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Abstract

We introduce Boolean proximity algebras as a generalization of Efremovič proximities which are suitable in reasoning
about discrete regions. Following Stone’s representation theorem for Boolean algebras, it is shown that each such
algebra is isomorphic to a substructure of a complete and atomic Boolean proximity algebra.

1 Introduction

Qualitative theories of space such as Whitehead [18], its extensions by Clarke [2], or the Region Connection Calculus
[10] are based on the assumption that regions in space are infinitely divisible and that regions may be arbitrarily close.
While this is certainly true when the model consists of all regions in Euclidean space – or a suitable approximating
domain such as the polygonal algebras of Pratt & Schoop [9] – for applications in the physical world, where observation
is limited by the precision of measurement and granularity of knowledge, it is more appropriate to allow regions which
may be indivisible and which may have immediate neighbors. Such a scenario will be calleddiscrete. Digital topology
considers concepts such asarc, connectednessetc for various topologies on structures which are in some sense discrete,
such asZn. However, as pointed out by Smyth [11],

“Standard digital topology . . . is not topological in the strict sense, but graph–theoretic. Connectivity is
taken in the usual graph sense, and analogies of the notions of arc and closed curve, and of the Jordan curve
theorem etc. are developed.”

In standard topological spaces, the base elements are points, while in some discrete contexts the base elements are
indivisible collections of points, sometimes calledcells, and binary relations among such cells calledadjacency relations
[4, 5]. For such discrete spaces, Smyth [11] suggests to use generalized topological structures such as the closure spaces
of Čech [1]. Galton’s approach is closer to the region based concept of space: He defines regions, contact relations
among regions and their derivatives such as part–of, overlap etc. It is notable that some of the axioms of proximity
spaces [8] coincide with some of the axioms of the “contact relation” given in various spatial contexts. This makes it
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possible to explore proximity theory more deeply in the region–based theories of space. Our previous work [16, 17] can
be considered as an application of the proximity approach to the study of some region–based theories of “continuous”
space. In the present paper we generalize the notion of proximity space to make it applicable to discrete situations. In
particular, we define the notion ofBoolean proximity algebra, and show that each such structure has a representation as
a substructure of a discrete proximity space. Just as the connection algebras of [16] can be considered as a “pointless”
formulation of region–based theories of continuous spaces, Boolean proximity algebras can considered as a “pointless”
approach to the region–based theories of discrete spaces.

2 Definitions and notation

Throughout, we suppose thatX is a nonempty set. IfA⊆ X, we write−A for the set theoretic complement ofA in X.
If ≤ is an ordering ofX anda∈ X, we let [a) = {b∈ X : a≤ b} be the principal filter and(a] = {b∈ X : b≤ a} the
principal ideal generated bya.

A binary relationR onX is a subset ofX×X; we denote the set of all binary relations onX by Rel(X). If 〈a,b〉 ∈ R we
usually writeaRb, and ifaRbandbRcwe write this asaRbRc.

If f : X →Y is a mapping andM ⊆ X, then f [M] = { f (m) : m∈M}.
Two different elementsa,b∈ X are calledR–connected(or justconnected, if R is understood) if there arec0, . . . ,ck ∈ X

such thata = c0,b = ck, andc0Rc1R. . .Rck. If a andb are R–connected, we denote this bya
R→ b. A subsetW of X is

R–connected(or justconnected), if any two different elements ofW are connected.

Throughout,〈B,+, ·,∗,0,1〉 is a Boolean algebra. With some abuse of notation, we will usually identify an algebraic
structure with its base set. In particular,2X is the Boolean algebra of all subsets ofX with the usual set operations. We
setB+ = B\{0}, andUlt (B) is the set of all ultrafilters ofB. A representation ofB is a monomorphisme from B into a
power set algebra2X. A representatione is calledreducedif for all x,y X,x 6= y there is someb∈ B such thatx∈ e(b)
andy 6∈ e(b). It is calledperfect, if for evereF ∈Ult (B) there is somex∈ X such thatb∈ F ⇐⇒ x∈ e(b) for all b∈ B.
TheStone maps : B→ 2Ult (B) is defined bys(b) = {F ∈Ult (B) : a∈ F }.
Theorem 2.1. [7, 12] The Stone maps is a reduced and perfect representation ofB. Conversely, ife : B→ 2X is a
reduced and perfect representation ofB, there is a unique bijectionϕ : X →Ult (B) such thate(b) = ϕ−1[s(b)].

The following result is a variant of Stone’s Separation Lemma [13]:

Lemma 2.2. If I is an ideal ofB andF a filter such thatI ∩F = /0, then there is someF ∈Ult (B) such thatF ⊆ F and
F ∩ I = /0.

We will frequently use thefinite co–finite algebraFC(ω) of the setω of natural numbers as a source of examples.FC(ω)
is the subalgebra of2ω consisting of all finite and all co–finite sets. The principal ultrafilters ofFC(ω) are of the form
Fn = {a⊆ ω : n∈ a}, and there is only one non–principal ultrafilter, namelyF∞ = {a⊆ ω : a is co–finite} [see 7].

3 Proximity relations

Let X be a nonempty set andδ a binary relation between subsets ofX. We call δ a minimal proximityor simply a
proximity if it satisfies the following conditions for allA,B,C⊆ X:

P1. AδB⇒ A 6= /0 andB 6= /0.
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P2. (a) Aδ(B∪C)⇐⇒ AδB or AδC.

(b) (A∪B)δC⇐⇒ AδC or BδC.

In this case, the pair〈X,δ〉 will be called aproximity space. We also consider various other types of proximity: A
proximity δ is called

• a Čech proximityor basic proximity, if it satisfies

P3. δ is symmetric.

P4. A∩B 6= /0⇒ AδB,

• aEfremovič proximityif it satisfies

P5. A(−δ)B→ (∃C)[A(−δ)C and(−C)(−δ)B,

• aPervin proximityif it satisfies P4 and P5,

• aconnecting proximityif it satisfies

P6. If A 6= /0 and−A 6= /0, thenAδ−A.

There are many other notions of proximity, and we invite the reader to consult the fundamental text by Naimpally
& Warrack [8] for more examples. Throughout the paper, we will suppose that〈X,δ〉 is a proximity space, and that
A,B,C. . . , possibly indexed, are subsets ofX.

The proof of the following Lemma follows immediately from P2:

Lemma 3.1. If AδB andA⊆ A1,B⊆ B1, thenA1δB1.

4 Discrete proximity spaces

If R is a binary relation onX, we define a binary relationδR on2X by

AδRB⇐⇒ (∃a∈ A)(∃b∈ B)aRb.(4.1)

There is the following general result:

Lemma 4.1. [3, 15] 〈X,δR〉 is a proximity space.

We will call 〈X,δR〉 thediscrete proximity space determined byR. Our intended models are setsX of primitive regions
or cells which are related via a givenR. The term “discrete” is chosen for its mereological connotation, and should not
be confused with the discrete topology onX. If R is an adjacency relation in the sense of Galton [4], thenδR coincides
with his connection relationC.

Just as in correspondence theory for modal style logics, one can ask which properties ofδR are induced by properties of
R.

Theorem 4.2. Let 〈X,δR〉 be a discrete proximity space. Then,

1. R is symmetric⇐⇒ δR satisfies P3.

2. R is reflexive⇐⇒ δR satisfies P4.
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3. R is transitive⇐⇒ δR satisfies P5.

4. 〈X,R〉 is R–connected⇐⇒ δR satisfies P6.

Proof. 1. and 2. are obvious from the definition ofδR.

3: “⇒”: Suppose thatR is transitive, and letA(−δR)B. We need to find someC such thatA(−δ)C and(−C)(−δ)B.
SetC = {t ∈ X : (∃s)[tRsands∈ B]}. Thus, whenevers 6∈C, thens(−R)t for all t ∈ B. This shows that−C(−δR)B.
Next, assume thatAδRC; then, there ares∈ A, t ∈C such thatsRt. By definition ofC, there is someu∈ B with tRu, and
the transitivity ofR tells us thatsRu. Hence,AδB, contradicting our hypothesis.

“⇐”: Suppose thatδR satisfies P5,sRt andtRu, and assume thats(−R)u. Then,{s}(−δR){u}, and, by P5, there is
someC⊆ X such that{s}(−δR)C and−C(−δR){u}. Since{s}(−δR)C, we cannot havet ∈C. On the other hand, if
t 6∈C, thent(−R)u by−C(−δR){u}, a contradiction totRu.

4. “⇒”: Suppose that〈X,R〉 is R–connected, andA⊆ X,A 6= /0,X. Choose somea∈ A, b 6∈ A. Sincea 6= b, and〈X,R〉
is R–connected, there is a paths0Rs1R. . .Rsn such thats0 = a andsn = b. Suppose thatt is the smallest indexj such
thatsj ∈ A, sj+1 6∈ A, andsjRsj+1. Sucht exists, sinces0 ∈ A andsn 6∈ A. Then,stRst+1 exhibitsAδR−A.

“⇐”: Suppose thatδR is connecting. IfX has only one element, then〈X,R〉 is trivially R–connected. Thus, suppose
thatX has at least two elements. Then,R(a) 6= /0 for all a∈ X, since, by P6, there is someb∈ X \{a} with aRb. Assume

thata,b∈ X,a 6= b, and there is noR–path froma to b. Let A = {c∈ X : a
R→ c}∪{a}. By our assumption neitherA nor

−A are empty, and thus, there ares∈ A, t ∈ −A such thatsRt. It follows that there is a path from some element ofA
to some element outside ofA, which implies that there is a path froma to some element outsideA. This contradicts the
definition ofA.

5 Boolean proximity algebras

Proximities were defined as binary relations between subsets of a given set, satisfying certain properties. The set of all
subsets of a set form a Boolean algebra under the set theoretic operations, and one may want to generalize the notion to
arbitrary Boolean algebras. This leads to the following definitions: ABoolean proximity algebra(BPA) is a structure
〈B,δ〉 such thatB is a Boolean algebra, andδ is a binary relation onB which satisfies the axioms analogous to P1 and
P2, namely,

P’1. aδb⇒ a 6= 0 andb 6= 0.

P’2. (a) aδ(b+c)⇐⇒ aδb or aδc.

(b) (a+b)δc⇐⇒ aδc or bδc.

If 〈X,δ〉 a proximity space, then〈2X,δ〉 is a BPA.

We also consider BPAs satisfying some of the following axioms:

P’3. δ is symmetric.

P’4. a∩b 6= 0⇒ aδb,

P’5. a(−δ)b⇒ (∃c)[a(−δ)c andc∗(−δ)b],

P’6. If a 6= 0 anda∗ 6= 0, thenaδa∗.
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If δ is a proximity onB, we defineRδ ∈ Rel(Ult (B)) by

F RδG ⇐⇒ F×G⊆ δ.(5.1)

The relationRδ is called thecanonical relation determined byδ, and the relational system〈Ult (B),Rδ〉 thecanonical
structure ofB.

Conversely, ifR∈ Rel(Ult (B)), we letδR∈ Rel(B) be defined by

aδRb⇐⇒ (∃F ,G ∈Ult (B))[a∈ F andb∈ G andF RG ].(5.2)

It is easy to see thatδR is a proximity onB.

In the sequel, we shall show that all BPAs are of the form〈B,δR〉. More precisely, we shall show that each BPS is
isomorphic to a substructure of a proximity space〈X,δ〉. Here, asubstructure of〈X,δ〉 is a BPA〈B,δ′〉 such thatB is a
Boolean subalgebra of2X, andδ′ is the restriction ofδ to B×B.

As a preparation we require some definitions and one Lemma. For a BPA〈B,δ〉 and a filterF in B, we let

Il (F) = {b∈ B : (∃a∈ F)a(−δ)b},
Ir(F) = {a∈ B : (∃b∈ F)a(−δ)b}.

Lemma 5.1. 1. Il (F) andIr(F) are ideals ofB.

2. If F,G are filters ofB, then

F×G⊆ δ⇐⇒ Il (F)∩G = /0⇐⇒ F ∩ Ir(G) = /0.(5.3)

3. If F,G are filters ofB such thatF×G⊆ δ, then there areF ,G ∈Ult (B) such thatF ⊆F , G⊆G andF ×G ⊆ δ.

Proof. 1. This follows immediately from P’1 and P’2.

2. LetF×G⊆ δ, and assume thatb∈ Il (F)∩G. Then, there is somea∈ F such thata(−δ)b, contradictingF×G⊆ δ.

Next, let Il (F)∩G = /0, and assume that there is somea ∈ F ∩ Ir(G). Then, there is someb ∈ G such thata(−δ)b.
Hence,a∈ Il (F)∩G, a contradiction.

Finally, suppose thatF ∩ Ir(G) = /0. Let 〈a,b〉 ∈ F×G, and assume thata(−δ)b. Then,a∈ F ∩ Ir(G), a contradiction.

3. Suppose thatF,G are filters ofB such thatF ×G⊆ δ. By (5.3), this is the case if and only ifF ∩ Ir(G) = /0. Since
Ir(G) is an ideal, by Lemma 2.1 there is some ultrafilterF containingF and disjoint fromIr(G). Again by (5.3)., we
haveF ×G⊆ δ, and thus,Il (F)∩G = /0. By Lemma 2.1 there is an ultrafilterG containingG and disjoint fromIl (F ).
Invoking (5.3) again, we obtainF ×G ⊆ δ.

Theorem 5.2. Suppose that〈B,δ〉 is a BPA. Then,δ = δRδ , i.e.

aδb⇐⇒ (∃F ,G ∈Ult (B))[F RδG anda∈ F ,b∈ G ](5.4)

Proof. “⊆: Suppose thataδb, and letF be the principal filter generated bya – i.e. F = {c∈ B : a≤ c} –, andG be the
principal filter generated byb. By P2,aδb impliesF×G⊆ δ, and Lemma 5.1(3) gives us the desired result.

“⊇”: Suppose thatF ,G ∈Ult (B),a∈ F,b∈ G andF RδG . By definition ofRδ, we immediately see thataδb.

The representation Theorem now follows:
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Corollary 5.3. Each BPA〈B,δ〉 is isomorphic to a substructure of a discrete proximity space.

Proof. Suppose thatX = Ult (B), and letS= Rδ; then,〈X,S〉 is a discrete proximity space. Suppose thats : B→ 2Ult (B)

is the Stone map. Sinces[B] is a subalgebra of2X isomorphic toB, all that remains to show is thataδb⇐⇒ s(a)S(b):

aδb⇐⇒ aδRδb by Theorem 5.2

⇐⇒ (∃F ,G ∈Ult (B))[a∈ F ,b∈ G ,F RδG ] by (5.2)

⇐⇒ (∃F ,G ∈ X)[F ∈ s(a),G ∈ s(b),F SG ] by definition ofs andS,

⇐⇒ s(a)Ss(b) by (4.1),

which completes the proof.

While we have just shown that each proximityδ onB is of the formδR for someR∈Rel(Ult (B)), it is not true that each
R∈ Rel(Ult )) is of the formRδ. This is clear when|B|� |Ult (B)|, but it is also true when these cardinalities are equal:
Suppose thatB = FC(ω), and letR∈ Rel(Ult (B)) be defined byF RG ⇐⇒ F andG are principal. Then,R is not the
universal relation onUlt (B). Assume thatR= Rδ for some proximityδ on B. If a,b∈ B+ choosen∈ a,m∈ b, and let
F be the ultrafilter generated by{n}, andG be the ultrafilter generated by{m}. Then, bothF andG are principal, and
a ∈ F ,b ∈ G . Hence,aδb, and it follows thatδ is the universal relation onB+. This implies thatRδ is the universal
relation onUlt (B), and shows thatR( Rδ. This example can also be used to show that it is not possible to carry over
the results of Theorem 4.2. Suppose thatR is as above; choose two different principal ultrafiltersF ,G and define

S= R∪{〈F∞,F 〉}∪{〈F ,F∞〉}∪{〈F∞,G〉}.
Then,S is not not reflexive, symmetric or transitive; on the other hand,δS is the universal relation onB+, since each
nonzero element ofB is contained in a principal ultrafilter, and thus it satisfies P’3 – P’5.

In the opposite direction, it is not true for allR that transitivity ofR implies thatδR satisfies P’5: DefineRonUlt (FC(ω))
by

R= {〈Fn,Fm〉 : n,m∈ ω\{0}}∪{〈F ,G〉 : F ,G ∈ {F0,F∞}}.
Then,R is clearly transitive, butδR does not satisfy P’5: Considera = {0},b = {1}; thena(−δ)b. Let c∈ FC(ω)+. If
c is co–finite, thenc∈ F∞; hence,〈a,c〉 ∈ F0×F∞ showsaδc. If c is finite, thenc∗ is co–finite. Choose somen∈ c∗;
then,〈c∗,b〉 ∈ Fn×F1, and it follows thatc∗δb.

Thus, we have to be content with the weaker

Theorem 5.4. Suppose thatR∈ Rel(Ult (B)). Then,

1. If R is symmetric, thenδR satisfies P’3.

2. If R is reflexive, thenδR satisfies P’4.

3. If 〈Ult (B),R〉 is R–connected thenδR satisfies P’6.

Proof. 1. Suppose thatR is symmetric, and letaδRb, i.e. a∈ F ,b∈ G andF RG for someF ,G ∈ Rel(Ult (B)). Since
R is symmetric, we haveGRF , which impliesbδRa.

2. Suppose thatR is reflexive, and leta ·b 6= 0. Then, there is someF ∈Ult (B)) such thata,b∈ F , andF RF shows
thataδRb.

3. Suppose thatF R→ G for all F 6= G , and leta ∈ B\ {0,1}. Then, there areF ,G ∈Ult (B) such thata ∈ F and
a∗ ∈ G . By our hypothesis, we can findF0, . . . ,Fn such thatF0 = F ,Fn = G , andF0R. . .RFn. If j is the smallest index
with a∈ F j ,a 6∈ F j+1 – which exists sincea∈ F0 anda∗ ∈ Fn – thenF jRF j+1 shows thataδRa∗.
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If R is of the formRδ, then things look brighter:

Theorem 5.5. Let 〈B,δ〉 be a BPA, and setR= Rδ as defined in(5.1). Then,

1. R is symmetric⇐⇒ δ satisfies P’3.

2. R is reflexive⇐⇒ δ satisfies P’4.

3. R is transitive⇐⇒ δ satisfies P’5.

Proof. Because of Theorem 5.4, we only have to show “⇐” for 1. and 2.:

1. Suppose thatδ satisfies P’3, and letF RG . By definition ofR, we haveF ×G ⊆ δ, and P’3 tells us thatG ×F ⊆ δ.
Thus,GRF .

2. Suppose thatδ satisfies P’4, and letF ∈Ult (B). SinceF is a proper filter, we havea ·b 6= 0 for all a,b∈ F , and
thus, by P’4, we haveF ×F ⊆ δ. Hence,F RF .

3. “⇒: Suppose thatR is transitive, and assume that there area,b∈ B such thata(−δ)b, andaδc or c∗δb for all c∈ B.
Let I = {c∈ B : a(−δ)c}, andF = {c∈ B : c∗(−δ)b}; then,I is an ideal,F is a filter, andb∈ I , a∗ ∈ F . If c∈ I ∩F ,
thena(−δ)c andc∗(−δ)b, contradicting our assumption. Thus, with Lemma 2.2, choose some ultrafilterF containing
F with F ∩ I = /0. Our next step is to show that[a)×F ⊆ δ: Assume otherwise; then, there ared ≥ a, c ∈ F such
thatd(−δ)c, and, by P’2, we may assumea = d. Now, a(−d)c impliesc∈ I , which contradictsI ∩F = /0. By Lemma
5.1(3), there is some ultrafilterG such thata∈ G andG ×F ⊆ δ. Similarly, it is shown thatF × [b)⊆ δ, so that there
is someH ∈Ult (B) containingb andF ×H ⊆ δ. By the definition ofR, we haveGRF , andF RG . The transitivity of
R now impliesGRH , and it follows froma∈ G ,b∈H , along withR= δR, thataδb. This contradicts our assumption.

“⇐”: Suppose thatδ satisfies P’5, and letF0RF1RF2. Assume thatF0(−R)F2; then,F0×F2 6⊆ δ, so there area ∈
F0,b∈ F2 with a(−δ)b. With P’5, choose somec∈ B such thata(−δ)c andc∗(−δ)b. Together with the fact theδ = Rδ
by Theorem 5.2, the latter implies thatc∗ 6∈ F1. SinceF1 is an ultrafilter, we havec∈ F1, and it follows fromF0RF1

thataδc, a contradiction.

Theorem??generalizes a result of [6], see also [14].

To show that P6 does not carry over, we will construct a proximityδ on B = FC(ω) which satisfies P’6, but for which
Rδ is not connected. DefineR onUlt (B) by

R= {〈Fn,Fm〉 : n,m∈ ω, |n−m|= 2}∪{〈F ,F 〉 : F ∈Ult (B)}(5.5)

Since, for example, there is no path fromF0 to F1, R is not connected. Letδ = Rδ as defined in (5.2). Clearly,δ satisfies
P’1. Thus, letaδ(b+c); then, there areF ,G ∈Ult (B) such thatF RG , anda∈ F ,b+c∈ G . SinceG is an ultrafilter,
we haveb∈ G or c∈ G , i.e. aδb or aδc. The other case is analogous. Next, suppose thata∈ B\ {0,1}, and thata is
finite. Letm= maxa; then,a∈ Fm, m+2∈ a∗, and hence,a∗ ∈ Fm+2 which impliesaδa∗. SinceR is symmetric, the
case for co–finitea follows. It remains to show thatR= Rδ, i.e. thatF RG ⇐⇒ F ×G ⊆ δ. By definition,R⊆ Rδ, so,
suppose thatF ×G ⊆ δ andF 6= G . First, letF = F∞,G = Fn. Setb = {n,n+2} if n = 0,1, andb = {n,n−2,n+2}
otherwise. Then,b∗ 6∈ Fn−2∪Fn∪Fn+2 which showsF∞×Fn 6⊆ δ; similarly, Fn×F∞ 6⊆ δ. Now, let|n−m| 6= 2. Then,
{n}(−δ){m} and it follows thatFn×Fm 6⊆ δ.

6 Outlook

Galton [5] pointed out the need to consider discrete spaces with several adjacency relations. In subsequent work, we will
generalize and extend the results of the present paper by investigating proximity spaces and BPAs arising from discrete
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space with an arbitrary collectionR = {Ri : i ∈ I} of adjacency relations. We will also consider the case whenR is
closed under various relational operators such as union, composition, and converse. In this way, we make our vocabulary
mor expressive and, indeed, similar to dynamic logic.
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