Fi×Gi . Hence,h(x)∩{Fi : i ∈ I} 6= /0.

The converse need not be true: LetB be the BA generated by the four atoms{a,b,c,d}, and letC = 0∪ [Fa,Fb]∪
[Fc,Fd]. Then,dom(RC \1′) = Ult(B), but(a+b)(−C)(c+d).

It was shown in [5] thatC ∈ C7 if 〈Ult(B),RC〉 is a connected graph, and that the converse is not generally true,
see Theorem 3.4 above. It is instructive to recall the example given in [5]:

Example 2. Let B = FC(ω), and defineRonUlt(B) by

R= 1′∪{〈Fn,Fm〉 : |n−m|= 2}= 1′∪{〈Fn,Fn+2〉 : n∈ ω}∪{〈Fn+2,Fn〉 : n∈ ω}.
Clearly, if |n−m| 6= 2, then〈Fn,Fm〉 6∈ cl(R). Let x = {n}, andy = ω \{n+2,n−2}. Then,x∈ Fn, y∈ Fω , and
thus,{Fn}×h(y) is an open neighbourhood of〈Fn,Fω〉. Since{n+2,n−2}∩y = /0, {Fn}×h(y)∩R= /0, and it
follows that〈Fn,Fω〉 6∈ cl(R); similarly, 〈Fω ,Fn〉 6∈ cl(R); hence,R is closed. Letx∈ B,x 6= /0,ω. If x is finite, let
m= max(x). Then,m∈ x andm+2∈ x∗, and therefore,〈x,x∗〉 ∈ Fm×Fm+2, i.e. xCRx∗. Hence,CR is a connected
contact relation onB. However,R is not a connected graph, since, for example, there is no path fromFn to Fn+1.
Indeed, the connected components ofR are{F2n : n∈ ω} and{F2n+1 : n∈ ω}, each of which is a chain of type
ω, and{Fω}. 2

If B is finite, however, the condition is also sufficient:

Theorem 4.7. If B is finite, thenC∈ C7 if and only ifRC is a connected graph.

Proof. By the previous remarks, it is sufficient to show that ifRC is not connected, thenC 6∈ C7. Thus, suppose
that M is a connected component ofRC andM ( Ult(B). Then, there is no path between anyFs ∈ M and any
Ft ∈ Ult(U)\M. Let x = ∑{s∈ At(B) : Fs ∈M} andy = ∑{t ∈ At(B) : Ft 6∈M}; then,x∗ = y. If xCy, there are
s, t ∈ At(B) such thats≤ x, t ≤ y andsCt, i.e. 〈Fs,Ft〉 ∈RC. This contradicts the fact thatFs andFt are in different
components.
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C7 is, in general, not a filter. To see this, consider the BA with atomsa,b,c, and letFx be the ultrafilter generated
by x∈ {a,b,c}. Then, for{x,y} ⊆ {a,b,c}, x 6= y, the contact relationsO∪ (Fx×Fy)∪ (Fy×Fx) satisfy C7, but
their meet does not. We have, however,

Lemma 4.8. If {Cα : α ∈ I} is a descending chain inC7, then
⋂{Cα : α ∈ I} ∈ C7.

Proof. By Lemma 3.13, it suffices to show that
⋂{Cα : α ∈ I} |= C7. If x(−⋂{Cα : α ∈ I})x∗, thenx(−Cα)x∗

for someα ∈ I . This contradictsCα ∈ C7.

Thus, by Zorn’s Lemma,

Corollary 4.9. For eachC∈ C7 there is a minimalC′ ∈ C7 such thatC′ ⊆C.

Since the minimally connected graphs are trees (and vice versa), we obtain

Corollary 4.10. If B is finite, thenC∈ C7 is minimal if and only ifRC is a tree.

Furthermore, since the only connected equivalence relation onUlt(B) is the universal relation, we have

Lemma 4.11. If B is finite, thenC6∩C7 = B+×B+.

If C∈ C5∩C7, then eachC7–minimal element belowC will be in C5, since the latter is an ideal ofC .

It is easy to see thatC5∩C7 6= /0, implies thatB is atomless. The converse, however, is still an open problem. It
follows from the representation theorem of [8] that for an atomless BAB,

C5∩C7 6= /0⇐⇒ B∼= RegCl(X) for some connected weakly regularT1 spaceX,

which gives us a “contact free” version of the problem.

There are several partial results:

Theorem 4.12.Suppose thatC∈ C5∩C7, B≤ A, and thatu∈ A is independent ofB. Then, there is an extension
C′ of C to B(u) such thatC′ ∈ C5∩C7 onB(u).

Proof. Note that independence implies that fors, t ∈ B,

s·u+ t ·u∗ = p·u+q·u∗⇐⇒ s= p andt = q,(4.3)

s·u+ t ·u∗ ∈ B⇐⇒ s= t.(4.4)

Define a relationC′ on B(u) as follows: Choose an ultrafilterF of B. If x = s·u+ t ·u∗, andy = p ·u+ q ·u∗,
wheres, t, p,q∈ B, then

xC′y def⇐⇒





1. sCp, or

2. tCq, or

3. {s,q} ⊆ F, or

4. {t, p} ⊆ F.

(4.5)

Conditions 3. and 4. can be equivalently expressed together by

s·q+ t · p∈ F.
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(4.3) implies thatC′ is well defined. We first show thatC′ extendsC. Let sCs′. Note thats= s·u+ s·u∗, and
s′ = s′ ·u+ s′ ·u∗; sincesCs′, it follows from (4.5)(1) thatsC′s′ and hence,C⊆C′. Conversely, lets,s′ ∈ B and
sC′s′. Then, by definition,

sCs′ or {s,s′} ⊆ F.(4.6)

If {s,s′} ⊆ F , then, in particular,s·s′ 6= 0, and thussCs′.

C0 – C3 follow immediately from the definition ofC′ and the fact thatC has these properties.

C4: Suppose thatxC′(y+ z), x = r ·u+ r ′ ·u∗, y = s·u+ s′ ·u∗, andz= t ·u+ t ′ ·u∗. By C0,{r, r ′} 6= {0}, and
{s,s′, t, t ′} 6= {0}. Now,

xC′(y+z)⇐⇒ (r ·u+ r ′ ·u∗)C′[(s+ t) ·u+(s′+ t ′) ·u∗)],
⇐⇒ rC(s+ t) or r ′C(s′+ t ′) or {r ′,s+ t} ⊆ F or {r,s′+ t ′} ⊆ F.

If rCs or r ′Cs′, thenxCyby (4.5)(1,2), and, similarly, ifrCt or r ′Ct′, thenxCz. If {r ′,s+ t} ⊆ F , thens∈ F or
t ∈ F. In the first case,{r ′,s} ⊆ F showingxC′y by (4.5)(4), and ift ∈ F , then{r ′, t} ⊆ F showingxC′z . The
remaining cases are similar.

C5: Letx = s·u+ t ·u∗ 6= 1; then,{s, t} 6= {1}. We need to findp,q∈ B such thatp+q 6= 0, and

x(−C)(p·u+q·u∗), i.e. s(−C)p andt(−C)q and{s,q} 6⊆ F and{t, p} 6⊆ F.(4.7)

If s= 1, thent 6= 1. Setp= 0, and choose someq∈B+ such thatt(−C)q. We may chooseq 6∈F , since, otherwise,
sinceB is atomless, there are disjointv,v′ ∈ B+ with v+v′ = q. Since not both ofv,v′ can beF , we choose the
one that is not. Then,p andq fulfil the conditions of (4.7). Ift = 1, we setq = 0 and proceed analogously.

Otherwise,s, t 6= 1, and there arep,q∈ B+ such thats(−C)p andt(−C)q. As above, we may choosep,q 6∈ F , so
that p,q fulfil the conditions of (4.7).

C7: Letx= s·u+ t ·u∗ 6= 0,1; then,{s, t} 6= {0}, {s, t} 6= {1}, andx∗ = s∗ ·u+ t∗ ·u∗. If s 6= 0,1, thensCs∗ since
C |= C7, and thus,xC′x∗ by (4.5)(1). Ift 6= 0,1, we proceed analogously.

If s= 1 andt = 0, then,{s, t∗}= {1} ⊆ F, so thatxC′x∗. The cases= 0, t = 1 is similar.

Theorem 4.13. 1. If B is an atomless interval algebra, thenC5∩C7 6= /0.

2. If B is an infinite free algebra, thenC5∩C7 6= /0.

Proof. 1. was shown in [7]. For 2., first note that each infinite free algebraFκ has a representation as a simple
continuous chain{Bα : α ∈ κ}, whereB0 = Fω , and for eachBα+1 = Bα(u), u is independent overBα . SinceFω
is isomorphic to an atomless interval algebra, we chooseC0 on Fω as in 1. above, and extend it in the successor
steps with the help of Theorem 4.12. For the limit case, we observe that the class of contact structures which
satisfy C5 and C7 is closed under unions of chains.
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