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Abstract

Perfect ternary arrays are closely related to difference sets and group invariant weighing matrices. A previous paper
by one of the authors demonstrated strong restrictions on difference sets with parameters (120, 35, 10). A perfect
ternary array with energy 25 and order 60 – PTA(60,25) – would obey an equation analogous to the difference set
equation for (120, 35, 10).

A perfect ternary array PTA(n,k) is equivalent to a group-developed weighing matrix in a group of order n. There
is one known example of a weighing matrix developed over a nonsolvable group of order 60; no solvable examples are
known.

In this paper, we describe a search for weighing matrices (and corresponding perfect ternary arrays) developed
over solvable groups of order 60. We analyze the quotient structure for each group. Techniques from representation
theory, including a new viewpoint on complementary quotient images, are used to restrict possible weighing matrices.
Finally, we describe a partially completed computer search for such matrices and arrays.

1 Definitions and examples

There are a variety of combinatorial objects which satisfy the general matrix equation: MMT = kI. Some of these objects
can be further described as group-developed; that is, their internal structure is most easily reproduced via multiplication
in a finite group.

In this paper, we describe a search for a particular instance of such objects, weighing matrices with order 60 and
weight 25. Such matrices are a generalization of perfect ternary arrays with order 60 and energy 25. We also discuss the
closely related concepts of difference sets, obtaining further restrictions on (120, 35, 10) difference sets.

Definition 1 (Perfect Ternary Array – PTA). An r-dimensional ternary array is a s1 × s2 × ... × sr array with
entries chosen from the set {0, 1,−1}. Such an array is perfect if its out-of-phase periodic autocorrelation coefficients are
zero.

Definition 2 (Parameters of Perfect Ternary Arrays). Assume A is a s1×s2×· · ·×sr PTA. The energy k = e(A)
of A is the number of nonzero entries in A. The order of A is the product n = Πsi. The energy efficiency of A is the
ratio k/n. A is described as a PTA(n,k).

Perfect ternary arrays are of particular interest in communications theory. The autocorrelation properties of these
arrays are their salient feature. For our work, however, it is easier to deal with equivalent matrix structures; the
autocorrelation properties translate to orthogonality of matrix rows.

Definition 3 (Group Developed Weighing Matrix). A weighing matrix W(n,k) of order n with weight k is an n×n
matrix with entries from {0, 1,−1} such that WWT = kIn.

Such a matrix is group-developed under G if the rows and columns can be indexed by elements of G so that wg,h =
wgf,hf for all g, h, f in G.

A variety of constructions are known for weighing matrices; the best summary can be found in [6]. These constructions,
however, rarely result in group-developed matrices – the natural generalization of perfect ternary arrays.

Proposition 1 (Arasu). Assume A is a s1 × · · · × sr PTA(n,k). Let G be the group Z1 × Z2 × · · · × Zr. A is
equivalent to a G-developed weighing matrix W (|G|, k). It is also equivalent to a disjoint pair of sets P, N in G such that
(P −N)(P −N)(−1) = k.
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Note that a group-developed weighing matrix is fully determined by its first row and the corresponding group, G.
Given this information, we can construct the polynomial P - N in the proposition. Formally, the polynomial is an element
of the group ring ZG.

Definition 4 (Group Ring). Assume that G is a group. Let Z denote the integers, and define the group ring ZG to be
the set of polynomials:

ZG =

∑
g∈G

(zgg); zg ∈ Z

 .

The ring operations are:

1. term-by-term addition of coefficients;

2. polynomial multiplication, where (zgg)(zhh) = (zgzn)(gh).

Assume that ∆ = Σαgg is an element of ZG. The weight of ∆, wt(∆), is the sum of its coefficients. We say that ∆
is a multiset in G if each αg is a nonnegative integer, and a m-set if wt(∆) = m with all coefficients equal 1 or zero. For
convenience, we denote Σαgg

−1 by ∆(−1), the element
∑
g∈G

g by G, and the identity element by I.

The polynomial P - N described above has coefficients from {−1, 0, 1}. In many cases, it will be easier to deal with
coefficients from {0, 1, 2}; for this reason, we use the polynomial D = P −N + G.

Corollary 1 (Group ring definition). If a weighing matrix W(n,k) exists in a group G, then there is a polynomial
D =

∑
g∈G dgg ∈ ZG such that:

• D = P −N + G, where P and N are disjoint sets in G;

• |P | = k+
√

k
2 and |N | = k−

√
k

2 ;

• DD(−1) = kI + (2
√

k + n)G, where D(−1) =
∑

dgg
−1;

Proof. Arasu proves that k = s2, where {|P |, |N |} = { s2−s
2 , s2+s

2 }.

DD−1 = (P −N)(P −N)(−1) + 2G(|P | − |N |) + |G|G
= kI + (2

√
k + n)G

Assume G is some group of order 60. For a weighing matrix W(60,25), we may assume |P | = 15 and |N | = 10. Thus,
|D| = 65. We may assume D has 15 coefficients equaling 2 and 10 equaling 0; the other 35 coefficients in D are 1’s. The
multiplication DD(−1) must produce 25 + 70G. Liebler [9] has produced such a polynomial in the nonsolvable group A5.

Proposition 2 (Liebler). The alternating group A5 admits a group-developed weighing matrix W (n, k).

Proof. Define R = P −N in ZA5.

P = (15324) + (13425) + (14352) + (12534) + (15243) + (13245)
= (142) + (243) + (152) + (134) + (354) + (123)
= (13)(24) + (14)(25) + (15)(24)

N = (13254) + (13452) + (12354) + (15342)
= (345) + (234) + (153) + (24)(35)
= (13)(45) + (15)(34)
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Such polynomials are certainly not unique; a given polynomial implies the existence of many related polynomials. We
will therefore consider only one polynomial from each equivalence class.

Definition 5 (Equivalence of Polynomials). Two polynomials a and b in ZG are translates if there exist g, h ∈ G
such that gah = b.

Two polynomials a, b ∈ ZG are equivalent if there is a group automorphism φ such that φ(a) is a translate of b.

The traditional definition of difference sets appears unrelated to perfect ternary arrays, but the equivalent group-ring
definition makes the connection clear.

Definition 6 ((v, k, λ) Difference Set). Let G be a finite group of order v. A subset, ∆, of G is a (v, k, λ) difference
set in G if |∆| = k and for each g ∈ G\{1}, the equation g = d1d

−1
2 has exactly λ solutions (d1, d2) ∈ ∆×∆.

Difference sets can be viewed as solutions to the following difference set equation.

Definition 7 ((v, k, λ) Difference Set). Let G be a finite group of order v and set n = k − λ. A k-set in G, ∆, is a
(v, k, λ) difference set in G if ∆∆(−1) = nI + λG.

To identify difference sets in solvable groups, we utilize projections into quotient groups. Assume H is a normal
subgroup of G and ∆ is a k-set in G. Let π : G → G/H be the natural projection, π(g) = gH. If ∆ is a difference set,
then the multiset π(∆) satisfies an analogue of the difference set equation. We define a quotient image to be any multiset
solution of that equation.

Definition 8 (DS(v, k, λ) G/H Quotient Image). Assume that H is normal in G, with order s. A multiset
δ =

∑
m∈G/H

(amm) is a DS(v, k, λ) G/H quotient image if wt(δ) = k and (δ)(δ(−1)) = nI + (λs)(G/H).

The projection of a quotient image is also a quotient image.

Proposition 3. The existence of a (v, k, λ) (G/K)/H quotient image for each chain of normal subgroups H . K . G is
a necessary, but not sufficient, condition for the existence of a (v, k, λ) difference set in G.

If the parameters of a quotient image are understood, we simply call it a G/H quotient image. We generally use δ to
denote a quotient image, and reserve the upper-case ∆ for difference sets.

Corollary 2. A weighing matrix W(n,k) satisfies an analogue of the difference set equation, with λ = 2
√

k + n.

Proof. Assume a W(n,k) is equivalent to a pair P, N in G. Define the multiset D = P - N + G.

DD−1 = (P −N)(P −N)(−1) + 2G(|P | − |N |) + |G|G
= kI + (2

√
k + n)G

Set λ = 2
√

k + n; note that wt(D) = n +
√

k and D satisfies DD(−1) = kI + λG.

Informally, a weighing matrix developed over G/Z2 behaves like a quotient image of a difference set in G. We should
note, however, that the corresponding difference set may not exist.

Assume that H is normal in G, and D = P - N + G is equivalent to a weighing matrix W(n, k) over G. Let π be the
usual projection from G onto G/H. Then

π(D)π(D)(−1) = kI + (2
√

k + n)|H|(G/H).

There is, consequently, a definition for quotient images of weighing matrices which mirrors the quotient image defi-
nition for difference sets.

Definition 9 (W (n, k) G/H Quotient Image). Assume that H is normal in G, with order s. Define λ = 2
√

k + n. A
multiset δ =

∑
m∈G/H

(amm) is a W (n, k) G/H quotient image if:

1. the maximum coefficient does not exceed 2r;

2. wt(δ) = n +
√

k; and
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3. δδ(−1) = kI + λ|H|(G/H).

Assume G is a group with 60 elements, and H is normal in G with order r. A W(60,25)G/H quotient image satisfies
|d| = 65 and dd(−1) = 25I + (70)(r)(G/H). The maximum coefficient in d = π(P −N + G) is the maximum coefficient
in (P - N + G) multiplied by r.

There are twelve solvable and one nonsolvable groups of order 60. The solvable groups all admit normal subgroups
of order 5, implying quotient groups with order 12.

Proposition 4. If a weighing matrix W(60,25) exists in a solvable group, then a W(60,25) quotient image exists in a
group of order 12.

2 Small Quotient Images

For the case we are interested in, small group quotient images of difference sets are equivalent to quotient images of
weighing matrices.

Proposition 5. Assume G is a group with order 2, 3, or 6. There exists a DS(120, 35, 10) quotient image, δ in G if
and only if there exists a W(60, 25) quotient image, D, in G.
Furthermore, δ = (D - aG) for the following values of a:
if |G| = 2, then a = 15;
if |G| = 3, then a = 10;
if |G| = 6, then a = 5.

Proof. δ is a DS(120, 35, 10) quotient image if and only if δ = 35 and δδ(−1) = 25I + 10
120
|G|

G. Similarly, D is a W(60,

25) quotient image if and only if |D| = 65 and DD(−1) = 25I + 35
120
|G|

G.

Assume that D is a W(60,25) quotient image. Then:

(D − aG)(D − aG)(−1) = DD(−1) − aGD(−1) − aG(−1)D + a2GG(−1)

= DD(−1) +
(
a2|G| − 2a|D|

)
G

= 25I +
(

4200
|G|

+ a2|G| − 130a

)
G.

For each case listed above, δ = D − aG is a DS(120, 35, 10) quotient image.

Assume that δ is a DS(120, 35, 10) quotient image. Then:

(δ + aG)(δ + aG)(−1) = δδ(−1) + aGδ(−1) + aδG(−1) + a2GG(−1)

= δδ(−1) +
(
a2|G|+ 2a|δ|

)
G

= 25I +
(

1200
|G|

+ a2|G|+ 70a

)
G

For each case listed above, (δ + aG) is a W(60,25) G quotient image.

Small (120, 35, 10) quotient images are determined, up to equivalence, in chapter 3 of [3].

Proposition 6 (DS(120, 35, 10) quotient images in small groups). Assume that δ is a (120, 35, 10) difference
set quotient image in a small group H. Up to equivalence, δ must be one of the following multisets.

If H = Z2, then δ = 20Z2 − 5.
If H = Z3, then δ = 5 + 10Z3.
If H = Z4 =< y >, then δ = 10Z4 − 5 or δ = 12 + 9y + 8y2 + 6y3.
If H = Z2 × Z2, then δ = 10(Z2 × Z2)− 5
If H = Z6, then δ = 5 + 5Z6.

The corresponding W(60,25) quotient images appear in table 5, below. For the moment, we will concentrate on
assembling other small quotient images. Our methods mirror those of [3]; we present only a brief summary here.
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2.1 Characters and idempotents

A character of a group is a homomorphism from the group into the complex numbers. Specifically, a character maps
group elements of order m to mth roots of unity. If G has exponent n, we can extend characters linearly to define
homomorphisms from ZG to Z[ζn].

More generally, a representation of degree p is a homomorphism from a group to the multiplicative group of (p× p)
complex matrices. A representation of degree 1 is a character. As with characters, we can extend representations, forming
homomorphisms from ZG to rings of complex matrices.

Assume δ is a W (n, k) quotient image in H; that is, it satisfies: δδ(−1) = kI + λ n
|H|H. Let φ be a representation of

degree d ≥ 1 and extend φ linearly to ZH. The difference set equation becomes:

φ(δ)φ(δ(−1)) = kφ(I) + λ
n

|H|
φ(H). (1)

Equation 1 is a necessary, and almost sufficient, condition for the existence of a quotient image. Note that if φ is a
nontrivial irreducible representation, φ(H) = 0; the equation becomes much simpler.

Proposition 7. Let δ be a multiset in the finite group H whose order divides n. If δ is a W (n, k) quotient image, it
obeys the equations:

1. φ(δ)φ(δ(−1)) = kφ(1) for every nontrivial irreducible representation;

2. χ0(δ) = n +
√

k for the trivial representation.

A matrix representation φ of a group H is unitary if φ
(
h−1

)
=

[
φ (h)

]T

for every h ∈ H. If φ is both unitary and
irreducible, with degree p, the difference set equation is very simple:

φ(δ)φ(δ(−1)) = φ(δ)
[
φ(δ)

]T

= nIp (2)

If H is abelian, all irreducible representations are characters. Let ζm denote the mth root of unity, e
2πi
m . A character

of H has order m if χ : ZH → Z[ζm]. For any character and any h ∈ H, we have the relation: χ(h−1) = χ(h). Thus, for
any δ ∈ CH, χ(δδ(−1)) = χ(δ)χ(δ).

Corollary 3 (Quotient images in abelian groups). Let δ be a multiset in the finite group H whose order divides n.
If δ is a W (n, k) quotient image, it obeys the equations:

1. |χ(δ)| =
√

k for every nontrivial irreducible representation;

2. χ0(δ) = n +
√

k for the trivial representation.

Assume G is an abelian group. We can construct a spanning sets of idempotents in ZG; essentially, we can construct
a basis for the group ring. For each irreducible character, χi of G, the corresponding central primitive idempotent

is: ei =
1
|G|

∑
g∈G

χi(g−1) · g. See Iiams, [8], for details. For combinatorial use, we construct the set of rational central

idempotents of QG. More formally, we decompose QG as
⊕

QG(Ei). Two irreducible characters χi and χj are equivalent
if there exists γ ∈ Gal (Q[ζ], Q), with order exp(G), such that γ ◦ χi = χj . We say idempotents are equivalent if their

generating characters are equivalent. The set of rational central idempotents of G is {Ei} =

{ ∑
em∈<ei>

em

}
.

A character, χ, is a component of Ei if its corresponding idempotent contributes to the sum Ei =
∑

ej . The order of
a rational central idempotent is the order of its component characters; when practical, we indicate orders with subscripts.

Informally, the identity of QG splits into the sum of the rational central idempotents of G. We can write any multiset,
δ, in G as a linear combination of idempotents; δ =

∑
δiEi, for some δi ∈ QG. An irreducible character χj maps an

idempotent to one if χj is a component, otherwise it maps the idempotent to zero. Combining these facts, we can express
the action of an irreducible character on a multiset as:

χj(δ) =
∑

i

χj(δi)χj(Ei)

= χj(δj)

We apply this simplification to the requirements for quotient images in corollary 3 .
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Proposition 8 (Magnitude of coefficients). Let δ =
∑

δiEi be a multiset in an abelian group, H, with rational
central idempotents {Ei}. If δ is a W (n, k) H quotient image, then

χ0(δ) = χ0(δ0) = n +
√

k,

and, for each irreducible χm,
|χm(δm)| = |χm(δ)| =

√
k.

Thus, the search for an abelian quotient image δ =
∑

δiEi in an abelian group H is equivalent to a search for coefficients
from Z[ζm], m dividing |H|, with magnitude

√
n. For the discussion to follow, assume m is fixed and d = χm(δm).

Equivalence classes of quotient images correspond to ideals in the ring Q[ζm]. Translation of multisets implies trans-
lation of their character images by roots of unity. In other words, if gδ =

∑
(gδi)Ei is a translate of δ, then χi(g)χm(δm)

is an element of the ideal (d). As dd = n, (d) divides (n). It is sufficient to factor the ideal (n) in Q[ζm].
Details of this approach, and the relevant ideal factorizations, are discussed in [3]. We will proceed directly to the

computation of small quotient images.

Proposition 9. Up to equivalence, the only W(60,25) quotient images in Z4 =< y > are: δ1 = 20 + 15y + 15y2 + 15y3;
and δ2 = 19 + 17y + 16y2 + 13y3.

Proof. The rational central idempotents of Z4 are: F0 = 1
4 [1 + y + y2 + y3] = 1

4 [1, 1, 1, 1]; F2 = 1
4 [1,−1, 1,−1]; and

F4 = 1
4 [2, 0,−2, 0].

We may assume δ = 65F0 + δ2F2 + δ4F4, where δ2 = ±5 and ymδ4 ∈ {5, 3 + 4y, 3− 4y}.
Utilizing group automorphisms, we may assume ymδ4 ∈ {5, 3 + 4y}.

Case 1: Assume δ2 = 5; then 4δ = [70, 60, 70, 60] + δ4[2, 0,−2, 0], and [2, 0, 2, 0] ≡ δ4[2, 0, 2, 0] mod 4. This is compatible
with both δ4 = ±5 and δ4 = ±(3 + 4y).

If δ4 = 5, then δ = 20 + 15y + 15y2 + 15y3.
If δ4 = 3 + 4y, then δ = 19 + 17y + 16y2 + 13y3.

Case 2: Assume δ2 = −5; then 4δ = [60, 70, 60, 70]+δ4[2, 0,−2, 0], and [0, 2, 0, 2] ≡ δ4[2, 0, 2, 0] mod 4. This case produces
polynomials equivalent to δ = 19 + 17y + 16y2 + 13y3.

Corollary 4. Up to equivalence, there is only one Z2 × Z2 W(60,25) quotient image.

Proof. A theorem by Dillon [4] implies that quotient images in dihedral groups must be analogues of quotient images in
cyclic groups. Only δ = 20 + 15(1, 0) + 15(0, 1) + 15(1, 1) works as an analogue from Z4.

Proposition 10. Quotient images in Z5.
Up to equivalence, the only PTA(60,25) quotient images in Z5 are the following multisets: 5 + 12Z5; and 14Z5 − 5.

Proof. The rational central idempotents of Z5 are E0 = [1, 1, 1, 1, 1] and E5 = [4,−1,−1,−1,−1]. Any quotient image
can be written as 65E0 ± 5E5, as 5 does not factor over Z[ζ5].

Proposition 11. Quotient images in Z10.
Define α = 2 < z2 > −5 in ZZ10. Up to equivalence, the only Z10 quotient images are: 5 + 6Z10; α + 6Z10; 7Z10 −α;

and 7Z10 − 5.

Proof. The quotient images were computed via rational central idempotents and verified with computer searches.

Proposition 12. Quotient images in D10.
Present the dihedral group D10 as: D10 =< x, y : x5 = y2 = 1;xy = x−1 > . Up to equivalence, the only D10 quotient

images are:
5 + 6D10; 5 + 5 < x > +7y < x >; 7D10 − 5; and 6y < x > +8 < x > −5.

Proof. By Dillon’s dihedral trick, every D10 quotient image must be analogous to a Z10 quotient image. In particular, if
∆D10 = A < x > +By < x > is a quotient image, then ∆Z10 = A < z2 > +B < z > is a quotient image. The four Z10

quotient images give rise to the multisets above; each of them is a valid D10 quotient image.
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Corollary 5. Listing of small quotient images
The following multisets are the only quotient images in small groups, corresponding to a weighing matrix W(60,25).
Group Presentation Quotient Image (P - N + G) Ternary vector (P - N)
Z2 < z : z2 = 1 > 35 + 30z [5, 0]
Z3 < z : z3 = 1 > 25 + 20z + 20z2 [5, 0, 0]
Z4 < z : z4 = 1 > 20 + 15z + 15z2 + 15z3 [5, 0, 0, 0]

19 + 17z + 16z2 + 13z3 [4, 2, 1,−2]
Z2 × Z2 < x, y : x2 = y2 = 1 > 20 + 15x + 15y + 15xy [5, 0, 0, 0]
Z5 < z : z5 = 1 > 17 + 12z + 12z2 + 12z3 + 12z4 [5, 0, 0, 0, 0]

9 + 14z + 14z2 + 14z3 + 14z4 [−3, 2, 2, 2, 2]
Z6 < z : z6 = 1 > 15 + 10(z + z2 + z3 + z4 + z5) [5, 0, 0, 0, 0, 0]
S3 < x, y : x3 = y2 = 1, xy = x−1 > 15 + 10(x + x2 + y + yx + yx2) [5, 0, 0, 0, 0, 0]
Z10 < z : z10 = 1 > 5 + 6Z10 [5, 0, 0, 0, 0, 0, 0, 0, 0, 0]

3 + 6z + 8z2 + 6z3 + 8z4 . . .
· · ·+ 6z5 + 8z6 + 6z7 + 8z8 + 6z9 [−3, 0, 2, 0, 2, 0, 2, 0, 2, 0]

7Z10 − 5 [−4, 1, 1, 1, 1, 1, 1, 1, 1, 1]
10 + 7z + 5z2 + 7z3 + 5z4 . . .

· · ·+ 7z5 + 5z6 + 7z7 + 5z8 + 7z9 [4, 1,−1, 1,−1, 1,−1, 1,−1, 1]
D10 < x, y : x5 = y2 = 1, xy = x−1 > [e, x, . . . , x4, y, yx, . . . , yx4]

5 + 6D10 [5, 0, 0, 0, 0, 0, 0, 0, 0, 0]
5 + 5 < x > +7y < x > [4,−1,−1,−1,−1, 1, 1, 1, 1, 1]

7D10 − 5 [−4, 1, 1, 1, 1, 1, 1, 1, 1, 1]
6y < x > +8 < x > −5 [−3, 2, 2, 2, 2, 0, 0, 0, 0, 0]

The reference [3] describes extensions of the idempotent methods, above, which produce quotient images in groups of
orders 12 and 20. We will simply summarize the results.

Proposition 13. Quotient images in groups of order 12 (excluding A4)
Present the groups of order 12 as follows:
Q12 =< x, y : x6 = y4 = 1, y2 = x3, xy = x−1 >;
Z12 =< x, y : x6 = 1; y2 = x;xy = x >;
D12 =< x, y : x6 = y2 = 1;xy = x−1 >; and
Z6 × Z2 =< x, y : x6 = y2 = 1 > .

Up to equivalence, the only quotient images of weighing matrices W(60,25) in these groups are the following.
Case 1 : Q12, Z12, D12, and Z6 × Z2.
Case 2 : Q12 and Z12.
Case 3 : Q12.

Table 1: Order 12 quotients

[1, x, x2, x3, x4, x5, y, yx, yx2, yx3, yx4, yx5]

Case Quotient Image (P - N + G) Ternary Vector (α = P −N)
1 [10, 5, 5, 5, 5, 5, 5, 5, 5, 5, 5, 5] [5, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0]
2 [7, 5, 5, 3, 5, 5, 4, 7, 4, 6, 8, 6] [2, 0, 0,−2, 0, 0,−1, 2,−1, 1, 3, 1]

[7, 5, 5, 3, 5, 5, 5, 9, 5, 5, 6, 5] [2, 0, 0,−2, 0, 0, 0, 4, 0, 0, 1, 0]
3 [6, 9, 4, 4, 6, 6, 5, 6, 4, 5, 4, 6] [1, 4,−1,−1, 1, 1, 0, 1,−1, 0,−1, 1]

[7, 5, 8, 3, 5, 7, 6, 6, 5, 4, 4, 5] [2, 0, 3,−2, 0, 2, 1, 1, 0,−1,−1, 0]

Quotient images in the group A4 have not been fully determined.

Proposition 14 (A4 quotient images). The following multiset is an A4 quotient images. It is not necessarily the only
such image

• 5 + 5A4
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Quotient images of the form 5 + 5H are probably projections of the inappropriate partial solution 5 + G. They are
unlikely to produce actual ternary arrays.

Proposition 15. Z20 quotient images
Present the group Z20 as < x, y : x4 = y5 = 1, xy = yx >
Up to equivalence, computer search yields the following Z20 quotient images.

α = [3, 5, 3, 3, 3, 5, 3, 3, 3, 0, 3, 3, 3, 5, 3, 3, 3, 5, 3, 3]
= (0 + 3x + 3x2 + 3x3) + (5 + 3x + 3x2 + 3x3)y + (5 + 3x + 3x2 + 3x3)y2 + . . .

. . . (5 + 3x + x2 + 3x3)y3 + (5 + 3x + 3x2 + 3x3)y4

= (2 + 3 < x >) < y > −5
β = (5 + 0x + 1x2 + 3x3) + (3 + 4x + 3x2 + 4x3)y + (3 + 4x + 3x2 + 4x3)y2 + . . .

. . . (3 + 4x + 3x2 + 4x3)y3 + (3 + 4x + 3x2 + 4x3)y4

= 3 + 4z + 3z2 + 4z3 + 5z4 + 4z5 + 3z6 + 4z7 + 3z8 + 0z9 + ...

... 3z10 + 4z11 + 3z12 + 4z13 + 1z14 + 4z15 + 3z16 + 4z17 + 3z18 + 3z19.

Proof. These intersection numbers were generated by an exhaustive search of linear combinations of Z20 rational idempo-
tent coefficients. There are six Z20 rational idempotents: F0V0, F2V0, F4V0, F0V5, F2V5, and F4V5. Thus, a quotient image
may be written D =

∑
(dijFiVj) , with: d2 ∈ {5,−5}; d5 ∈ {5,−5}(ζa

5 ); d4 ∈ {5,−5, 3+4i, 3−4i,−3+4i,−3−4i}(ib); d10 ∈
{5,−5}(ζa

5 ); d20 ∈ {5,−5, 3 + 4i, 3− 4i,−3 + 4i,−3− 4i}(ζa
5 )(ib).

View 20FiVj as an integral matrix for each i,j. If D is a quotient image, then
∑

dij20FiVj ≡ 0 mod 20. Z4 and Z5

quotient images restrict the coefficients {d2,0, d5,0, d4,0}. The coefficients for d2,5 and d4,5 were then chosen (by computer)
to obtain 0 mod 20.

3 Complementary quotient images

The use of quotient images to restrict difference sets and other combinatorial structures is well known. We propose a
significant extension of this technique, applicable when the group in question is a semidirect product.

Assume that a group, G, contains subgroups A and B. The product of A by B is the set {ab : a ∈ A, b ∈ B}. Note
that AB may not equal BA, and may not even be a group.

Lemma 1. Assume G is a finite group containing subgroups A and B.

1. |AB| = |A||B|
|A

⋂
B|

2. If A or B is normal in G, then AB is a subgroup of G.

G is factorizable if it can be expressed as a product of proper subgroups. If the group operation in G is derived from
the operations in its factors, we can be more specific.

Definition 10 (Semidirect and direct products). Assume that G contains subgroups N and H.

1. G is a semidirect product of N by H (G ∼= N o H) if: G = NH; N is normal in G; and H
⋂

N contains only the
identity.

2. G is a direct product of N by H (G ∼= N ×H) if G is a semidirect product of N by H, and H is also normal in G.

The subgroup H is called a complement to N. Normal subgroups do not always have complements. In fact, the
quaternion group, Q8 =< i, j, k : i2 = j2 = k2 = −1, ij = k = −ji > is factorizable, but cannot be expressed as a
nontrivial semidirect product.

The definition of direct product, above, is equivalent to the more common notion of direct product as sets of ordered
pairs.

Lemma 2 (Direct products). Assume that G is a semidirect product of N by H. G ∼= N×H if and only if (nh)(n′h′) =
(nn′)(hh′) for every choice of n, n′ ∈ N and h, h′ ∈ H. Furthermore N × H is isomorphic to the group {(n, h) : n ∈
N,h ∈ H} with the operation (n, h)(n′, h′) = (nn′, hh′).
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If G is a direct product of N by H, then G/N ∼= H and G/H ∼= N. Informally, we can view G as a product of its
quotient groups (G ∼= G/H ×G/N).

Proposition 16. Assume that a finite group G is a direct product of N by H: G = N × H. G admits quotient groups
G/N ∼= H and G/H ∼= N. Moreover, if a group-developed weighing matrix W(n,k) exists in G, then quotient images exist
in the groups N and H. These quotient images can be correlated to partially identify W(n,k).

We will call such quotient images complementary. We will generalize the definition to include a similar construct for
semidirect products. This construction is based on a generalization of Cayley’s theorem.

Assume that A is a subgroup of G. Use G/A to denote the set of left cosets of A, {gA : g ∈ G}. Each element p ∈ G
induces a permutation of the cosets p(gA) = (pg)A; call this set of permutations SG/A. G/A forms a group if and only
if A is normal, but SG/A is always a group with function composition as its operation.

For each p ∈ G, define φA[p] to be the coset permutation φA[p] : gA → (pg)A. The mapping φA : G → SG/A is a
homomorphism since, for every triple p, r, g in G:

φA[pr](gA) = (prg)A = p(rgA) = φA[p](rgA) = (φA[p] ◦ φA[r])(gA).

Note that Ker(φA) = {p ∈ G : pgA = gA ∀ g ∈ G}. Thus, the kernel is a normal subgroup of G, contained in A. (pA = A
for every p in the kernel.)

The resulting generalization is rephrased from Gallian ([7], p. 420).

Theorem 1 (Generalized Cayley Theorem). Assume that A is any subgroup of G. Define G/A to be the set of left
cosets of G. SG/A is a group and the mapping φA : G → SG/A is a homomorphism. If M is any normal subgroup of G
wholly contained in A, then M ⊆ Ker(φA) ⊆ A.

Proof. All but the last line of the theorem is (more or less) proved above.
Assume M ⊆ A is normal in G. Choose m ∈ M and g ∈ G. Since M is normal, gM = Mg and there is an mg which

permits the calculation: φA[m](gA) = (mg)A = (g)mgA = gA.
φA[m] is the identity for each m ∈ M , so M ⊆ Ker(φA).

The kernel of φA is the largest G-normal subgroup of A; this is frequently called the core of A. By the first isomorphism
theorem, φA(G) ∼= G/core(A). φA is faithful if and only if the core of A is just the identity; in this case, A is described
as core-free.

Theorem 1 suggests that direct products are not the only factorizable groups which admit complementary quotient
images. We will show that this also happens in semidirect products.

If G = NH, then G admits homomorphisms φN : G → SG/N and φH : G → SG/H .

Proposition 17. If G = NH, with N
⋂

H = {e}, then G is isomorphic to a subgroup of S[G/H] × S[G/N ].

Proof. Define φ : G → SG/H ×SG/N by φ[g] = (φH [g], φN [g]). According to theorem 1, φH and φN are homomorphisms;
φ must also be a homomorphism.

Note that Ker(φ) = Ker(φH)
⋂

Ker(φN ). From theorem 1, we know that Ker(φH) is a subgroup of H, while
Ker(φN ) ⊆ N. If N

⋂
H contains only the identity, then φ is one-to-one.

Corollary 6 (Cayley’s theorem for semidirect products). Assume that G is a semidirect product of N by H:
G = N o H. The mapping φ(g) = (φH(g), φN (g)) is an isomorphism from G to a subgroup of SH × SG/H . Furthermore,
G is isomorphic to a subgroup of H ×G/core(H).

Proof. If we assume G = N o H, then N
⋂

H = {e}. As N is normal and G/N is isomorphic to H, S[G/N ] can be viewed
as SH . Furthermore, note that φN (G) ∼= G/core(N) ∼= H and φH(G) ∼= G/core(H).

Why is this relevant to quotient images? In order to examine a weighing matrix in a direct product group, the most
revealing quotient images occur in the factor groups. We have shown that, for a semidirect product, the group structure
is captured by the quotient groups G/core(N) and G/core(H). Consequently, we extend the idea of complementary
quotient images from direct products to semidirect products.

Definition 11. Assume that G is factorizable as N o H. If G contains a weighing matrix, we call the quotient images
in G/core(N) ∼= H and G/core(H) complementary quotient images.

Corollary 7. Assume that a finite group G is a semidirect product of N by H: G = N o H. G admits quotient groups
G/N ∼= H and G/core(H). Moreover, if a group-developed weighing matrix W(n,k) exists in G, then complementary
quotient images exist in H and G/core(H). These quotient images can be correlated to partially identify W(n,k).
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3.1 Cross-referencing of quotient images

Assume that G admits a weighing matrix W(n,k). If G is expressible is expressible as a semidirect product, then there
must be complementary quotient images of the weighing matrix. It should be possible to cross-reference restrictions on
these quotient images to learn about the original matrix. More generally, a quotient image in a semidirect product group
will be strongly restricted by smaller complementary quotient images.

3.1.1 Direct products

If our group is expressible as a direct product, the cross-referencing process is relatively easy. Assume that G ∼= N ×H;
let δ ∈ ZG. We can distribute the coefficients of δ across a |N | × |H| matrix, where rows are indexed by elements of N
and columns are indexed by elements of H.

As an example, assume that G is a direct product of N ∼=< z : z5 = 1 > by a group of order 12, H =< x, y : x6 = 1 >
Note that the second presentation does not fully determine H; it is true for four of the five groups with this order.

Label the entries in a 5× 12 matrix to correspond with the 60 group elements.

e x x2 x3 x4 x5 y yx yx2 yx3 yx4 yx5

z zx zx2 zx3 zx4 zx5 zy zyx zyx2 zyx3 zyx4 yx5

z2 z2x z2x2 z2x3 z2x4 z2x5 z2y z2yx z2yx2 z2yx3 z2yx4 z2yx5

z3 z3x z3x2 z3x3 z3x4 z3x5 z3y z3yx z3yx2 z3yx3 z3yx4 z3yx5

z4 z4x z4x2 z4x3 z4x4 z4x5 z4y z4yx z4yx2 z4yx3 z4yx4 z4yx5

The first column displays the subgroup N =< z >, while the remaining columns are its cosets. Similarly, the first row
displays the subgroup H, while the remaining rows are cosets of H.

Now assume δ is a polynomial in ZG; distribute its coefficients to corresponding positions in the matrix. Consider the
projection π : ZG → ZG/N. π(δ) will be a polynomial in xN, x2N, . . . , x5N, yN, yxN, . . . , x5N. The coefficients of π(δ)
will be column-sums of our matrix. Similarly, a projection onto ZG/H would produce a polynomial in ZG/H ∼= ZN ; its
coefficients would be row-sums from the matrix.

If δ is a W(n,k) quotient image in G = N ×H, then the row- and column-sums of our matrix must be the coefficients
from W(n,k) quotient images in N and H, respectively. A quotient image in G forces the row and column sums to be
complementary quotient images.

Consider a specific case, the group Z5 × Q12 =< z : z5 = 1 > × < x, y : x6 = y4 = 1, y2 = x3, xy = x−1 > . From
corollary 5 we have row sums and from table 1 we have column sums; they are displayed in the following matrix. The
sum across each row corresponds to a Z5 intersection number. Note that all such quotients have the form: α + 12Z5, so
we subtract 12 from each row sum. Thus, the list of row sums must be: R1 = [5, 0, 0, 0, 0] or R2 = [−3, 2, 2, 2, 2].

Row and column sums for Z5 ×Q12.

R1 R2 1 2 3 4 5 6 7 8 9 10 11 12
5 −3 e x x2 x3 x4 x5 y yx yx2 yx3 yx4 yx5

0 2 z zx zx2 zx3 zx4 zx5 zy zyx zyx2 zyx3 zyx4 yx5

0 2 z2 z2x z2x2 z2x3 z2x4 z2x5 z2y z2yx z2yx2 z2yx3 z2yx4 z2yx5

0 2 z3 z3x z3x2 z3x3 z3x4 z3x5 z3y z3yx z3yx2 z3yx3 z3yx4 z3yx5

0 2 z4 z4x z4x2 z4x3 z4x4 z4x5 z4y z4yx z4yx2 z4yx3 z4yx4 z4yx5

C1 5 0 0 0 0 0 0 0 0 0 0 0
C2a 2 0 0 −2 0 0 −1 2 −1 1 3 1
C2b 2 0 0 −2 0 0 0 4 0 0 1 0
C3a 1 4 −1 −1 1 1 0 1 −1 0 −1 1
C3b 2 0 3 −2 0 2 1 1 0 −1 −1 0

We can now make a general statement about this situation.

Lemma 3. Assume that G = Z5×H, where H is a group of order 12. If G admits a weighing matrix W(60,25), then the
column sums of the corresponding (5 × 12) matrix are W(60,25)-H intersection numbers. The row sums of that matrix
are:
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1. R1 = [5, 0, 0, 0, 0]; or

2. R2 = [−3, 2, 2, 2, 2].

We may assume that these are fixed (5 is the sum of the first row, etc...). Furthermore, we may make any reasonable
assumption about row 2 with respect to the other rows:

1. the weight of row 2 (number of nonzeroes) exceeds weights of following rows; or

2. row 2 contains more 1’s than the following rows; or

3. row 2 contains more -1’s than the following rows; or

4. row 3 contains more 0’s than the following rows.

Proof. We wish to categorize the possible coefficients up to equivalence. As the order of Z5 is relatively prime to the
order of H, we may consider equivalences of Z5 quotient images separately from those in H.

We may translate our Z5 quotient images (row sums) by a group element of order 5. Effectively, we may choose our
favorite number for the first row sum. As our possible quotient images are repetitive, we can assume that the sum of
row 1 is 5 or -3.

The group Z5 admits an automorphism α : z → z2. Thus, we can exchange the coefficients of z, z2, z3, etc. . By
repeatedly applying this function, we can swap labels (and thus rows) to bring a desired row into the second position.
We can choose the row with the most desirable qualities.

Similar arguments apply to the columns. If the order-12 intersection numbers are all distinct, we can make no further
assumptions. If, however, they are repeated, we can utilize automorphisms which fix the column sums, but not the actual
columns.

Proposition 18 (Automorphisms that fix order 12 images). The groups of order 12 (excluding A4) are presented
in proposition 13. The possible W(60,25) quotient images in these groups appear in table 1. Up to equivalence, the only
quotients of a W(60,25) in these groups are the following.

Case 1 : Q12, Z12, D12, and Z6 × Z2.
Case 2 : Q12 and Z12.
Case 3 : Q12.
If the column sums of a (5×12) matrix constitute an order 12 quotient image, we may make the following assumptions.

Group Image Case Automorphims Valid assumptions about column weights

Z12 Case 1 All automorphisms wt(col 2) ≥ wt(col 6)
wt(col 7) ≥ wt(col 10).

Cases 2a, 2b No valid assumptions.
Q12 Case 1 All automorphisms wt(col 2) ≥ wt(col 6)

wt(col 7) ≥ wt(cols 8, . . . , 12).
Cases 2a, 2b x → x−1, y → yx2 wt(col 2) ≥ wt(col 6)
Cases 3a, 3b No valid assumptions.

D12 Case 1 All automorphisms wt(col 2) ≥ wt(col 6)
wt(col 7) ≥ wt(cols 8, . . . , 12).

Cases 2a, 2b x → x−1, y → yx2 This case is impossible.
Z2 × Z6 Case 1 All automorphisms wt(col 2) ≥ wt(col 6)

wt(col 7) ≥ wt(col 10).

Proof. Consider table 2, on page 12, which summarizes the automorphisms of each group. Note, for example, that all of
the groups under consideration admit an automorphism α : [1, 2, ..., 12] → [1, 2, .., 6, 10, 11, 12, 7, 8, 9].

Now consider Q12 and D12. These groups admit an automorphism exchanging columns 2 and 6 while fixing columns
7 . . . 12. They admit 6 distinct automorphisms which fix columns 1 . . . 6 while moving each of columns 7 . . . 12 to column
7. Thus, we can assume wt(col 2) ≥ wt(col 6) and wt(col 7) ≥ wt(cols 8, . . . , 12) for case 1.

Automorphism 11 of Q12 allows us to exchange columns 2 and 6 without disturbing the intersection numbers.
Now consider Z6×Z2. Automorphisms 1 and 2 allow us to exchange (or not) columns 7 and 10 while leaving 1, . . . , 6

fixed. Automorphisms 7 and 8 allow the same choices on columns 7 and 10, while exchanging 2 and 6. Thus, we can
assume wt(col 2) ≥ wt(col 6) and wt(col 7) ≥ wt(col 10).

Exactly the same thing happens with the 4 automorphisms of Z12.
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Table 2: Automorphisms of groups of order 12
Group: Automorphism Image of group vector fixed vectors
< x, y : x6 = y4 = 1 > gens. bold [e, x, x2, x3, x4, y, yx, yx2, yx3, yx4] 1,2a,2b,3a,3b

[1, 2, 3, 4, 5, 6 : 7, 8, 9, 10, 11, 12]
Z12 Z2 × Z2

1 [ 1, 2, 3, 4, 5, 6 : 7, 8, 9, 10, 11, 12 ] 1
2 [ 1, 2, 3, 4, 5, 6 : 10, 11, 12, 7, 8, 9 ] 1
3 [ 1, 6, 5, 4, 3, 2 : 7, 12, 11, 10, 9, 8 ] 1
4 [ 1, 6, 5, 4, 3, 2 : 10, 9, 8, 7, 12, 11 ] 1

Q12 D12

1 [ 1, 2, 3, 4, 5, 6: 7, 8, 9, 10, 11, 12 ] 1
2 [ 1, 2, 3, 4, 5, 6: 8, 9, 10, 11, 12, 7 ] 1
3 [ 1, 2, 3, 4, 5, 6: 12, 7, 8, 9, 10, 11 ] 1
4 [ 1, 2, 3, 4, 5, 6: 9, 10, 11, 12, 7, 8 ] 1
5 [ 1, 2, 3, 4, 5, 6: 11, 12, 7, 8, 9, 10 ] 1
6 [ 1, 2, 3, 4, 5, 6: 10, 11, 12, 7, 8, 9 ] 1
7 [ 1, 6, 5, 4, 3, 2: 7, 12, 11, 10, 9, 8 ] 1
8 [ 1, 6, 5, 4, 3, 2: 12, 11, 10, 9, 8, 7 ] 1
9 [ 1, 6, 5, 4, 3, 2: 8, 7, 12, 11, 10, 9 ] 1
10 [ 1, 6, 5, 4, 3, 2: 11, 10, 9, 8, 7, 12 ] 1
11 [ 1, 6, 5, 4, 3, 2: 9, 8, 7, 12, 11, 10 ] 1,2a,2b
12 [ 1, 6, 5, 4, 3, 2: 10, 9, 8, 7, 12, 11 ] 1

D12 D12

1 [ 1, 2, 3, 4, 5, 6: 7, 8, 9, 10, 11, 12 ] 1
2 [ 1, 6: 5, 4, 3, 2, 7, 12, 11, 10, 9, 8 ] 1
3 [ 1, 6: 5, 4, 3, 2, 8, 7, 12, 11, 10, 9 ] 1
4 [ 1, 2, 3, 4, 5, 6: 12, 7, 8, 9, 10, 11 ] 1
5 [ 1, 6, 5, 4, 3, 2: 9, 8, 7, 12, 11, 10 ] 1,2a,2b
6 [ 1, 2, 3, 4, 5, 6: 11, 12, 7, 8, 9, 10 ] 1
7 [ 1, 2, 3, 4, 5, 6: 8, 9, 10, 11, 12, 7 ] 1
8 [ 1, 6, 5, 4, 3, 2: 12, 11, 10, 9, 8, 7 ] 1
9 [ 1, 6, 5, 4, 3, 2: 10, 9, 8, 7, 12, 11 ] 1
10 [ 1, 2, 3, 4, 5, 6: 10, 11, 12, 7, 8, 9 ] 1
11 [ 1, 2, 3, 4, 5, 6: 9, 10, 11, 12, 7, 8 ] 1
12 [ 1, 6, 5, 4, 3, 2: 11, 10, 9, 8, 7, 12 ] 1

Z2 × Z6 D12

1 [ 1, 2, 3, 4, 5, 6: 7, 8, 9, 10, 11, 12 ] 1
2 [ 1, 2, 3, 4, 5, 6: 10, 11, 12, 7, 8, 9 ] 1
3 [ 1, 8, 3, 10, 5, 12: 7, 2, 9, 4, 11, 6 ] 1
4 [ 1, 11, 3, 7, 5, 9: 10, 2, 12, 4, 8, 6 ] 1
5 [ 1, 9, 5, 7, 3, 11: 4, 12, 2, 10, 6, 8 ] 1
6 [ 1, 12, 5, 10, 3, 8: 4, 9, 2, 7, 6, 11 ] 1
7 [ 1, 6, 5, 4, 3, 2: 7, 12, 11, 10, 9, 8 ] 1
8 [ 1, 6, 5, 4, 3, 2: 10, 9, 8, 7, 12, 11 ] 1
9 [ 1, 11, 3, 7, 5, 9: 4, 8, 6, 10, 2, 12 ] 1
10 [ 1, 8, 3, 10, 5, 12: 4, 11, 6, 7, 2, 9 ] 1
11 [ 1, 12, 5, 10, 3, 8: 7, 6, 11, 4, 9, 2 ] 1
12 [ 1, 9, 5, 7, 3, 11: 10, 6, 8, 4, 12, 2 ] 1

Conclusion: Except in very specific cases,
we can assume order of int numbers,

but we cannot assume
wt(col1) > wt(col2), etc.
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3.2 Stripings of quotient images

In principle, if G = N × H, then quotient images in G should be adequately determined by quotient images in N and
H. More concisely, complementary quotient images should be sufficient to initiate a computer search. Many groups,
however, admit several factorizations which further restrict a cross-referencing of complementary quotient images. Such
restrictions generally take the form of terms of partial row-sums in our matrices. We will refer to the partial row-sums
as rowlets; we will call any collection of these restrictions a striping of a matrix.

We will explain the technique by examining several specific groups.

3.2.1 Stripings of Z5 ×Q12

Recall our matrix format for the group Z5 ×Q12 =< z : z5 = 1 > × < x, y : x6 = y4 = 1, y2 = x3, xy = x−1 > .

Row and column sums for Z5 ×Q12.

R1 R2 1 2 3 4 5 6 7 8 9 10 11 12
5 −3 e x x2 x3 x4 x5 y yx yx2 yx3 yx4 yx5

0 2 z zx zx2 zx3 zx4 zx5 zy zyx zyx2 zyx3 zyx4 yx5

0 2 z2 z2x z2x2 z2x3 z2x4 z2x5 z2y z2yx z2yx2 z2yx3 z2yx4 z2yx5

0 2 z3 z3x z3x2 z3x3 z3x4 z3x5 z3y z3yx z3yx2 z3yx3 z3yx4 z3yx5

0 2 z4 z4x z4x2 z4x3 z4x4 z4x5 z4y z4yx z4yx2 z4yx3 z4yx4 z4yx5

C1 5 0 0 0 0 0 0 0 0 0 0 0
C2a 2 0 0 −2 0 0 −1 2 −1 1 3 1
C2b 2 0 0 −2 0 0 0 4 0 0 1 0
C3a 1 4 −1 −1 1 1 0 1 −1 0 −1 1
C3b 2 0 3 −2 0 2 1 1 0 −1 −1 0

If we map x to the identity (that is, if we consider the quotient Z5 × (Q12/Z6)), we obtain a matrix representing
Z10

∼=< z : z5 = 1 > × < x, y : x = y2 = 1 > . If the original matrix entries are coefficients of a W (n, k) quotient image,
then we can correlate the matrix with a Z10 quotient image. Call the original matrix M; the following rowlets {ri} must
be the coefficients of a Z10 quotient image.

r1,1 = M1,1 + M1,2 + M1,3 + M1,4 + M1,5 + M1,6

r2,1 = M2,1 + M2,2 + M2,3 + M2,4 + M2,5 + M2,6

...
...

...
r5,1 = M5,1 + M5,2 + M5,3 + M5,4 + M5,5 + M5,6

r6,1 = M1,7 + M1,8 + M1,9 + M1,10 + M1,11 + M1,12

...
...

...
r10,1 = M5,7 + M5,8 + M5,9 + M5,10 + M5,11 + M5,12

Similarly, if we mod out the normal subgroup < x2 >∼= Z3 (that is, assume x2 = 1), we obtain a striping whose
rowlets correspond to a Z20 quotient image. Specifically, the twenty rowlets would be formed by taking the following
sums from each row:

ri,1 = Mi,1 + Mi,3 + Mi,5

ri,2 = Mi,2 + Mi,4 + Mi,6

ri,3 = Mi,7 + Mi,9 + Mi,11

ri,4 = Mi,8 + Mi,10 + Mi,12
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In general, this approach does not preserve the ordering of coefficients in our quotient images. As described above,
we assume that the order 5 and 12 quotients are fixed. We know the coefficients in our additional quotient images, but
not their orders. Note that Z20 quotient images never contain 2’s or 1’s; any partially completed matrix with rowlets
adding to 2 or 1 can be discarded. Other stripings produce similar shortcuts. In some cases, this approach significantly
shortens computer searches.

3.2.2 Z5 ×D12

Next, we consider quotient images in the group Z5 ×D12 =< z > × < x, y : x6 = y2 = 1;xy = x−1 > . The (12 × 12)
matrix corresponding to this group is given below. Corollary 5 provides row sums and table 1 provides column sums; As
D12 admits only one quotient image, this is much simpler than the Q12 case.

Row and column sums for Z5 ×D12.

R1 R2 1 2 3 4 5 6 7 8 9 10 11 12
5 −3 e x x2 x3 x4 x5 y yx yx2 yx3 yx4 yx5

0 2 z zx zx2 zx3 zx4 zx5 zy zyx zyx2 zyx3 zyx4 yx5

0 2 z2 z2x z2x2 z2x3 z2x4 z2x5 z2y z2yx z2yx2 z2yx3 z2yx4 z2yx5

0 2 z3 z3x z3x2 z3x3 z3x4 z3x5 z3y z3yx z3yx2 z3yx3 z3yx4 z3yx5

0 2 z4 z4x z4x2 z4x3 z4x4 z4x5 z4y z4yx z4yx2 z4yx3 z4yx4 z4yx5

C1 5 0 0 0 0 0 0 0 0 0 0 0

As before, call the matrix M; it admits several stripings. Since G/ < x >∼= Z10, the following rowlets must match (in
some order) the coefficients of a Z10 quotient image:

r1,1 = M1,1 + M1,2 + M1,3 + M1,4 + M1,5 + M1,6

r2,1 = M2,1 + M2,2 + M2,3 + M2,4 + M2,5 + M2,6

...
...

...
r5,1 = M5,1 + M5,2 + M5,3 + M5,4 + M5,5 + M5,6

r6,1 = M1,7 + M1,8 + M1,9 + M1,10 + M1,11 + M1,12

...
...

...
r10,1 = M5,7 + M5,8 + M5,9 + M5,10 + M5,11 + M5,12

Frequently, we find that a group admits several isomorphic groups via different projections. This yields inequivalent
stripings which arise from the same quotient image. This occurs in the present group. The subgroup generated by yx
and yx3 is normal in G; if we compute the quotient with respect to this subgroup, we obtain another group isomorphic to
Z10. The elements of < yx, yx3 > are {yx, yx3, x2, x4, e, yx5}; combining these elements in each row produces ten rowlets.

ri,1 = Mi,1 + Mi,3 + Mi,5 + Mi,8 + Mi,10 + Mi,12

ri,2 = Mi,2 + Mi,4 + Mi,6 + Mi,7 + Mi,9 + Mi,11

3.3 Semidirect products

Assume that G is a semidirect product of N by H. As every solvable group of order 60 admits a normal subgroup of
order 5, we will assume that |N | = 5 and |H| = 12. We saw above that semidirect product groups admit complementary
quotient images. This implies that there is a natural matrix presentation for the group ring. We will consider one
example.

Assume that a weighing matrix exists in: Z5oQ12
∼=< z, x, y : z5 = 1, x6 = 1, y2 = x3, xy = x−1, zx = z−1, zy = z2 > .

Define a matrix of (5× 12) coefficients, M, exactly as we did for Z5 o Q12.
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Row and column sums for Z5 o Q12.

1 2 3 4 5 6 7 8 9 10 11 12
e x x2 x3 x4 x5 y yx yx2 yx3 yx4 yx5

z zx zx2 zx3 zx4 zx5 zy zyx zyx2 zyx3 zyx4 yx5

z2 z2x z2x2 z2x3 z2x4 z2x5 z2y z2yx z2yx2 z2yx3 z2yx4 z2yx5

z3 z3x z3x2 z3x3 z3x4 z3x5 z3y z3yx z3yx2 z3yx3 z3yx4 z3yx5

z4 z4x z4x2 z4x3 z4x4 z4x5 z4y z4yx z4yx2 z4yx3 z4yx4 z4yx5

C1 5 0 0 0 0 0 0 0 0 0 0 0
C2a 2 0 0 −2 0 0 −1 2 −1 1 3 1
C2b 2 0 0 −2 0 0 0 4 0 0 1 0
C3a 1 4 −1 −1 1 1 0 1 −1 0 −1 1
C3b 2 0 3 −2 0 2 1 1 0 −1 −1 0

Note that the row sums are missing. We know the column sums, as Z5 is normal in G. The subgroup Q12 is not
normal, so we cannot mod it out to produce row sums. We may be able to do almost as well, however. The core of Q12

is the cyclic group generated by x2. It has order 3, so G/core(Q12) will have order 20. To be specific, it is the group
(20,3) in the GAP small group library. This implies a natural striping of the matrix; twenty rowlets formed by taking
the following sums from each row.

ri,1 = Mi,1 + Mi,3 + Mi,5

ri,2 = Mi,2 + Mi,4 + Mi,6

ri,3 = Mi,7 + Mi,9 + Mi,11

ri,4 = Mi,8 + Mi,10 + Mi,12

These are the same rowlets as we saw for the direct product group. They represent, however, coefficients of a quotient
image in the group GAP (20,3). Assuming we can compute all such quotient images, it should be possible to modify the
computer search for Z5 ×Q12 quotient images to search for semidirect product quotient images.

4 Groups of Order 60

In this section, we provide a quick summary of the groups of order 60. We are primarily interested in the quotient group
structure of each group. Most of the computation was done using the software GAP [5]. Group numbering follows the
GAP SmallGroups library; for example (60,3) refers to the third group of order 60 in that library.
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Gap # Common Name Presentation and Quotient Groups comments
(60, 1) Z5 ×Q12 < c, x, y : c5 = 1; x6 = 1; y2 = x3;xy = x−1; cx = c; cy = c >

Z5, Q12, Eliminated by
G/ < x2 >=< c, x, y : y2 = x, y4 = 1 >= Z20, computer search
G/ < x >=< c, x, y : y2 = x = 1 >= Z10, (Houghten/Haas).
G/ < x3 >=< c, x, y : x3 = y2 = 1 >= Z5 × S3 (30, 1),
S3, Z4

(60,2)
Z12, D10, (20,1)

(60,3) Z5 o Q12 < c, x, y : c5 = 1, x6 = 1, y2 = x3, xy = x−1, cx = c, cy = c−1 >
Q12, D10, (20,1)

(60,4) Z60 = Z5 × Z12 < x, y : x12 = y5 = 1, xy = yx >
Z12, Z10, Z20 Ruled out (Turyn)

(60,5) A5

*****
(60,6)

Z12, (20,3)
(60,7) Z5 o Q12 < x, y, z : x5 = 1; y3 = z4 = 1, yz = y−1;xy = x;xz = x2 > Do with (60,6)

< c, x, y : c5 = 1, x6 = 1, y2 = x3, xy = x−1, cx = c−1, cy = c2 >
Q12, (20,3) ...No order 10 quotient.

(60,8) (3) Do with (60,12)
D12, D10, D10, (20,4)

(60,9) Z5 ×A4 (2) Compute A4

A4, Z15

(60,10) r.o. (Z2 × Z6)
Z2 × Z6, D10, (20,4)

(60,11) Z5 ×D12 D12 =< x, y : x6 = y2 = 1;xy = x−1 >; Eliminated by
D12, computer search.
G/ < x3 >= Z5 × S3 (30, 1) (Houghten/Haas)
G/ < x >= Z10

G/ < x2, y >= Z10

G/ < yx, yx3 >= Z10

G/ < x2, y2 >= Z2 × Z2 × Z5

(60,12)
D12, D10, (20,4) (3) Do with (60,8)

(60,13) Z5 × (Z2 × Z6)
Z2 × Z6, Z10 (multiple quotients with (6,2)), Z10 × Z2 r.o. (Turyn)

5 Implementation of computer searches

We have completed computer searches for several of weighing matrices W(n,k) developed over several groups of order 60.
The organization of those searches followed the theoretical development above. Brief summaries of these searches and
their results are given below.

As the algebra in section 3 is primarily the work of one author, while the computer searches were carried out by the
other authors, the terminology in this section is slightly different. In section 3, we referred to “stripings” of a matrix; the
term is defined slightly differently in this section. The term “rowlet,” above, is replaced by “block” in the following text.

5.1 Search for weighing matrices in Z5 ×Q12

A search in this case requires that we complete a 5 × 12 matrix in which each entry is 0, +1 or −1. This matrix must
satisfy the following conditions:

• The total number of 1’s in the matrix is 15,

• The total number of −1’s in the matrix is 10,
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• The row sums are (in order) either R1 or R2 as specified in Table 3.2.1,

• The column sums are (in order) either C1, C2a, C2b, C3a or C3b as specified in Table 3.2.1, and

• Row 2 contains at least as many 1’s as each of row 3, row 4 and row 5

The matrix also has restrictions on the columns:

• Column 2 contains at least as many 1’s as column 6 (applies to column sums C1, C2a and C2b only), and

• Column 7 contains at least as many 1’s as each of columns 8, . . . , 12 (applies to column sum C1 only)

We now consider the restriction imposed by Z10 The restriction applies to “blocks” of the matrix defined as follows.
In the terminology of section 3, above, we are considering a striping of the (5 × 12) matrix. The “blocks” were called
rowlets in that section.

Let m1 = (row1, (column1, . . . , column6))
m2 = (row1, (column7, . . . , column12))
m3 = (row2, (column1, . . . , column6))
. . .
m10 = (row1, (column7, . . . , column12))

Consider the sums of each block. These must be some permutation of one of the Z10 quotients. If the row sum is R1 =
[5, 0, 0, 0, 0] then the block sums are some permutation of either [5, 0, 0, 0, 0, 0, 0, 0, 0, 0] or [4, 1,−1, 1,−1, 1,−1, 1,−1, 1]. If
the row sum is R2 = [−3, 2, 2, 2, 2] then the sequence of block sums is some permutation of either [−3, 0, 2, 0, 2, 0, 2, 0, 2, 0]
or [−4, 1, 1, 1, 1, 1, 1, 1, 1, 1]. Recall that the row sums must be in the specified order. As a result, only a few of the
permutations will be acceptable when compared to the specified row sums. For example, if the row sum is R1 =
[5, 0, 0, 0, 0] then the only possible block sums for (m1,m2) are (5, 0), (0, 5), (4, 1) or (1, 4). Similar restrictions apply to
the block sums for the two blocks in each remaining row.

Let us consider a possible backtrack search strategy. We calculate in advance each possible sequence of block sums.
For each possible block sum, we generate in advance all possibilities for a block with that block sum. For each possible
sequence of block sums, we now generate one row at a time by first selecting all possibilities for the “left” block of that
row and then all possibilities for the “right” block of that row.

Let us now consider when each of the restrictions on the entries in the matrix can be verified and thus start to limit
the size of the search space. The restriction relating the number of 1’s in row 2 to the number of 1’s in subsequent rows
will only start to limit the size of the search space after we have generated (all of) row 3. The total counts of 1’s and
-1’s in the matrix are most useful in the later stages of the search. Finally, the column sums (and restrictions concerning
the relative number of 1’s in various columns) can only be verified once we have completed at least one block of the final
row. After completing row 2 according to our chosen strategy, there are already several million solutions for each row
sum. Therefore it is clear that we need to change our search strategy to ensure that the above restrictions will limit the
search space as early as possible.

As part of our new strategy, we will also consider the Z20 intersection numbers. These affect the following four
sub-matrices:

A1 = (row 1, . . . , row 5) × (column 1, column 3, column 5)
A2 = (row 1, . . . , row 5) × (column 2, column 4, column 6)
A3 = (row 1, . . . , row 5) × (column 7, column 9, column 11)
A4 = (row 1, . . . , row 5) × (column 8, column 10, column 12).

From the Z20 intersection numbers, we know that the row sums in (A1, A2, A3, A4) must be either some permutation of
([-3,2,2,2,2], [0,0,0,0,0], [0,0,0,0,0], [0,0,0,0,0]), giving 5 · 4 = 20 subcases, or some permutation of ([0,1,1,1,1], [2,0,0,0,0],
[-3,1,1,1,1], [-2,0,0,0,0]), giving 54 ·4! = 15000 subcases. We call this restriction “striping” since it affects sets of columns.

Notice that each row of each submatrix is within one block of our overall matrix. For example, the block sum for m1

is in fact equal to the sum of the entries in the first row of A1 added to the sum of the entries in the first first row of A2.
Let us now examine how the Z20 intersection numbers correspond to row sums and block sums.

If the row sum is R1 = [5, 0, 0, 0, 0] then recall that the block sums for (m1,m2) are (5, 0), (0, 5), (4, 1) or (1, 4). If a
block sum is 5 then we need to find two row sums from different submatrices A1, A2, A3 or A4 that add up to 5, but this
is impossible. Similarly, if a block sum is 4 then we need to find two row sums from different submatrices A1, A2, A3
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or A4 that add up to 4, but again this is impossible. Therefore row sum R1 is in fact impossible due to the additional
restrictions imposed by the Z20 intersection numbers.

If the row sum is R1 = [−3, 2, 2, 2, 2] then the block sums for (m1,m2) are (−3, 0), (0,−3), (−4, 1) or (1,−4). If a
block sum is -3 then we need to find two row sums from different submatrices A1, A2, A3 or A4 that add up to -3. In this
case, from the first 20 subcases we can see that one of A1, A2, A3 or A4 must have a row sum of (in order) [−3, 2, 2, 2, 2].
From the remaining 15000 subcases, entries from [0,1,1,1,1] and [-3,1,1,1,1] must belong to the same block, and entries
from [2,0,0,0,0] and [-2,0,0,0,0] must belong to the same block; furthermore, no permutation of the entries in each set are
possible. If a block sum is -4 then we need to find two row sums from different submatrices A1, A2, A3 or A4 that add
up to -4, but this is impossible.

Let us now consider a new backtrack search strategy. As before, we calculate in advance each possible sequence
of block sums. Also as before, we generate in advance all possibilities for a block for each of the possible block sums.
Given the additional restrictions imposed by the Z20 intersection numbers, we now generate in advance all acceptable
permutations of the row sums of A1, A2, A3 and A4 for each possible block sum.

Recall that in our previous strategy, we were only able to verify column sums and other column restrictions once the
search was nearly complete. Since the column sum for each column is fixed, this restriction is very likely to significantly
reduce the size of the search space. Furthermore, the restriction relating the numbers of 1’s in column 7 to the numbers
of 1’s in each of column 8, . . . , column 12 is quite restrictive. This suggests that we should generate the entire right side
of the matrix first, followed by the entire left side.

Therefore for each possible sequence of block sums and acceptable permutations of the row sums of A1, A2, A3 and
A4, we generate one block at a time from the right-hand side. We verify that we have not exceeded the allowed total
numbers of 1’s and -1’s in the matrix after each block is generated. After the entire right-hand side has been generated,
we verify the column sums for each of these columns, and also the relative numbers of 1’s in these columns if applicable.
We now repeat this process for the left-hand side, in addition verifying the relative numbers of 1’s in row 2 and each of
row 3, row 4 and row 5 as each of these rows is completed.

Using this strategy we generated 5,291,648 matrices that satisifed all of the above restrictions. This process took
just over 1 day of computing time on a Pentium-4 2GHz computer. We next translated each of these 5 × 12 matrices
into the corresponding 60× 60 weighing weighing matrix A to verify the condition AAt = 25I. After just under 8 hours
computing time on the same computer, we found that none of the matrices satisfied this condition. Therefore we can
say that there are no weighing matrices W(60,25) or perfect ternary arrays PTA(60,25) that result from this case.

5.2 Search for weighing matrices in Z5 ×D12

This search is modelled after that for Z5 × Q12. The restrictions on the 5 × 12 matrix are the same as for Z5 × Q12,
except for the following.

In the new search, there is only one possible column sum, namely C1 = [5, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0] (in order). We
may assume that column 2 contains at least as many 1’s as column 6 and that column 7 contains at least as many 1’s as
each of columns 8, . . . , 12.

The other difference is seen in the striping. In the new search, striping is as a result of Z10 alone, rather than both
Z10 and Z20. As before, the restriction imposed by Z10 applies to 10 blocks corresponding to the left side and right side
of each row. In addition, the Z10 intersection numbers affect the following submatrices:

A1 = (row 1, . . . , row 5) × (column 1, column 3, column 5, column 7, column 9, column 11)
A2 = (row 1, . . . , row 5) × (column 2, column 4, column 6, column 8, column 10, column 12)
B1 = (row 1, . . . , row 5) × (column 1, column 3, column 5, column 8, column 10, column 12)
B2 = (row 1, . . . , row 5) × (column 2, column 4, column 6, column 7, column 9, column 11).

The row sums for A1 and A2 must be any permutation of the allowed Z10 intersection numbers. Similarly, the row sums
for B1 and B2 must be any permutation of the allowed Z10 intersection numbers.

As before, the row sums are either R1 = [5, 0, 0, 0, 0] or R2 = [−3, 2, 2, 2, 2]. If the row sum is R1 then the sequence of
block sums is some permutation of either [5, 0, 0, 0, 0, 0, 0, 0, 0, 0] or [4, 1,−1, 1,−1, 1,−1, 1,−1, 1]; furthermore (as in the
previous case), since each row is composed of 2 blocks, then only 2 permutations of the first of these cases, and 25 = 32
permutations of the second of these cases, can add up to the correct row sum. Similarly, if the row sum is R2 then
the sequence of block sums is some permutation of either [−3, 0, 2, 0, 2, 0, 2, 0, 2, 0] or [−4, 1, 1, 1, 1, 1, 1, 1, 1, 1], and again,
only 2 + 32 permutations will add up to the correct row sum.

A similar restriction applies to the stripes. Notice that each row of the matrix is also composed of one row from A1

(respectively, B1) and the corresponding row from A2 (respectively, B2). Thus we can see that we are restricted to the
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same 2 + 32 allowed permutations for corresponding rows of A1 and A2 (respectively, B1 and B2) as for the block sums.
Note that sums of the entries in the blocks, sums of the entries in the first striping, and sums of the entries in the second
striping, may admit very different permutations.

We will now describe our backtrack search strategy. In many ways it appears that the problem is simplified. However,
from the point of view of implementation, several aspects are now more difficult. In the previous case, the “stripes”
resulting from the restriction imposed by Z20 were restricted to a single “block” (left or right side of a single row);
furthermore, these stripes affected only 3 columns, so were very restrictive. Now our stripes affect 6 columns, and these
6 columns spread into 2 blocks. Therefore not only are the stripes less restrictive, but we must wait longer before we can
verify if the entries in the stripe add up to the desired value. Due to the change in striping, we cannot verify the sums
of the entries in each of the stripes until an entire row is generated. In the previous case, we generated the entire right
side of the matrix first, followed by the entire left side. However, in this case, the search space grows too quickly if we
use that strategy.

We calculate in advance each possible sequence of block sums; recall that this same set of possibilities is also to
be used for each of the two stripings (A1, A2) and (B1, B2). For each possible block sum, we generate in advance all
possibilities for a block with that block sum. For each possible sequence of block sums, each possible sequence of sums
for the rows of (A1, A2) and each possible sequence of sums for the rows of B1, B2), we generate first the left block and
then the right block of each row in turn. We verify that we have not exceeded the allowed total numbers of 1’s and -1’s
in the matrix after each block is generated. After each row is complete, we verify the sums of the entries in the A1, A2,
B1 and B2. We verify the relative numbers of 1’s in row 2 and each of row 3, row 4 and row 5 as each of these rows is
completed. We verify the column sums for each column, and also the relative numbers of 1’s in columns, as the final row
is completed.

Using this strategy, we found 0 matrices that satisifed all of the above restrictions, using just over 20 days of computing
time on a Pentium-4 2GHz computer. Therefore we can say that there are no perfect ternary arrays PTA(60,25) or
weighing matrices W(60,25) resulting from this case.

6 Conclusion

This paper outlines a theoretical basis for a computer search; specifically, a computer search for perfect ternary arrays
and their generalizations. Considerable computational work remains, but we have completed enough special cases to
show that the complete search is practical. So far, we have found no perfect ternary arrays PTA(60,25) or weighing
matrices W(60,25) developed over solvable groups.
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