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1 Introduction

Concept forming and classification in the absence of complete or certain information
has been a major concern of artificial intelligence for some time. Traditional “hard”
data analysis based on statistical models or are in many cases not equipped to deal
with uncertainty, relativity, or non–monotonic processes. Even the recentlypopular
“soft” computing approach with its principal components

“ : : : fuzzy logic, neural network theory, and probabilistic reasoning” [16].

uses quite hard parameters outside the observed phenomena, e.g. representation and
distribution assumptions, prior probabilities, beliefs, or membership degrees, the
origin of which is not always clear; one should not forget that the results of these
methods are only valid up to the – stated or unstated – model assumptions.

The question arises, whether there is a step in the modelling process which is infor-
mative for the researcher and, at the same time, does not require additional assump-
tions about the data.

To make this clearer, we follow [9] in assuming that a data model consists of

1. A domainD of interest.
2. An empirical systemE , which consists of a body of data and relations among

the data, and a mappinge : D ! E , calledoperationalisation.
3. A (structural or numerical) modelM, and a mappingm : E ! M, called

representation.
4. The agent (literally: the acting subject),

see Figure 1.

The agent with her/his objectives is the central part of the modelling process. Agents
choose operationalisation and representationaccording to their objectives and their
view of the world. The numerical models are normally a reduction of the empirical
models, and thus of the domain of interest which results in further decontextuali-
sation. We observe that even the soft computing methods reside on the level of the
numerical models.

Rough set data analysis (RSDA) which has been developed by Z. Pawlak [10] and
his co–workers since the early 1970s is a structural method which stays on the level
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Fig. 1.The modelling process
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of the empirical model; more formally, the representation mapping is the identity,
and thus, there is a one–one relationship between the elements of the empirical
model and the representation. In this way, we avoid further reduction, stay closer to
the data, and keep the model assumptions to a minimum.

Although designed as a structural – in particular, a non statistical – approach to data
analysis, application of RSDA only makes sense, if some basic statistical assump-
tions are observed. We will show that the application of these assumptions leads
quite naturally to

� Statistical testing schemes for the significance of inference rules,
� Entropy measures for model selection, and
� A probabilistic version of RSDA.

2 Operationalisation in RSDA

Operationalisation of domain data in RSDA is done via a tabularised OBJECT 7!
ATTRIBUTE relationship: Aninformation systemis a tupleI = hU;
; Vxix2
,
where

1. U = fa1; : : : ; aNg is a finite set.
2. 
 = fx1; : : : ; xTg is a finite set of mappingsx : U ! Vx.

We interpretU as a set of objects and
 as a set of attributes or features each
of which assigns to an objecta its value under the respective attribute. Foreach
nonemptyQ � 
 we define

VQ =
Y
a2Q

Va: (1)

Fora 2 U , we also let

Q(a) = hx(a)ia2Q; (2)

written asxQ(a) or justxQ if a is understood or not relevant in the context. Each
Q(a) is called aQ–granule; the collection of allQ–granules is denoted byGQ. A
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Q–granule can be understood as a piece of information about objects inU given by
the features inQ. The equivalence relation onU induced byQ is denoted by Q,
i.e. forai; aj 2 U ,

ai � Q aj () Q(ai) = Q(aj): (3)

Objects which in this sense belong to the same granule cannot be distinguished with
the knowledge ofQ. We denote the set of classes of Q byP(Q).

Suppose that; 6= Q;P � 
. Our aim is to describe the world according toP with
our knowledge according toQ. If, for example, a classM of  Q is contained totally
within a class of P , thenQ(a) determinesP (b) for all a; b 2 M . Such anM is
called aP–deterministic class of Q, and

If Q(a) = x
Q, thenP (a) = x

P (4)

is called adeterministic Q,P – rule. Otherwise,M intersects exactly the classes
L1; : : : ; Lk of P(P ) with associatedx1P ; : : : ;xkP 2 GP , and we call

If Q(a) = x
Q, thenP (a) = x1

P or : : : orP (a) = xk
P (5)

an indeterministic Q,P – rule. The collection of allQ;P – rules is denoted by
Q ! P , and with some abuse of language, will be sometimes called a rule (of
the information system). In writing rules, we will usually identify singleton sets
with the element they contain, e.g. we writeQ! d instead ofQ! fdg.

Note that all constructions above use only the information given by the observed
system, and no additional outside parameters.

Throughout this paper, we useI as above with the given parameters as a generic
information system. For further information on RSDA we refer the reader to [11] or
[6].

3 Basic statistics

Even though rough set analysis is a structural method, it makes basic statistical
assumptions which we briefly want to describe in this section. Suppose that is
an equivalence relation onU which may be of the form Q; the only numerical
information we have are the cardinalityT of U , and the cardinalities of the classes
of  .

ForX � U , we call

X 

def
=
[
f x :  x � Xg (1)

the lower approximationor positive region of X. These are those elements ofU
which can be classified with certainty as being inX. Theupper approximationor
possible regionofX with respect to is defined as

X
 def

= U n (U nX
 
): (2)
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The lower approximation function leads to the statistic

� � (X)
def
=

jXj

jU j
: (3)

We now define� �(X) = 1� �
 
� (�X), and it is easy to see that

� �(X)
def
=

jXj

jU j
: (4)

We say that a probability measurep on2U is compatible with , if

� � (X) � p(X) � � �(X);

for allX 2 B . Compatibilityofp expresses the fact thatp(X) is within the bounds
of uncertainty given by . It is easy to see that the only probability measure on2U

which is compatible to all functions� � is given by

p(X) =
jXj

jU j
; (5)

so thatp(x) = 1
jUj for all x 2 U . In other words, RSDA assumes theprinciple of

indifference, where in the absence of further knowledge all basic events are assumed
to be equally likely. Unlike statistical models, RSDA does not model the dependency
structure of attributes, but assumes that the principle of indifference is the only valid
basis for an estimation of probability. If we assume marked dependencies among
attributes, there may be better statistics than�

 
� for the computation ofp(X), but

even in this situation� � will remain a reasonable choice forp(X).

The statistics derived from� � which is normally used in RSDA, theapproximation
quality, is defined as

 (X) = ��(X) + ��(�X): (6)

Clearly,

 (X)
def
=

jX j+ j�X
 
j

jU j
; (7)

so that (X) is the relative frequency of all elements ofU which are correctly
classified under the granulation of information by with respect to being an element
ofX or not.

Generalising (7) to partitions induced by attribute sets, we define thequality of an
approximationof a an attribute setQ with respect to an attribute setP by

(Q! P ) =
j
S
fX 2 P(Q) : X is P–deterministicgj

jU j
: (8)

The approximation isperfect, if (Q ! P ) = 1; in this case, Q �  P , and all
Q;P – rules are deterministic.

If P is fixed, an attribute set which is� – minimal with respect to(Q ! P ) = 1
is called areductof P .
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4 Significance testing

4.1 Rule significance

If we use RSDA for supervised learning, then its results must be controlled by sta-
tistical testing procedures; otherwise, we may read more into the results than what
is actually in them. For example, if eachQ;P – rule is based on a singleton class
of  Q – for example, a running number –, then the prediction ofP (in fact, of any
attribute set) will be perfect, but the rule will usually be rather useless for a different
data sample. The underlying assumption on which prediction is based is that the
information systemI is a representative sample of the situation.

The assumption of representativeness is a problem of any analysis in most real life
data bases. The reason for this is the huge state complexity of the space of possible
rules, even when there are only a few number of features (Tab. 1).

Table 1.State complexity

# of attributes
# of attr. 10 20 30
values log10 (states)

2 3.01 6.02 9.03
3 4.77 9.5414.31
4 6.0212.0418.06
5 6.9913.9820.97

In [4] we have developed two procedures, both based on randomisation techniques,
to compute the conditional probability of a ruleQ ! P , assuming that the null
hypothesis

H0: “Objects are randomly assigned to rules”

is true. Randomisation procedures are particularly suitable to RSDA since they do
not require outside information; in particular, it is not assumed that the information
system under discussion is a representative sample.

Suppose that; 6= Q;P � 
, and that we want to evaluate the statistical significance
of the ruleQ! P . Let� be the set of all permutations ofU , and� 2 �. We define
new attribute functionsx� by

x�(a)
def
=

(
x(�(a)); if x 2 Q;

x(a); otherwise:

The resulting information systemI� permutes theQ–columns according to�, while
leaving theP–columns constant; we letQ� be the result of the permutation in the
Q–columns, and(Q� ! P ) be the approximation quality of the prediction ofP
byQ� in I�.
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The value

p((Q! P )jH0) :=
jf(Q� ! P ) � (Q! P ) : � 2 �gj

jU j!
(1)

now measures the significance of the observed approximation quality. Ifp((Q !
P )jH0) is low, traditionally below 5%, then the ruleQ ! P is deemed signifi-
cant, and the (statistical) hypothesis “Q ! P is due to chance” can be rejected.
Otherwise, ifp((Q! P )jH0) � 0:05, we callQ! P acasual rule.

As an example, consider the following information system [4]:

U x1 x2 d

1 0 0 0
2 0 1 1
3 1 0 2

The rulefx1; x2g ! d is perfect, since(fx1; x2g ! d) = 1. Furthermore,
p((fx1; x2g ! d)jH0) = 1, because every instance is based on a single obser-
vation, and thus, the rule is casual.

Now suppose that we have collected three additional observations:

U x1 x2 d U x1 x2 d

1 0 0 0 1’ 0 0 0
2 0 1 1 2’ 0 1 1
3 1 0 2 3’ 1 0 2

To decide whether the given rule is casual under the statistical assumption, we have
to consider all 720 possible rules as given in (1) and their approximation qualities.
The distribution of the approximation qualities of these 720 rules is given in Table
2, with� = p((fx1; x2g ! d)jH0). Given the 6–observation example, the prob-

Table 2.Results of randomisation analysis; 6 observ.

 No of cases � Example of�
1.00 48 0.0671; 10; 2; 20; 3; 30

0.33 288 0.4671; 10; 2; 3; 20; 30

0.00 384 1.0001; 2; 20; 3; 10; 30

ability of obtaining a perfect approximation ofd by fx1; x2g under the assumption
of random matching, is 0.067 which is by far smaller than in the 3–observation ex-
ample, but, using conventional� = 0:05, not convincing enough to decide that the
rule is sufficiently significant to be not casual.

A small scale simulation study done in [4] indicates that the randomisation proce-
dure has a reasonable power if the rule structure of the attributes is known.

We have applied the procedures to three well known data sets, and have found that
not all claimed results, based on alone, can be called significant, and that other
significant results were overlooked. Details and more examples can be found in [4].
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4.2 Conditional casual attributes

In pure RSDA, the decline of the approximation quality when omitting one attribute
is usually used to determine whether an attribute within a perfect ruleQ! P is of
high value for the prediction. This interpretation does not take into account that the
decline of approximation quality may be due to chance.

As in the preceding section, our approach is to compare the actual(Q ! P ) with
the results of a random system; here we randomise the value of a single attribute
t 2 Q as follows: For each permutation� of U we obtain a new attribute function
x�;t by setting

x�;t(a)
def
=

(
x(�(a)) if x = t;

x(a); otherwise.

Here, only the values in thet–column are permuted, and we denote the set of the
resultingQ–granules byQ�;t. Now,

pt((Q! P )jH0) :=
jf(Q�;t ! P ) � (Q! P ) : � 2 �gj

jU j!
(2)

measures the significance of attributet within Q for the prediction ofP . If � =
pt((Q ! P )jH0) � 0:05, the assumption of (random) conditional casualness can
be rejected; otherwise we shall call the attributet conditional casual withinQ.

The example given in Table 3 shows that, depending on the nature of an attribute,
statistical evaluation leads to different expectations of the increase of approximation
quality which is not visible under ordinary RSDA methods.

Table 3.

U x r1 r2 r3 d U x r1 r2 r3 d

1 0 1 1 1 a 5 1 5 5 3 c
2 0 2 1 1 a 6 1 6 4 3 c
3 0 3 3 3 b 7 2 7 7 3 d
4 0 4 3 3 b 8 2 8 7 3 d

The prediction rulex! d has the approximation quality(x! d) = 0:5. Assume
that an additional attributer is conceptualised in three different ways:

� A fine grained measurer1 using 8 categories,
� A medium grained descriptionr2 using 4 categories, and
� A coarse descriptionr3 using 2 categories.
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For 1 � i � 3 we have(fx; rig) ! d) = 1, so that each of these approximations
is perfect, and the drop of the approximation quality is0:5whenri is left out. There-
fore, we have a situation in which standard RSDA does not distinguish between the
different properties of the additional attributeri; 1 � i � 3.

If we consider the expectationE[(fx; rig�;ri ! p)], we observe that

E[(fx; r1g
�;r1 ! p)] = 1:000;

E[(fx; r2g
�;r2 ! p)] = 0:880;

E[(fx; r3g
�;r3 ! p)] = 0:624:

Whereas the statistical evaluation of the additional predictive power differs for each
of the three realizations of the new attributer, the analysis of the decline of the
approximation quality tells us nothing about these differences. Therefore, rather
than using the decline of approximation quality as a global measure of influence,
it is more appropriate to compare the influence of an attribute using the proposed
statistical testing procedure.

4.3 Sequential significance testing

One can see that randomisation is a computationally expensive procedure, and it
might be said that this fact limits its usefulness in practical applications. We have
argued in [4] that, if randomisation is too costly for a data set, RSDA itself will not
be applicable in this case, and have suggested several simple criteria to speed up the
computations.

Another, fairly simple, tool to shorten the processing time of the randomisation test
is the adaptation of a sequential testing scheme to the given situation. Because this
sequential testing scheme can be used as a general tool in randomisation analysis,
we present the approach in a more general way.

Suppose that� is a a statistic with realizations�i, and a fixed realization�c. We
can think of�c as(Q ! P ) and�i as(Q� ! P ). Recall that the statistic� is
called� – significant, if the true valuep(� � �cjH0) is smaller than�. Traditionally,
� = 0:05, and in this case, one speaks just ofsignificance.

An evaluation of the hypothesis� � �c given the hypothesisH0 can be done by
using a sample of sizen from the� distribution, and counting the numberk of �i for
which �i � �c. The evaluation ofp(� � �cjH0) can now be done by the estimator
p̂n(� � �cjH0) = k

n
, and the comparison̂pn(� � �cjH0) < � will be performed

to test the significance of the statistic. For this to work we have to assume that the
simulation is asymptotically correct, i.e. that

limn!1p̂n(� � �cjH0) = p(� � �cjH0): (3)

In order to find a quicker evaluation scheme of the significance, it should be noted
that the results of the simulationk out ofn can be described by a binomial distribu-
tion with parameterp(� � �cjH0). The fit of the approximation of̂pn(� � �cjH0)
can be determined by the confidence interval of the binomial distribution.
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In order to control the fit of the approximation more explicitly, we introduce another
procedure within our significance testing scheme. Let

Hb : p(� � �cjH0)) 2 [0; �) (4)

Ha : p(� � �cjH0)) 2 [�; 1] (5)

be another pair of statistical hypotheses, which are strongly connected to the original
ones: IfHb holds, we can conclude that the test is�–significant, ifHa holds, we
conclude that it is not.

Because we want to do a finite approximation of the test procedure, we need to
control the precision of the approximation; to this end, we define two additional
error components:

1. r = probability thatHa is true, butHb is the outcome of the approxi-
mative test.

2. s = probability thatHb is true, butHa is the outcome of the approxi-
mative test.

The pair(r; s) is called theprecisionof the approximative test. To result in a good
approximation, the valuesr; s should be small (e.g.r = s = 0:05); at any rate, we
assume thatr + s � 1, so that s

1�r �
1�s
r

, which will be needed below.

Using the Wald-procedure [15], we define the likelihood ratio

LQ(n) =
supp2[0;�) p

k(1� p)n�k

supp2[�;1] p
k(1� p)n�k

; (6)

and we obtain the following approximative sequential testing scheme:

1. If
LQ(n) �

s

1� r
;

thenHa is true with probability at mosts.
2. If

LQ(n) 
1� s

r
;

thenHb is true with probability at mostr.
3. Otherwise

s

1� r
� LQ(n) �

1� s

r
;

and no decision with precision(r; s) is possible. Hence, the simulation must
continue.

With this procedure, which is implemented in our rough set engine GROBIAN1 [3],
the computational effort for the significance test in most cases breaks down dramat-
ically, and a majority of the tests need less than 100 simulations.

1 http://www.infj.ulst.ac.uk/~cccz23/grobian/grobian.html



10 Günther Gediga and Ivo Düntsch

5 Model selection

In conventional RSDA, the approximation quality(Q ! d) is used as a conditional
measure to describe prediction success of a dependent decision attributed from a set
Q of independent attributes. However, approximation qualities cannot be compared,
if we use different attribute setsQ andR for the prediction ofd.

To define an unconditional measure of prediction success, one can use theminimum
description length principle[13] by combining

� Program complexity (i.e. to find a deterministic rule in RSDA) and
� Statistical uncertainty (i.e. a measure of uncertainty when applying an indeter-

ministic rule)

to a global measure of prediction success. In this way, dependent and independent
attributes are treated similarly.

In [5], we combine the principleof indifference with the maximum entropy principle
(where worst possible cases are compared) to arrive at an objective method which
combines feature selection with data prediction .

Suppose thatR is any nonempty set of attributes andP(R) = fXi : 1 � i � kg.
We define theentropy of Rby

H(R)
def
=

kX
i=1

ri

n
� log2(

n

ri
);

whereri
def
= jXij

n
.

Now, suppose that the classes of�Q areX0; : : : ; Xm, and that the probability dis-

tribution of the classes is given bŷ�i = jXij
n

; let X0; : : :Xc be the deterministic
classes with respect tod, andW be their union.

Since our data is the partition obtained fromQ, and we know the world only up
to the equivalence classes of�Q, an indeterministic observationy is a result of a
random process whose characteristics are totally unknown. Given this assumption,
no information within our data set will help us to classify the elementy, and we
conclude that each suchy requires a rule (or class) of its own. This results in a new
partition of the object set associated with the equivalence relation�+Q defined by

x ��+
Q
y

def
() x = y or there is somei � c such thatx; y 2 Xi:

Its associated probability distribution is given byf ̂i : i � c+ jU nW jg with

 ̂i
def
=

(
�̂i; if i � c;
1
n
; otherwise:

(1)
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We now define theentropy of rough prediction(with respect toQ! d) as

Hrough(Q! d)
def
= H(�+Q) =

X
i

 ̂i � log2(
1

 ̂i
):

To obtain an objective measurement we define thenormalised rough entropy(NRE)
by

NRE(Q! d)
def
= 1�

Hrough(Q! d)�H(d)

log2(jU j)�H(d)
: (2)

If the NRE has a value near 1, the entropy is low, and the chosen attribute combina-
tion is favourable, whereas a value near 0 indicates statistical casualness in the sense
of Section 4. The normalisation does not use moving standards as long as we do not
change the decision attributed. Therefore, any comparison of NRE values between
different predicting attribute sets given a fixed decision attribute makes sense.

The implemented procedure searches for attribute sets with a high NRE; since find-
ing the NRE of each feature set is computationally expensive, we use a genetic –
like algorithm to determine sets with a high NRE.

We have named the method SORES2, an acronym for Searching Optimal Rough
Entropy Sets; SORES is implemented in GROBIAN [3].

In order to test the procedure, we have used 14 datasets available from the UCI
repository3 from which the appropriate references of origin can be obtained.

The validation by the training set – testing set method was performed by splitting the
full data set randomly into two equal sizes 100 times, assuming a balanced distribu-
tion of training and testing data; the mean error value is our measure of prediction
success.

In Table 4 we compare the SORES results with the C4.5 performance given in [12].
Column 2 indicates how many attributes were used for prediction out of the total;
for example, in the Annealing database, SORES has used 11 out of the 38 attributes.

The results indicate that SORES, even in its present unoptimised version, can be
viewed as an effective machine learning procedure, because its performance com-
pares well with that of the well established C4.5 method: The odds are 7:7 (given
the 14 problems) that C4.5 produces better results. However, since the standard de-
viation of the error percentages of SORES is higher than that of C4.5, we conclude
that C4.5 has a slightly better performance than the current SORES.

Details can be found in [5].

2 All material relating to SORES, e.g. datasets, validation data, and a description of
the algorithm can be obtained from the SORES websitehttp://www.psycho.
uni-osnabrueck.de/sores/

3 http://www.ics.uci.edu/~mlearn/MLRepository.html
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Table 4.Datasets and SORES validation

Dataset SORES C4.5 (Rel. 8)
Name # attr. Error Error

Annealing 11/38 6.26 7.67
Auto 2/25 11.28 17.70

Breast-W 2/9 5.74 5.26
Colic 4/22 21.55 15.00

Credit–A 5/15 18.10 14.70
Credit–G 6/20 32.92 28.40
Diabetes 3/8 31.86 25.40

Glass 3/9 21.79 32.50
Heart–C 2/23 22.51 23.00
Heart–H 5/23 19.43 21.50
Hepatitis 3/19 17.21 20.40

Iris 3/4 4.33 4.80
Sonar 3/60 25.94 25.60

Vehicle 2/18 35.84 27.10
Std. Deviation 10.33 8.77

6 Probabilistic RSDA

RSDA concentrates on finding deterministic rules for the description of dependen-
cies among attributes. Once a (deterministic) rule is found, it is assumed to hold
without any error. If a measurement error is assumed to be an immeasurable part
of the data – as e.g. statistical procedures do – the pure RSDA approach will not
produceacceptable results, because “real” measurement errors cannot be explained
by any rule.

In order to formulate a probabilistic version of RSDA, which is able to handle mea-
surement errors as well, we enhance some of the concepts defined before. Arepli-
cated decision systemD is a structurehU;
; Y; Vxix2
, where

� hU;
; Vxix2
 is an information system,
� Y = fy1; : : : ; ySg is a set of replicated decision attributes, explained more

fully below.

We shall use the parameters of the information systemI of p. 2; the set of
–
granules isG = fx1; : : : ;xMg. In the sequel, we shall omit reference to
, if
no confusion can arise; in particular, we will just speak ofgranulesinstead of
 –
granules.

Although not common in RSDA, the introduction of replicated decision variables
offers the opportunity to control the effect of a measurement error: The smaller
the agreement among multiple replications of the decision attribute, the more mea-
surement error has to be assumed. This concept of replicated measurements is a
way to estimate the reliability of, for example, psychometric tests, using the retest-
reliability estimation, which in turn uses a linear model to estimate reliability and
error of measurement as well.
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With some abuse of notation, we assume that the decision attributesy1; : : : ; yS are
realizations of an unknown underlying distributionY considered as a mapping

Y : U � fr1; : : : ; rY g ! [0; 1]:

Y assign to each elementa of U and each valuerj of the decision attribute the
probability thatY (a) = rj.

We suppose that (each replica of) the decision attribute takes the valuesVY =
fr1; r2; : : : ; rY g. The classes of yt are denoted byMt;1; : : : ;Mt;rY ; for each
granulexi, we let �(i; t; j) be the number of objects described byxi which are
in classMt;j. In other words,

�(i; t; j) = jfa 2 U : 
(a) = xi anda 2Mt;jgj (1)

We also let

�(xi) = jfa 2 U : 
(a) = xigj: (2)

Clearly,
P
j �(i; t; j) = �(xi) for fixed i, and

P
i;j �(i; t; j) = jU j. Each set

f�(i; t; j) : 1 � t � sg can be assigned an unknown value�(i; j), which is the
probability that an elementa 2 U is assigned to a classrj where1 � j � rY and

(a) = xi.

An example of the parameters of a decision system with one replica of the decision
attribute is shown in Table 5.

Table 5.A decision system


 Y = r1 Y = r2
xi

x1 x2 �(i; 1; 1) �(i;1; 2)
�(xi)

x1 0 1 5 1 6
x2 1 0 2 8 10

� 7 9 16

The example given in Table 5 shows that indeterministic rules alone do not use
the full information given in the database. There is no deterministic rule to pre-
dict a value of the decision attributey1, given a value of the independent attributes
hx1; x2i: Both indeterministic rules will predict both possible outcomes in the de-
cision variable. The pure rough set approach now concludes that no discernible as-
signment is possible. But if we inspect the table, we see that the error of assigning
h0; 1i to 1 is small (1 observation) and thath1; 0i 7! 2 is true up to 2 observations.

There are several possibilities to reduce the precision of prediction to cope with
measurement error. One possibility is the so calledvariable precision rough set
model [17], which assumes that rules are only valid within a certain part of the
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population. The advantage of this approach is that it uses only two parameters (the
precision parameter and) to describe the quality of a rule system; the disadvantages
are that precision and are partially exchangeable, and that there is no theoretical
background to judge which combination is best suited to the data.

Another approach – based upon standard statistical techniques – is the idea of pre-
dicting random variables instead of fixed values. Conceptually,each realization of
the distributionY can be described by a mixture

Y =
X

1�r�R

!rYr; (3)

with
P
r !r = 1, based on an indexR of unknown size, and unknown basic distri-

butionsYr with unknown weights!r.

If we use the granulesxj to predictY , the maximal numberR of basic distributions
is bounded by the numberM of granules; equality occurs just wheneach granule
xj determines its ownYj . In general, this need not to be the case, and it may happen
that the sameYj can be used to predict more than one granule; this can be indicated
by an onto function

g : f1; :::;Mg� f1; :::; Rg;

mapping the (indices of) the granules to a smaller set of mixture components ofY .

Probabilistic prediction rules are of the form

xj ! Yg(j); 1 � j �M;

where eachYg(j) : VY ! [0; 1] is a random variable. If the probabilities are un-
derstood, we shall often just writex ! Y , with Y possibly indexed, for the rule
systemhxj ! Yg(j)i1�j�M.

In the example of Table 5 there are two possibilities forR, and we use maximum
likelihood to optimise the binomial distribution, the application of which is straight-
forward, if we additionally assume that the observations stem from a simple sam-
pling scheme. In caseR = 1, both granules use the same distributionY1. In this
case, the likelihood functionL1 = L(Y1jh0; 1i; h1; 0i) is given by

L1 =

�
16

9

�
�9(1� �)7 (4)

which, as expected, has a maximum at�̂ = 9
16 . This leads to the rule system

h0; 1i or h1; 0i ! fh1; 9
16i; h2;

7
16ig: (5)

If R = 2, the samples belonging toh0; 1i andh1; 0i are assumed to be different in
terms of the structure of the decision attribute, and the likelihood of the sample has



Statistical Techniques for Rough Set Data Analysis 15

to be built from the product of the likelihoods of both subsamples. If we have the
rulesh0; 1i ! Y1 andh1; 0i ! Y2, then

L2 =

�
6

1

�
�11(1� �1)

5

�
10

8

�
�82(1� �2)

2: (6)

Using standard calculus, the maximum ofL2 is (�̂1 = 1
6 ; �̂2 =

8
10), which gives us

the rule system(
h0; 1i ! fh1; 56 i; h2; 16 ig;

h1; 0i ! fh1; 2
10 i; h2; 8

10ig:
(7)

In going from fromL1 to L2 we change the sampling structure – the estimation
of L2 needs 2 samples, whereasL1 needs only one sample – and we increase the
number of probability parameters�i by one.

Changing the sampling structure is somewhat problematic, because comparison of
likelihoods can only be done within the same sample. A simple solution is to com-
pare the likelihoods based on elements, thus omitting the binomial factors. Because
the binomial factors are unnecessary for parameter estimation (and problematic for
model comparison) they will be skipped in the sequel. Letting

L1(max) = �̂9(1� �̂)7 = 0:0000173; (8)

L2(max) = �̂11(1� �̂1)
6�̂82(1� �̂2)

2 = 0:0003746; (9)

we have to decide which rule offers a better description of the data. Although
L2(max) is larger thanL1(max), it is not obvious to conclude that the two rules
are really ‘essentially’ different, because the estimation ofL2 depends on more free
parameters thanL1.

There are – at least – two standard procedures for model selection, which are based
on the likelihood and the number of parameters: The Akaike Information Criterion
(AIC) [1] and the Schwarz Information Criterion (SIC) [14]. IfL(max) is the max-
imum likelihood of the data,P the number of parameters, andK the number of
observations, these are defined by

AIC = 2(P � ln(L(max))) (10)

SIC = 2

�
ln(K)

2
� P � ln(L(max))

�
: (11)

The lower AIC (and SIC respectively), the better the model. AIC and SIC are rather
similar, but the penalty for parameters is higher in SIC then in AIC.

In the example, we have used one parameter� to estimateL1. Therefore,

AIC(L1(max)) = 2(1� ln(0:0000173)) =23:930;

SIC(L1(max)) = 2(
ln(16)

2
� ln(0:0000173))=24:702:
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There are three free parameters to estimateL2: First, the probabilities�1, �2; fur-
thermore, one additional parameter is used, because we need to distinguish between
the two granules. Therefore,

AIC(L2(max)) = 2(3� ln(0:0003746)) =21:779

SIC(L2(max)) = 2(3 ln(16)� ln(0:0003746))=24:090:

and we can conclude that the rule – system (7) is better suited to the data then the
simple 1-rule – system (5).

6.1 Finding probabilistic rules

The algorithm of finding probabilistic rules starts by searching for the optimal gran-
ule mapping based on a set
 of (mutually) predicting attributes and a setY of
replicated decision attributes.

R=0;
�(AIC) = +1;
While R< M and�(AIC) > 0 do

R=R+1;
Compute the best mappingg : f1; : : : ;Mg ! f1; : : : ; Rg in
terms of the product of the maximum likelihood of theY repli-
cas;
Compute number of parameters;
ComputeAICR;
if (R > 1) then�(AIC) = AICR�1 �AICR;
else�(AIC) = AIC1;

Finding the best mappingg is a combinatorial optimisation problem, which can be
approximated by hill-climbing methods, whereas the computation of the maximum
likelihoodestimators, given a fixed mappingg, is straightforward:One computes the
multinomial parameterŝ�t(ik) of the samplesi defined byg for every replicationyt
of Y and every valuerk 2 fr1; : : : ; rY g, and computes the mean value

�̂(ik) =

Ps

t=1 �̂t(ik)

s
; (12)

from which the likelihood can be found. The number of parameters (np) depends
onR andrY because

np = R� rY � 1;

the computation of the AIC is now possible.

The result of algorithm offers the most parsimonious description of a probabilistic
rule system (in terms of AIC). In order to reduce the number of independent at-
tributes within the rules, a classical RSDA reduct analysis of these attributes can be
applied, using the results of the mappingg as a decision attribute.
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6.2 Application: Unsupervised learning and nonparametric distribution
estimates

The most interesting feature of the probabilisticgranule approach is that the analysis
can be used for clustering, i.e. unsupervised learning. In this case the predicting
attribute is the identity and any granule consists of one element. If we use more than
one replication of the decision attribute, it will be possible to estimate the number
of mixture components ofY and the distribution of the mixtures.

The Figures 2 and 3 show the result of the mixture analysis based on granules using
the mixture

Y =
1

2
N (�2:0; 1:0) +

1

2
N (0:0; 1:0): (13)

N (�; �) is the normal distribution with parameters� and�. 1024 observations per
replication were simulated; one simulation was done with 2 replications (Figure 2),
and another with 5 replications (Figure 3). The simulated data were grouped into
32 intervals with approximately the same frequencies in the replications, and the
searching algorithm outlined in section 6.1 was applied.

Fig. 2. Nonparametric estimates of a(N(�2;1)+N(0;1))
2 mixture distribution (2 replications;

lines denotes theoretical distributions)
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The result shows that the underlying distributions can be approximated quite suc-
cessfully, although

� No parametric distributional assumption was used,
� Y has a inimical shape,
� Only a few replications were considered.

The next numerical experiment was performed with the famous Iris data [7]. These
were used by Fisher to demonstrate his discriminant analysis; it consists of 50 spec-
imen of each of the Iris speciesSetosa, Versicolor,andVirginica, which were mea-
sured by Sepal length, Petal length, Sepal width, Petal width. It is well known (e.g.
[2]) that Sepal width attribute is not very informative; therefore we shall skip it for
the subsequent analysis.
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Fig. 3. Nonparametric estimates of a (N(-2,1)+N(0,1))/2 mixture distribution (5 replications;
lines denotes theoretical distributions)
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Fig. 4. Setosa distributions of 3 attributes and its estimation
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If we assume that the three remaining attributes measure the same variable up to
some scaling constants, we can use the z–transformed attributes as a basis for the
analysis. The unsupervised AIC search algorithm clearly votes for three classes in
the unknown joint dependent attribute. If we use the estimated distribution functions
(Figures 4, 5, 6) for the classification of the elements, we find a classification quality
of about 85%, which is not too bad for an unsupervised learning procedure.

Table 6. Iris: Classification results

Setosa 50 0 0
Versicolor 7 41 2
Virginica 0 14 36

The procedure does not offer only classification results, but also estimators of the
distributions of dependent attributes within the groups without having a prior knowl-
edge about the group structure. The Figures 4, 5, 6 compare three estimated distri-
butions with the respective the distributions of three (normalised) variables within
the groups. The results show that the “Sepal length” attribute does not fit very well
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and that the estimated distributions summarise this aspect of both “Petal” measures.

Fig. 5. Versicolor distributions of 3 attributes and its estimation
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Fig. 6.Virginica distributions of 3 attributes and its estimation
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7 Summary and outlook

The paper has introduced a framework for applying statistical tools in concept form-
ing and classification using rule based data analysis. Three different aspects were
discussed:

1. Significance testing of rules, rule systems and parts of rules systems can be
performed by randomisation procedures, which can be sped up by sequential
testing plans.

2. The application of tailored rule based definitions of entropy, which are com-
patible to the non-numerical philosophy of RSDA, achieves machine learning
procedures with excellent reclassification behaviour.
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3. The concept of probabilistic granule analysis enables the researcher to use a
noise reducing algorithm in advance to standard rule based data analysis. Prob-
abilistic granule analysis itself turns out to be a valuable tool for unsupervised
learning and non-parametric distribution estimation.

Whereas significance testing uses the same theoretical assumptions as the classical
RSDA, the rough entropy based method SORES and the probabilistic granule anal-
ysis (as well as other approaches such as the variable precision model [17]) allow
some error within prediction rules. Although all of these are RSDA based, from
a strictly modelling point of view, these methods are partially incompatible com-
petitors; their particular strengths and weaknesses need to be determined by further
investigation.
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