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Abstract

A methodis presentedfor the approximationquality for sortingrules,which is based
on RoughSetDataAnalysis.Several typesof rulesarediscussed:The“nominal � nom-
inal” case(NN) (theclassicalRoughSetapproach),“nominal � ordinal” (NO) rules,and
“ordinal � ordinal” (OO)rules,andits generalisationto “(nominal,ordinal) � ordinal”
rules(NO-O). We provide a significancetestfor theoverall approximationquality, anda
testfor partialinfluenceof attributesbasedon thebootstraptechnology.

For thebivariatecase,therelationshipof � – statisticsandtheproposedapproximation
qualitymeasureis discussed.It canbeshown thatin thiscaseasimplelineartransformation
of theKendalltaucorrelationformsanupperboundfor theapproximationqualityof sorting
rules.

A competingmodelis alsostudied.Whereasthis methodis a promisingtool in caseof
searchingfor globalconsistency, we demonstratethat in caseof local perturbationsin the
datasetthemethodmayoffer questionableresults,andthatit is dissociatedfrom thetheory
it claimsto support.

In thefinal Section,anexampleillustratestheintroducedconceptsandprocedures.
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Table1
A simplebivariateorderinformationtable

U x1 x2 x3 x4 x5 x6

q 2 1 4 3 6 5

d 1 2 3 4 5 6

1 Intr oduction

In multi-criteriasortingproblemsoneis oftenfacedwith statementsof theform

If someoneis maleandat least30years of age,
thenhewill spendat least£10a monthonmagazines.

Eventhoughreal life cannotbetotally explainedby sucha rules,it is nevertheless
worthwhile to approximatethe predictionquality of the set of condition criteria
takinginto accountall rulesof theabove form, andaggregatethevaluesinto asin-
gle measurement.As anexample,considerthe informationsystemgivenin Table
1. There,U is a setof objects,q is a conditioncriterion, andd a decisioncrite-
rion.With respectto theorderings� , onecanobserve,amongothers,thefollowing
rules: ���

x� 3 � fq
�
x��� 3 � fd

�
x�
	 (1)���

x� 5 � fq
�
x��� 5 � fd

�
x�
� (2)

In theseimplications, fq
�
x� , resp. fd

�
x� is the valueof objectx underattribute q,

resp.d. We refer to the rules(1), (2) asordinal-ordinal (OO)-rules(Düntschand
Gediga,1997a),becauseeachsideof therule addressesanorderrelation.

Thequestionarises,how onecanmeasuretheoverall predictionsuccessbasedon
the instancesof the observable rules in sucha way that eachrule contributesto
themeasure.This problemis, of course,not new, andsolutionshave beenoffered
e.g.by Grecoet al. (1998a)within the framework of roughsets.However, it will
beshown in Section4 thattheapproximationquality giventheredoesnot fulfil all
thatis claimed,andthatamorerefinedmeasurementis needed.�
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We shall investigatenot only puresortings,but “nominal” attributesarealsocon-
sidered– anapproachwhich is sometimescalledmulti-criteriaandmulti-attribute
classification.Includingnominalattributeswemayhaverulessuchas�
�

x� fq1

�
x��� M � fd

�
x��� 1000	 (3)�
�

x� fq1

�
x��� M � fd

�
x��� 1000	 (4)���

x� fq1

�
x��� F � fq2

�
x��� 3 � fd

�
x��� 500	 (5)

Rule (3) is a nominal- nominal(NN) - rule, (4) is a nominal-ordinal (NO) - rule,
and(5) is amixedcase(NO-O) - rule.

In thepresentpaperwe arenot concernedwith constructionof optimal rules,but
with theevaluationof deterministicruleswhichcanbeextractedfrom thedata.For
theconstructionof (in somesense)optimal ruleswe refer the readerto workson
Booleanreasoning,e.g.SkowronandPolkowski (1997)or Wegener(1987).

It turns out that solving this restrictedproblemis quite intricate,and that there
is a needfor rathertechnicalconsiderations.For example,the formalismof pre-
imagerelationsof Järvinen(1998) is usedto describeordinal predictionon a set
of observations.Becauseof thenecessarycomplexity of thepresentationwe sup-
ply instructive examplesin every Section,anda comprehensive exampleafter the
introductionof theconcepts.

Every rule basedmethodfacesthe problemthat the discoveredrulesmay be due
to chance;therefore,amachinerymustbeprovidedwhich teststhesignificance.In
Section8 wesuggestwayshow this canbedone.

All computationswereperformedwith the programNOO (GedigaandDüntsch,
2000).

2 Definitions and notation

SupposethatS is abinaryrelationon thesetU . Theconverseof S is definedas

S̆ ����� y	 x� : xSy ���
For eachx � U , we let S

�
x����� t � U : xSt � be the range of x in S. Theuniversal

relationU � U onU is denotedby 1U or just 1, if no confusioncanarise.We will
denotetheidentity relationby 1�U or just 1� , andthediversityrelationby 0�U or 0� ,
sothat

1� ����� x 	 x� : x � U ��	
0� ����� x 	 y� : x 	 y � U 	 x �� y ���
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Supposethat f : U  V is a mapping,and that T is a binary relationon V. We
definethepre-image relationof T onU with respectto f by

xPre
�
T 	 f � y !"� f

�
x� T f

�
y�
�

Thefollowingpropertiesof pre-imagerelationshavebeenshownbyJärvinen(1998):

Lemma 2.1 Supposethat P is one on the properties“r eflexive”, “symmetric”,
“tr ansitive”. If T haspropertyP, thensohasPre

�
T 	 f � .

In particular, the pre-imageof an equivalencerelationis an equivalencerelation.
Furthermore,the pre-imageof a partial order is a dominance,i.e. reflexive and
transitive; thepre-imageR of a linearorderis a completedominance,so thatR #
R̆ � 1U .

Of particularinterestis therelationPre
� �$	 f � , which we will alsodenoteby θ f . It

is anequivalencerelationonU , sometimescalledthekernelof f , and

xθ f y !%� f
�
x��� f

�
y�
�

Supposethat ��� Vq 	 Sq � : q � Ω � is a family of relationalstructures,whereeachSq

is a binaryrelationonVq. TheproductrelationSonV � ∏q & ΩVq is definedby� xq � q & ΩS� yq � q & Ω !"� ���
q � Ω � xqSqyq �

For our knowledgerepresentation,we have a finite setU of objects,a setof inde-
pendentattributes(or variables)Ω ��� q0 	'�'�(�(	 qm � with valuesetsVq 	 q � Ω, anda
decisionattributed with valuesetVd. To avoid trivialities,we supposethroughout
thatVd hasat leasttwo elements.For eachQ ) Ω wesetVQ � ∏q & QVq. A decision
table * is asubsetof U � VΩ � Vd. Each � x 	 s0 	'�'�(�(	 sm 	 t �+�,* is interpretedas

“Objectx hasqi-valuesi for eachi � m, andd-valuet”.

We let fqi : U  Vqi and fd : U  Vd be theprojectionsto theattributes;to avoid
awkwardnotation,we assumethroughoutthatall theseprojectionsareonto func-
tions. The kernelsof thesefunctionsare denotedby θqi and θd, respectively. If
Q ) Ω, we let fQ : U  ∏VQ betheproductmappingof thefunctions fq 	 q � Q.

Thefollowing resultwill beusefullateron:

Lemma 2.2 Supposethat for each q � Ω, Sq is a binaryrelationonVq, P ) Q ) Ω,
and SP, resp.SQ are the product relationson VP, resp.VQ. Then,Pre

�
SQ 	 fQ �-)

Pre
�
SP 	 fP � .

PROOF. Let xPre
�
SQ 	 fQ � y. Then, fq

�
x� Sq fq

�
y� for all q � Q. SinceP ) Q, we

alsohave fq
�
x� Sq fq

�
y� for all q � P, andthus,xPre

�
SP 	 fP � y. .
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3 Sorting rules

Supposethaton eachVqi we have a binary relationSqi , andT is a binary relation
onVd. An

�
S0 	(�'�'�(	 Sm /T � -rule is astatementof theform���

x� 021
i 3 m

siSqi fqi

�
x��� tT fd

�
x�54 (6)

The standardsituationof multi-criteria investigationhaseachSi asa linear order
onVqi , andT a linearorderonVd. Sincetheleft sideof (6) is aconjunction,weare
in fact lookingat theproductorderSon ∏q & QVq definedby� x0 	'�'�'�6	 xm� S� y0 	'�'�'� ym ��!%� xiSqi yi for all i � m�
Sincethe productrelation of partial ordersis againa partial order, it suffices to
considerQ ��� q � , anda partialorderrelationSonVQ. However, we wantto point
out, that, in doing this, the researcherhasto make a definitechoicefor eachVqi

whichof � or � is of interestin conjunctionwith thechoicesfor theotherattributes
q j , anddisregardall otherpossibilities.Below, for example,rulesof theform s1 � q1

fq1

�
x�7� s2 � q2 fq2

�
x�8� t � d fd

�
x� are comparedwith rules of the type s1 � q1

fq1

�
x�7� s2 � q2 fq2

�
x�8� t � d fd

�
x� , and we develop indicesthat show whether

the
� � q1 	'� q2 � rulesor the

� � q1 	'� q2 � ruleshave morepredictingpower. But there
areothertypesof rules,which may have even higherpredictionsuccess,suchas
rulesof thetype

� � q1 	'� q2 � . Simplecombinatoricsshow thatin generalwehave to
consider2 9Q 9 differenttypesof rules,andinvestigatingall possibletypesevenwith
a moderatenumberof attributesis a demandingtask.Therefore,in thesequelwe
will assumethattheresearcheris awarethattheorientationof theattributeswithin
Q is essentialfor rulegenerationandevaluation,andhasmadeachoicewhichones
areto beinvestigated.

Sincewe alsowant to considerthenominalcasewhereSq is the identity relation,
andthemixedcasesof nominalandordinalcriteria,we will look at thefollowing
situations:

(1) Q ��� q � andS is theidentity onVQ.
(2) Q ��� q � andS is apartialorderonVQ, writtenas � Q.

Wewill alsoconsideraspecialcaseof 2., namely,

(3) Q ��� q0 	 q1 � , S0 is apartialorderonVq0, andS1 is theidentityonVq1.

For the right handsidesof (6), we will considerthe identity, a linear orderingT,
written as � d, andits converse� d. We will dropsubscriptson theorderingswhen
no confusioncanarise.
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Theruleswhich wewantto investigatearedeterministic,andhave theform���
x�;: sSfQ

�
x��� tT fd

�
x�=<>	 (7)

whereS �?�@� VQ 	'� Q � andT �?�@� Vd 	(� d � . More concretely, we look at therules���
x�A: s � fQ

�
x��� t � fd

�
x�=< nominal-nominal(NN),���

x�A: s � fQ
�
x��� t � fd

�
x�=< nominal-ordinal(NO),���

x�A: s � fQ
�
x��� t � fd

�
x�=< ordinal-ordinal(OO).

In thesequel,by arulewewill alwaysmeanadeterministicrulesuchas(7), unless
statedotherwise.

In orderto gaugethepredictive power of Swith respectto T we considerthe fol-
lowing setsof objects:

ϕ
�
s�B� ϕ

�
s	 1�B��� x � U : sSfQ

�
x�C�8� f D 1

Q

�
S
�
s�'�
	

containingthoseobjectswhichsatisfytheconditionsof (7),

ϕ
�
t �B� ϕ

�
1 	 t �E��� x � U : tT fd

�
x�C�F� f D 1

d

�
T
�
t �'�
	

containingthoseobjectsfor which theconsequentof (7) holds,

ϕ
�
s	 t �E�G� x � U : sSfQ

�
x��� tT fd

�
x�C�8� f D 1

Q

�
S
�
s�'��H f D 1

d

�
T
�
t �'�
	

which denotesthe setof objectswhich support(7). If it is necessaryto make it
clearwhich relationsS or T areunderconsideration,we will write ϕS � s�
	 ϕT � t �
andϕS9T � s	 t � . Weshallalsousethevalue

π
�
s / t �I� /ϕ � s	 t � //ϕ � t � / 	

calledthecoveringdegree(of swith respectto t). It is therelativenumberof objects
relatedto t which areexplainedby therangeof s in S, andit estimateshow well a
rule coverstherelational(e.g.sorting)propertiesof T for afixedt.

We will frequentlyuseintersectiontableswhich arematricesindexedby VQ � Vd,
whoseentriesarethesetsϕ

�
s	 t � . Thesearerelatedto thewell known contingency

tableswhichmeasurethejoint occurrenceof two or morephenomena:If wereplace
ϕ
�
s	 t � by its cardinality, weobtainacontingency tablein theclassicalsense.

The setof thoses � VQ leadingto a deterministic
�
S/T � -rule of the form (7) for

fixedt is definedas

detS9T � t �B�G� s � VQ :
�
f D 1
Q

�
S
�
s�(�8�� /0 �J� �
� x�A: sSfQ

�
x��� tT fd

�
x�C��G� s � VQ : /0 �� f D 1

Q

�
S
�
s�'��) f D 1

d

�
T
�
t �'�K���
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If SandT areunderstood,wewill omit thesuperscript.

SincewealwayschooseS �%�@� Q 	(� Q � , it is transitive,andwecanusethefollowing
result:

Lemma 3.1 If Sis transitive, thenL
s& detM t N f D 1

Q

�
S
�
s�(�E� L

s& detM t N f D 1
Q

�
s�
�

PROOF. It is enoughto show that s � det
�
t � and sSs� imply s�B� det

�
t � . Thus,

supposethatthehypotheseshold,andlet s� SfQ
�
x� . Then,sSs� SfQ

�
x� , andthetran-

sitivity of S impliessSfQ
�
x� . It follows from s � det

�
t � thattT fd

�
x� , andtherefore,

s��� det
�
t � . .

It shouldalsobenotedthatfor all s with f D 1
Q

�
S
�
s�(�F�� /0,

s � det
�
t �I!"� f D 1

Q

�
S
�
s�'��) f D 1

d

�
T
�
t �'�E!%� ϕ

�
s	 t �I� ϕ

�
s�
� (8)

Wesaythatt � Vd splitsa classK of θQ, if therearex 	 y � K suchthat

tT fd
�
x� andnot tT fd

�
y�C� (9)

Thetaskswhichwewantto considerareasfollows:

(1) For eacht � Vd find a scoringfunction γ
�
S/ t � which aggregatesthecovering

degreesπ
�
s / t �
	 s � VQ. This index shouldoffer an evaluationhow well the

elementsof Scover therelationalpropertiesof T for afixedvaluet � Vd.
(2) Find a scoringfunctionγ

�
S/T � which aggregatesthescoringfunctionsγ

�
S/ t �

over all t � Vd, andwhich enablesan evaluationhow well the relationS ex-
plainstherelationalpropertiesof T.

Sincewe only want to countthex � U which contribute to a rule of the form (6),
thoses � VQ for which f D 1

Q

�
S
�
s�'�8�) f D 1

d

�
T
�
t �'� arenot of interestto us.Therefore,

thesimplestwayof definingγ
�
S/ t � is to take thecardinalityof theunionof thesets

ϕ
�
s	 t �
	 s � det

�
t � relative to thecardinalityof ϕ

�
t � :

γ
�
S/ t �E� /PO s& detM t N ϕ � s	 t � //ϕ � t � / � (10)

NotwithstandingOccam’s razor, the questionarises,whetherthe simplestway is
necessarilythebest.We shall seebelow that in theNN andNO cases,thenumer-
ator of (10) is the cardinalityof the sumof classesof θQ which agreeswith the
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approximationqualityusedin roughsettheory(Pawlak,1991).In theOOor NO-O
casethe intersectionsof the sets � ϕ � s	 t � : s � det

�
t �C� arenot necessarilyempty,

which meansthat the sum of the cardinalitiesof ϕ
�
s	 t � is not a useful statistic.

BecauseO s& detM t N ϕ � s	 t ��) ϕ
�
t � , theindex γ

�
S/ t � is boundedby theinterval : 0 	 1< .

In asecondstep,weaim to find suitableindicesw
�
t � suchthat

γ
�
S/T ��� ∑

t
w
�
t �RQ γ � S	 t �
�

Thesimplestway – a linearfunction– of combiningtherule basedmeasurements
γ
�
S/ t � to the aggregatedmeasurementγ

�
S/T � is chosenonceagain.We shall see

that this aggregationschemeis quite naturalin the NN andNO case,andthat it
is applicablein the OO or NO-O caseaswell. In the OO casewe will show that
γ
�
S/T � is connectedto otherwell known indicesof ordinaldataanalysis.

The reasoningbehindour choiceof the parametersis that we want to construct
aggregationindiceswhich measurethe quality of sortingin termsof valid deter-
ministic rules.Thereis, of course,an infinite numberof possibleschemes;on the
basisof Occam’s razor, we choosesimpleoneswhich seemto do what we want
themto do. This is similar to the fact that the classicalγ is only oneof infinitely
many measureswhichcouldbeused,dependingon thecircumstances(Gedigaand
Düntsch,2001).

4 A proposalfor multi-criteria sorting quality

In orderto makeclearerwheretheproblemslie, we recalltheγ measuresuggested
by Grecoet al. (1998a)for theapproximationquality of rulesof theform (6). Let
usconsidera partialorderSonVQ anda linearorderT onVd. We will sometimes
write � Q for Sand � d for T.

For eacht � Vd let

Ct � f D 1
d

�
t �
	

C St � L � Pre
�
T 	 fd � ˘ � x� : x � Ct �F��� x : t � fd

�
x�C��	

C 3t � L � Pre
�
T 	 fd � � x� : x � Ct �F��� x : t � d fd

�
x�C��	

andfor eachx � U

D T � x��� Pre
�
S	 fQ � ˘ � x���U� y � U : fQ

�
y� SfQ

�
x�C��	

D D � x��� Pre
�
S	 fQ � � x���U� y � U : fQ

�
x� SfQ

�
y�C���
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For thedefinitionsabove,notethatthesetsC St andC 3t havealreadyappearedabove
asϕ S � t � andϕ 3 � t � ; therulesweconsiderarebasedontherelation � Q onU , while
thedominancerelationD usedby Grecoetal. (1998a)is in facttheconverseof the
pre-imageof � Q. In orderto keepconsistentwith their scenariowe have therefore
“turnedaround”thedirectionof C St andC 3t .

Weseethat

D T � x��) C St !%� �
�
y�A: fQ � y�+� Q fQ

�
x��� fd

�
y��� d t <V	

and

D D � x��) C 3t !%� �
�
y�A: fQ � x��� Q fQ

�
y��� t � d fd

�
y�=<V�

For eacht � Vd the lower approximationof C St , resp.C 3t is now definedas

C St ��� x � U : D T � x�W) C St ��	
C 3t ��� x � U : D D � x�W) C 3t ���

Supposethat fQ
�
x��� s. If x � C St , weobtaintherule���

y�A: fQ � y�+� Q s � fd
�
y��� d t <>�

Similarly, if x � C 3t , wehave���
y�A: s � Q fQ

�
y��� t � d fd

�
y�=<V�

Theupperapproximationsaredefinedas

C St � L
x & C Xt D TQ � x�
	 C 3t � L

x & C Yt D DQ � x�
�
Theboundariesarethesets

∂
�
C St ��� C St Z C St 	 ∂

�
C 3t �B� C 3t Z C 3t �

Weset

∂
�
U 	 q 	 d �E� L

t & T

∂
�
C St �J# L

t & T

∂
�
C 3t �
�

Proposition 4.1

∂
�
U 	 q 	 d �E��� x � U :

�>[
y � U �;: � fQ � x��� Q fQ

�
y� and fd

�
y�+\ d fd

�
x�'�5< (11)

or
�>[

z � U �A: � fQ � z�+� Q fQ
�
x� and fd

�
x��\ d fd

�
z�'�=<]�

9



Table2
Somesortingvaluesfor Table1

D ^B_ x1 `badc x1 e x2 f D ^B_ x3 `Radc x1 ehghghg5e x4 f D ^B_ x5 `7a U

D ^ _ x2 `badc x2 f D ^ _ x4 `Radc x1 e x2 e x4 f D ^ _ x6 `7aic x1 ehghghg=e x4 e x6 f
C jk adc xi : i k k fle C mk anc xi : k k i f

C j1 a /0 C j1 adc x1 e x2 f ∂ _ C j1 `banc x1 e x2 f
C j3 aic x1 e x2 f C j3 adc x1 ehghghg5e x4 f ∂ _ C j3 `banc x3 e x4 f
C j5 aic x1 ehghghg5e x4 f C j5 a U ∂ _ C j5 `banc x5 e x6 f

PROOF. First,notethatfor eacht,

x o ∂ _ C jt ` and prqs_ut ye z o U `'v fQ _ z̀ k Q fQ _ x̀ k Q fQ _ ỳ and fd _ ỳ k d t w fd _ z̀yxue (12)

and

x o ∂ _ C mt ` prqs_ut ye z o U `'v fQ _ z̀ k Q fQ _ x̀ k Q fQ _ ỳ and fd _ ỳ w d t k fd _ z̀yxug (13)

“ ) ”: Letx � ∂
�
U 	 q 	 d � , andsupposethatx � ∂

�
C St � . By (12),therearey	 zsuchthat

fQ
�
z��� Q fQ

�
x��� fQ

�
y� and fd

�
y��� d t \ fd

�
z� . If fd

�
x��� d t, then fQ

�
z��� Q fQ

�
x�

and fd
�
x��� t \ fd

�
z� witnessthatx is in theright handsideof (11). If t \ d fd

�
x� ,

then fQ
�
x�+� fQ

�
y� and fd

�
y��� d t \ fd

�
x� show thatx x is in theright handsideof

(11).Thecasex � ∂
�
C 3t � is analogous.

“ z ”: Supposethat fQ
�
x�E� Q fQ

�
y� and fd

�
y�I\ d fd

�
x� . Sett � fd

�
y�C	 z � x, anduse

(12). If fQ
�
z��� Q fQ

�
x� and fd

�
x��\ d fd

�
z� , sett � fd

�
z�
	 y � x, anduse(13). .

Furthermore,for x � ∂
�
U 	 q 	 d � and fQ

�
x��� s wehave f D 1

Q

�
s�+) ∂

�
U 	 q 	 d � .

Thequality of approximationof thepartition � Ct � by meansof q or thequality of
sorting is now definedby

γGMS � /U Z ∂
�
U 	 q 	 d � //U /

Thevaluesfor thedatain Table1 areshown in Table2.

It is claimedby Grecoet al. (1998a)that
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“On thebasisof theapproximationsobtainedby meansof thedominancerela-
tions it is possibleto inducea generaliseddescriptionof the preferentialinfor-
mationcontainedin thedecisiontable,in termsof decisionrules”.

It is, however, not madeclear, how theserules,which dependon the constants
from thesetsVQ andVd, arerelatedto theapproximationsdescribedaboveandthe
quality of sorting.Indeed,theredoesnot seemto be a necessaryconnection,and
theexistenceof non-trivial (deterministic)rulesandγGMS seemdissociated.As an
example,considerthe informationsystemgivenin Table1. Theexisting rules(1)
and(2) arecertainlyinformative.For example,(1) canbeinterpretedas“If fQ

�
x� is

not lessthanthemidpointof theVQ-scale,then fd
�
x� is notlessthanthemidpointof

theVd-scale”,whichis quitehelpful,if e.g.T is arankinghow well afirm paysback
a credit,andS is a rankingof creditabilitycomputedby somesimpleinformation
aboutthefirms.

It canbe seenfrom Table2 that the γGMS valueof the systemis zero,despitethe
fact that therearenon-trivial rules.This seemsto contradictthe quotationabove,
andshows thedissociationof γGMS from thetheoryit claimsto reflect.Indeed,the
examplecanbegeneralisedto any setwith cardinality2 Q n, andtherefore,onecan
have arbitrarily many non-trivial rules,but γGMS � 0. Thereasonfor this seemsto
betheoverly restricteddefinitionof boundary. Oneconsequenceof this is thesen-
sitivity of themeasurementagainstlocal perturbations:In theexampleof Table1,
theassignmentsfQ and fd arethesameupto thetranspositionof adjacentelements.

ClassicalroughsetapproximationqualityγC countstherelativenumberof elements
whichcanbecapturedby deterministicrules,while γGMS doesnot.Hence,another
approachis requiredif onewantsto capturetheexistenceof (deterministic)rules
whichcanbediscoveredin thesystem.

Wewould liketo stressthatit is not thepurposeof thepresentpaperto suggestthat
theγGMS index hasno valueper se, andwe would like to quoteBanzhaf,who had
similar concernsin thecontext of weightedvoting:

“As with any mathematicalanalysis,its intentis only to explaintheeffectswhich
necessarilyfollow oncethe mathematicalmodelandthe rulesof its operation
areestablished. . .whateverelsemaybesaidfor or againstweightedvoting asa
practicalsolutionto a practicalproblem,it doesnot eventheoreticallyproduce
theeffectswhich havebeenclaimedto justify it.” (Banzhaf,1965,p. 319)

5 The NN case

Let usstartwith thecasethatSandT aretheidentity relations.Considerasanex-
ampletheinformationsystemshown in Table3. Theintersectiontableandthecon-
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Table3
InformationsystemII

U A B C D E F G

q 1 1 2 2 3 3 4

d 1 1 1 2 2 3 3

Table4
Intersectiontableϕ _ se t `

d = t

q = s 1 2 3

1 c A e B f /0 /0

2 c C f c D f /0

3 /0 c E f c F f
4 /0 /0 c G f

Table5
Conditionalcoverageπ _ s{ t `

d = t

q = s 1 2 3

1 0.67 0.00 0.00

2 0.33 0.50 0.00

3 0.00 0.50 0.50

4 0.00 0.00 0.50

ditional coveragearegivenin Tables4 and5, respectively. There,asin thesequel,
a bold facedentry correspondsto oneof the threeequivalentconditions(8). Be-
causeof thespecialstructureof theidentity relation,wehave f D 1

d

�
T
�
t �'�E� f D 1

d

�
t � .

Independencegivesusdet
�
t1 �JH det

�
t2 �+� /0 for t1 �� t2, and,usingtheprincipleof

indifference,we let theweightsw
�
t � beproportionalto thesizeof theclassf D 1

d

�
t � ,

i.e.

w
�
t �B� / f D 1

d

�
t � //U / � /ϕ � t � //U / �

Sinceϕ
�
t �B� f D 1

d

�
t � andϕ

�
s	 t �I� f D 1

Q

�
s� for s � det

�
t � , wehave

γNN
� � / �|��� ∑

t & Vd } / f D 1
d

�
t � //U / Q ∑

s& detM t N / f D 1
Q

�
s� // f D 1

d

�
t � /�~ � ∑

t & Vd

∑
s& detM t N / f D 1

Q

�
s� //U / 	

andthus,γNN
� � / �|� agreeswith thestandardapproximationquality of roughset

theory(Pawlak, 1991).

For theexampleof Table5 wehave

γNN
� � / �|��� 3

7
Q 0 � 67 � 2

7
Q 0 � 2

7
Q 0 � 5 � 0 � 429�

12



6 The NO case

Oursecondcasedealswith thesituationthatSis theidentity, but T is a linearorder� on Vd; thus,we facea nominal-ordinal(NO) situation.If we take into account
theconverse� of T, thereareseveralrulesof type(6) whichcanoccur:���

x�A: fQ � x��� s � t � fd
�
x�5<>	 (14)���

x�A: fQ � x��� s � t � fd
�
x�5<>	 (15)���

x�A: fQ � x��� s � t � fd
�
x�5< or

���
x�A: fQ � x��� s � t � fd

�
x�=<V� (16)

Let usconsider(14).Similar to theNN case,wearriveat

γNO
�
S/ t �E� ∑

s& detM t N π � s / t �E� 1/ f D 1
d

�
T
�
t �'� / Q ∑

s& detM t N / f D 1
Q

�
s� / �

Observe that

γNO
�
S/ t ��� 1 !%� ∑

s& detM t N / f D 1
Q

�
s� / � / f D 1

d

�
T
�
t �(� / !%� L

s& detM t N f D 1
Q

�
s�B� f D 1

d

�
T
�
t �'�
�

In otherwords,γ
�
S/ t �I� 1 if andonly if t doesnotsplit any classof θQ in thesense

of (9).

Thedeterminationof theweightingsw
�
t � for theaggregationof γNO

�
S/ t � needsa

little moreattention.Let tmin � minVd; then,for eachs � VQ weobviouslyhavethe
rule ���

x�;: fQ � x��� s � tmin � fd
�
x�=<V	

whichdoesnotcarryusefulinformation.Therefore,wewill setwtmin � 0.

In all othercasest � tmin, we choosethesimplestway to computew
�
t � by taking

thecardinalityof ϕ
�
t � relative to thesumof all /ϕ � t � / 	 t �� tmin 	 to obtain

w
�
t �B��� 0 	 if t � tmin 	9ϕ M t N 9

∑t � tmin 9ϕ M t N 9 otherwise.

Otherweightingschemesareof coursepossible.Thechosenonehasananalogous
structureto theNN approach:Thenumeratoris thenumberof all elementswhich
fulfil a“local” condition,whereasthedenominatoris simplythesumof all possible

13



numerators.Thus,wearriveat

γNO
� � / ����� ∑

t & Vd

w
�
t �RQ γNO

�
S/ t �� ∑

t � tmin

/ f D 1
d

�
T
�
t �'� /

∑t � tmin / f D 1
d

�
T
�
t �'� / Q 1/ f D 1

d

�
T
�
t �'� / Q ∑

s& detM t N / f D 1
Q

�
s� /� 1

∑t � tmin / f D 1
d

�
T
�
t �'� / Q ∑

t � tmin

∑
s& detM t N / f D 1

Q

�
s� / �

It is easyto seethat

0 � γNO
� � / ����� 1 	

becausethefunctionsγNO
� � / t � satisfythis condition,andtheweightingsw

�
t � are

non-negativeandsumup to 1. Furthermore,

Proposition 6.1 If P ) Q thenγNO
� � VP / ���W� γNO

� � VQ / ��� .
PROOF. By thedefinitionof γNO it is enoughto show that

∑
s& detSP �T M t N / f D 1

P

�
s� / � ∑

s& detSQ �T M t N / f D 1
Q

�
s� /

for all t � T. Supposethats � detSP 9T � t � ; if f D 1
P

�
s��� /0, thens doesnot contribute

to the left handsum.Otherwise,let fP
�
y�8� s, and fQ

�
y��� Q fQ

�
x� . SinceP )

Q, we have s � fP
�
y��� P fP

�
x� by Lemma2.2,andtherefore,fQ

�
y��� detSQ 9T � t � .

This implies thaty � f D 1
Q

�
s� � for somes� � detSQ 9T � t � . Sincethesets f D 1

Q

�
s� �
	 s� �

detSQ 9T � t � arepairwisedisjoint, theconclusionfollows. .
A characterisationof theextremalsituationsfor γNO

� � / ��� is givenin thefollow-
ing

Proposition 6.2 (1) γNO
� � / ����� 0 !"� for each classK of θQ there is some

x � K such that fd
�
x��� tmin.

(2) γNO
� � / ����� 1 !%� for each classK of θQ there is somet � Vd such that

fd
�
x�B� t for all x � K.

PROOF. 1. Since0 � γNO
� � / t � for eacht � Vd, andγNO

� � / ��� is thepositively
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weightedsumof γNO
� � / t � for t � tmin, wehave

γNO
� � / ����� 0 !"� ���

t � tmin � γNO
� � / t �E� 0 	 (17)!"� ���

t � tmin � det
�
t �E� /0 	 (18)!"� ���

t � tmin � �
� s � VQ � f D 1
Q

�
s�F�) f D 1

d

�
t �
	 (19)!"� ���

t � tmin � �
� s � VQ � �>[ x � U �A: fQ � x��� sand fd
�
x�W\ t <>�

(20)

Let t T betheuniqueelementof Vd coveringtmin, andsupposethatγNO
� � / ���B� 0.

By (20),eachclassof θQ containssomex suchthattmin � fd
�
x��\ t T . Conversely,

if eachclassof θQ containssomex suchthat tmin � fd
�
x� , then clearly (20) is

satisfied.

2. By definition,

γNO
� � / ����� 1 !"� ∑

t � tmin

∑
s& detM t N / f D 1

Q

�
s� / � ∑

t � tmin

/ f D 1
d

�
T
�
t �'� / �

Since f D 1
Q

�
s��) f D 1

d

�
T
�
t �'� for eachs � det

�
t � , and the sets f D 1

Q

�
s� are pairwise

disjoint,wehave∑s& detM t N / f D 1
Q

�
s� / � / f D 1

d

�
T
�
t �'� / for eacht � Vd. Therefore,

γNO
� � / ����� 1 !"� ���

t � tmin � ∑
s& detM t N / f D 1

Q

�
s� / � / f D 1

d

�
T
�
t �(� / (21)!"� ���

t � tmin � L
s& detM t N f D 1

Q

�
s�B� f D 1

d

�
T
�
t �'� (22)!"� ���

t � tmin � ��� x � U � ��� y � θQ
�
x�'�A: t � fd

�
x��� t � fd

�
y�=<
(23)

SupposethatγNO
� � / ����� 1, andassumethereis someclassK of θQ andx 	 y � K

suchthat fd
�
x���� fd

�
y� . Let w.l.o.g. fd

�
y��\ fd

�
x� , andsett � fd

�
x� . Then, fd

�
y��\

t � fd
�
x� and fQ

�
x��� fQ

�
y� , contradicting(23).

Conversely, supposethat for eachclassK of θQ there is somet � Vd suchthat
fd
�
x��� t for all x � K. This is thecaseexactly whenθQ ) θd, andtherefore,each

f D 1
d

�
t � is theunionof all setsf D 1

Q

�
s� it contains.Thisimpliesthat∑s& detM t N / f D 1

Q

�
s� / �

∑t � tmin / f D 1
d

�
T
�
t �'� / , andtherefore,γNO

� � / ����� 1 by (21) .
Corollary 6.3 γNO

� � / ����� 1 !%� γNN
� � / �|��� 1 !"� γNO

� � / ����� 1 �
This tells us,alongwith (6.1), that if θQ formsa finer (or equal)partition thanθd

this result in a perfectapproximationof all threerelations � d, � d and � d by the
classesof Q. This may be astonishingat first glance;however, if a classK of θQ

is split by somet, noneof the threerelationscanbe approximatedwithout error.
Consequently, if thegranularityof Q is high – i.e. theclassesof θQ arerelatively
small–, wecanexpectahighapproximationquality in γNN aswell asin γNO – this
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Table6
Intersectiontableϕ ���b� m�� _ se t ` for Table3

d

q 1 2 3

1 c A e B f /0 /0

2 c C e D f�c D f /0

3 c E e F f,c E e F f%c F f
4 c G f c G f�c G f

Table7
Intersectiontableϕ ���b� j�� _ se t ` for Table3

d

q 1 2 3

1 c A e B f�c A e B f"c A e B f
2 c C f c C e D f�c C e D f
3 /0 c E f c E e F f
4 /0 /0 c G f

is theproblemof “casualrules”,which meansthatevery rule is generatedby only
a few numberof examples;we will addressthis issuein Section8.

If γNO
� � / ���B� 0 andγNO

� � / ���B� 0, theneachclassof θQ mustcontaintmin and
tmax (which aredifferentby our globalassumptions).Therefore,

Corollary 6.4 γNO
� � / ����� 0 andγNO

� � / ����� 0 imply γNN
� � / ����� 0.

For theexampleof Table3 we obtainthe intersectiontablesshown in Table6, 7.
As above, thecells � s	 t � with s � det

�
t � areprintedin boldface.Therefore,for the

example,

γNO
� � / ����� 1

6
Q;: � 2 � 1��� 1<2� 2

3
	

γNO
� � / ����� 1

8
Q;: � 2 � 2��� 2<2� 3

4
�

The definition of γNO was basedon rules of type (14), wherewe supposedthat
T ��� . An analogousconstructioncanbemadefor T ��� . By similar arguments,
wedefinetheapproximationquality γNO

�
S/ ��	���� for rulesof type(16)by

γNO
� � / ��	������ ∑t � tmin /PO s& detM t N ϕ ��9 3 � s	 t � / � ∑t � tmax /�O s& detM t N ϕ ��9 S � s	 t � /

∑t � tmin /ϕ 3 � t � / � ∑t � tmax /ϕ S � t � / (24)� ∑t � tmin / O s& detY M t N f D 1
Q

�
s� / � ∑t � tmax / O s& detX M t N f D 1

Q

�
s� /

∑t � tmin / f D 1
d

�
T
�
t �(� / � ∑t � tmax / f D 1

d

�
T˘
�
t �'� / (25)

The statisticγNO
� � / �|	���� forms an averageof the statisticsγNO

� � / ��� and
γNO

� � / ��� . NotethatγNO
� � / ��� doesnot take into accountdet

�
tmin � , andγNO

� �/ ��� doesnotusedet
�
tmax� , becauseit is a tautologythatany elementin thesample

is notsmaller(greater)thanthesmallest(greatest)element.Countingsuchrulesre-
sultsin countingtrivialities,hence,suchγ �NO wouldbepositively biasedandwould
resultin avaluewhich is neverzero.For example,if oneusesthedet

�
tmin � aswell,

onewill resultin γ �NO � γNO � CONST for any conditionattribute.Thus,notusing
det

�
tmin � anddet

�
tmax� is just a matterof conveniencefor the usageof γNO. Ob-
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viously, thereis no tautologicalrule in theNN case,thereforeno valueshouldbe
omitted.In all othercategoriesthecountersof theexamplesfor thenominatorand
for thedenominatorareidenticalfor both statistics.Therefore,the threestatistics
γNO

� � / ��	����
	 γNO
� � / ��� andγNO

� � / ��� mightdiffer in thosecasesin whichthe
cardinalitiesof the tmin and/orthe tmax categoriesaresubstantial.In this case,the
valueof γNO

� � / ��	���� is acompromiseof thetwo elementarystatistics,assuming
thattheresearcheris interestedin � -rulesaswell as � -rules.

Theevaluationof theexampleshows

γNO
� � / ��	������ �

2 � 1 � 1�J� � 2 � 2 � 2��
4 � 2�J� � 3 � 5� � 5

7
�

Finally weobserve:

Corollary 6.5 (1) γNO
� � / �|	������ 1 !"� γNN

� � / ����� 1.
(2) γNO

� � / �|	������ 0 � γNN
� � / ����� 0.

(3) If P ) Q thenγNO
� � Q / � Q 	�� Q �+� γNO

� � P / � P 	�� P � .
7 The OO caseand mixed NO-O predictions

Themostinterestingcasefor multi-criteriadecisionmakingconsidersrulesof the
form ���

x�;: s � Q fQ
�
x��� t � d fd

�
x�=<V�

The argumentsfor the choiceof the parametersw
�
t � given in the NO caseapply

hereaswell, sothatin theNO casewe find formally thesameexpressionasin the
NN case,but usingdifferentsetsdetS9T :

γOO
� � / ����� ∑t � tmin /�O s& detM t N f D 1

Q

�
s� /

∑t � tmin / f D 1
d

�
T
�
t �'� / � (26)

The OO-intersectiontablesfor the systemof Table3 aregiven in Table8, 9, and
wecompute

γOO
� � / ����� 3 � 1

4 � 2
� 2

3
	

and,asanotherexampleof thesameevaluationsstrategy,

γOO
� � / ����� 0

5 � 3
� 0 �

Thebehaviour of γOO is similar to γNO asProposition7.1shows.
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Table8
Intersectiontableϕ � m � m�� _ se t ` for Table3

d

q 1 2 3

1 U c D e E e F e G f�c F e G f
2 c C e D e E e F e G f�c D e E e F e G f�c F e G f
3 c E e F e G f c E e F e G f�c F e G f
4 c G f c G f c G f

Table9
Intersectiontableϕ � m � j�� _ se t ` for Table3

d

q 1 2 3

1 c A e B e C f�c A e B e C e D e E f U

2 c C f c C e D e E e>f c C e D e E e F e G f
3 /0 c E f c E e F e G f
4 /0 /0 c G f

Proposition 7.1 (1) If P ) Q thenγOO
� � P / ���W� γOO

� � Q / ��� .
(2) LetM bethesetof maximalelementsof � VQ 	'��� . Then,

γOO
� � / ����� 0 !"� ���

s � M � �>[ x � U �A: fQ � x��� sand fd
�
x��� tmin <>�

(3) γOO
� � / ����� 1 !%� ���

x 	 y�;: fQ � x��� fQ
�
y��� fd

�
x��� fd

�
y�5< .

PROOF. 1. is analogousto Proposition6.1.

2. is analogousto Proposition6.2.1.

3. SupposethatγOO
� � / ����� 1. Thisholds,if andonly if

∑
t � tmin

/ L
s& detM t N f D 1

Q

�
s� / � ∑

t � tmin

/ f D 1
d

�
T
�
t �'� / � (27)

Sincefor eacht wehave O s& detM t N f D 1
Q

�
s�+) f D 1

d

�
T
�
t �'� , (27)holdsif andonly if�
�

t � tmin �A: L
s& detM t N f D 1

Q

�
s��� f D 1

d

�
T
�
t �'�=<V� (28)

Observingthats � det
�
t � ands � s� imply s��� det

�
t � , weobtainfor t � tmin

t � fd
�
x��� : �>[ s � det

�
t �'�A: s � fQ

�
x��� fQ

�
x��) det

�
t �=< <>	

i.e. fQ
�
x��� det

�
fd
�
x�'� . Observe thatthis holdsfor all t � Vd, sothat���

x� �
� y�A: fQ � x�+� fQ
�
y��� fd

�
x��� fd

�
y�=<V	 (29)

which is ourdesiredresult.

Now, supposethat(29) holds,andlet t � tmin andt � fd
�
x� . We needto show that

x � O s& detM t N f D 1
Q

�
s� . Assumethat fQ

�
x���� det

�
t � . Then,thereis somey � U such

that fQ
�
x�W� fQ

�
y� andt �� fd

�
y� . Sincet � fd

�
x� , this contradicts(29). .
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Thefollowing is immediatefrom theprecedingresult:

Corollary 7.2 (1) If � VQ 	'� Q � is order isomorphicto � Vd 	'� d � , thenγOO
� �|	'���E�

0.
(2) Supposethat Q �¡� q 	 p � , /U / � /Vq / � /Vp / , and � p �$� q. ThenγOO

� ��¢ q £ p¤/ � d �B� 1 holdsfor anydecisionattributed.

At first glance,this resultsseemsto beadrawbackof ourapproach,because� q 	 p �
canpredicteveryorderedattributed withoutany error. Nevertheless,therearesome
argumentsthatthis resultis a very naturalone,andthat it mustbeobserved,if the
methodis a valid regressiontype procedure.When we look at what happensin
Corollary7.2,weseethateveryclassof θQ consistsof oneelement,andtherefore,
no two classesof θQ arecomparable.If the classesarenot comparable,the OO-
approachcollapsesto the NO-approach.This is anotherinstanceof the casuality
problemmentionedabove.

In ordertoseethataγOO
� � / �|	I��� approximationin analogyto (24)isnotfeasible,

let us look againat the exemplarycasethatVQ andVd arelinearly orderedby S,
respectively, by T, and that /U / � /VQ / � /Vd / � N. In this case, fQ and fd are
bijective,andwithout lossof generalitywesupposethat

U � VQ � Vd 	 Pre
�
S	 fQ ��� S	 Pre

�
T 	 fd ��� T 	 fQ � fd � 1�U � (30)

Then,

M
def� N Q � N ¥ 1�

2
� /S H 0�U / � / S̆ H 0�U / � /T H 0�U / � /T˘ H 0�U / �

Statisticsoffersaframework for measuringmonotonerelationships,the ¦ -statistic

(Puri and Sen,1971), to which our measurescan be related.SetC
def� /S H T H

0�U / 	 D
def� /S H T˘ H 0�U / ; we definethefollowing two ¦ -statistics¦ � � / ����� C

M
	 ¦ � � / ����� D

M
�

M � C � D impliesthat ¦ � � / ����� M D C
M , andtherefore,themeasure¦ � � / ��	'����� D � C

2M
� M

2M
� 1

2
	

which is analogousto (24), is constant,irrespective of the possibleconnections
betweentheordersonVQ andVd.

The ¦ -statisticsarerelatedto thewell known Kendall’s τ statistic(Kendall,1970)
via

τ �¡¦ � � / ���7¥§¦ � � / ���
� (31)
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The valueof τ is boundedby ¥ 1 � τ � 1. A valueof τ near � 1 canonly appear
if mostof the pairsof elementsarecollectedin the ¦ � � / ��� statistic,which is
interpretedasahighpositivemonotonecorrelationof VQ with Vd. A valuenear ¥ 1
indicatesthatVQ hasa high negative monotonecorrelationwith Vd. A valueof τ
near0 is interpretedasnomonotonecorrelationof VQ andVd.

Thenext propositionconnectsτ andγOO
� � / ��� in the2-attribute-casefor which τ

wasdesigned:

Proposition 7.3 LetU 	 S	 T 	 C 	 D 	 M beasabove. Then,γOO
� � / ����� 1T τ

2 .

PROOF. Weassumethesimplificationsgivenin (30).Then,

γOO
� � / ����� ∑t � tmin / O s& detM t N f D 1

Q

�
s� /

∑t � tmin / f D 1
d

�
T
�
t �'� / 	� ∑t � tmin /det

�
t � /

∑t � tmin /T � t � / 	� ∑t � tmin /det
�
t � /M N D 1Ny¨N

2� ∑t � tmin /det
�
t � /

M
�

SinceD � M ¥ C, we find

τ � 2C
M

¥ 1

andthus,it sufficesto show γ � C
M ��¦ � � / ��� , whichsimplifiesto

∑
t � tmin

/det
�
t � / � /S H T H 0�U / �

By our hypotheses,wecantakew.l.o.g.

U � VQ � Vd ��� 1 	 2 	'�'�'�5	 N ���
Let � d bethenaturalorder � onU , andsr � Q sk !"� r � k. For k � U let stk � k.
Thefollowing factsareeasilyverified:

t1 � t2 � det
�
t2 ��) det

�
t1 �C� (32)

det
�
t �E� /0 !"� sN \ t � (33)

s � det
�
t �E� 1 � Q s� (34)

To eachpair � t 	 s� where1 \ t and s � det
�
t � we want to assignan elementof

S H T H 0� , suchthat the assignmentis injective. Thus,supposethat s and t fulfil
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theseconditions.We thenhave

1 \ t � s�
Therearetwo cases:

(1) t \ Q s: Sinces � det
�
t � wehave t � d s, andthuswecanassign� t 	 s�I© � t 	 s� .

(2) s � Q t: In this case,we assign� t 	 s�B© � 1 	 s� . By (34) above,we have 1 � Q s,
and it follows that � 1 	 s�-� S H T H 0� . To show that the assignmentis one-
one,supposethats � Q t1 	 s � Q t2, ands � dett1 H dett2. Then,s � det

�
t1 � and

s � Q t2 impliest1 � t2, andsimilarly, t2 � t1. Therefore,s � Q t ands � det
�
t �

is possiblefor at mostone1 \ t, andtherefore,theassignmentis one-one.

Thiscompletestheproof. .
It is possiblethatγOO \ 1T τ

2 :

VQ 4 2 3 1

Vd 1 2 3 4

In this situation,γOO
� � / ����� 0 and ¥ 1 \ τ, sothat0 \ 1T τ

2 .

Wehaveshown that
γOO

� � / ���W�ª¦ � � / ���
holdsin the2-attributesituation,andby thesameargument,onecanshow thatthe
otherγ statisticsareboundedby comparable¦ statisticsaswell. Theinterpretation
is straightforward:Thenumberof admissiblerelationcompatiblepairsof elements
is anupperboundfor thenumberof possiblerelationcompatiblerules.This mo-
tivatesthedefinitionof a modifiedτ statistic,which reflectstherule compatibility
by

τOO � γOO
� � / ���R¥ γOO

� � / ���
�
Theconstructionof τOO is similar to τ in the2-attributesituation,with thediffer-
encethat τOO is basedon γ statisticsandτ is basedon ¦ statistics.As with the
original τ, thevalueof τOO is closeto � 1, if � Q explains � d well, and ¥ 1 if � Q

explains � d.

If wehavemorethanoneelementin Q, theproblemof choiceof relevantrelations
arisesagain,andwe referthereaderto theremarkson page5. If orientationof the
ordersSq is fixed,two interestingstatisticsremain:γOO

� � / ��� andγOO
� � / ��� . We

proposethestatistic

γOO � ∑t � tmin /�O s& detY � Y M t N f D 1
Q

�
s� / � ∑t � tmax /�O s& detX � X M t N f D 1

Q

�
s� /

∑t � tmin / f D 1
d

�
T
�
t �'� / � ∑t � tmax / f D 1

d

�
T˘
�
t �'� /
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asameanvaluebetweenγOO
� � / ��� andγOO

� � / ��� . This is ausefulstatistic,if« Theuseris awarethat theorientationwithin Q is consideredfor thecalculation
of γOO , and« Theuseris willing to interpret

� �|	'��� rulesaswell as
� �|	'��� rules.

As in thecaseof NO prediction,thecomputationof thestatisticsγOO
� � / ��� and

γOO
� � / ��� differ only in (non-) considerationof tmin and tmax. This meansthat

bothstatisticsdisagreeif thecategoriesdefinedby tmin andtmax aresubstantial.

Considerthefollowing example:

d 5 5 5 5 5 5 4 3 2 1

q 6 6 6 6 6 1 2 3 4 5

WeseethatγOO
� ��	(���B� 2

3, but γOO
� �|	'���B� 0. ThestatisticγOO � 0 � 5 is thecom-

promiseof both values.In this examplethe valueof γOO hasa smallerdistance
to γOO

� ��	'��� than to γOO
� ��	'��� . This is due the fact that thereare more non-

tautologicalrulesbasedon � d thanon � d andthereforeγOO
� �|	'��� receivesmore

weightin thecompromisemeasureγOO.

Proposition7.1 impliesthemonotony result

Corollary 7.4 (1) If P ) Q thenγOO
�
P � d ��� γOO

�
Q � d � .

(2) LetM bethesetof maximalelementsof � VQ 	'��� andM � bethesetof minimal
elementsof � VQ 	'��� . Then,

γOO � 0 !"� ���
s � M � �>[ x � U �A: fQ � x��� sand fd

�
x��� tmin <

and
�
�

s � M � � �>[ x � U �;: fQ � x��� s and fd
�
x��� tmax<>�

(3) γOO � 1 !%� �
�
x 	 y�A: fQ � x�W� fQ

�
y��� fd

�
x��� fd

�
y�=< .

Supposewe wantto usenominalandordinalattributesjointly for prediction(NO-
O), e.g.genderandsalary. We caneasilyaccommodatethis situationinto theOO
scenarioby observingthattheproductrelationof anequivalenceandapartialorder
againis a partial order3 . As a consequence,given a nominally scaledattribute
q, an additionalcriterion is only of interestwithin the equivalenceclassesof θq.
This meansfor thegender/salaryexamplethat thesalaryorderingswithin “male”
and“female” areusedto predictd, but salaryorderbetweenthe “male” andthe
“female” groupsarenot takeninto account.

In Table10asimpledatasetis givento demonstratetheeffectof anNO-O predic-
tion. If Q ��� q1 � , the predictionresultsin the poor approximationquality γNO �
3 This is not a new ideain this context. Onewill find thesameargumentsin Grecoet al.
(1998b).
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Table10
A simple(nominal-order)-orderinformationtable

U a b c d e f g h

q1 M F M F M F M F

q2 5 1 6 2 7 3 8 4

d 1 2 3 4 5 6 7 8

0 � 143,becausetheonly nontrivial rulesthatcanbeextractedare

M � fq1

�
x��� 7 � fd

�
x�
	

F � fq1

�
x��� 2 � fd

�
x�
�

Theapproximationqualityof thepredictionQ �G� q2 � is alsonotveryhigh (γOO �
0 � 429),becausetheorderingin Vq2 allowsonly a few predictionsof thed ordering
(e.g.6 � fq2

�
x�E� 4 � fd

�
x� ). ThecombinedNO-Oprediction � q1 	 q2 ��� d shows

a perfectapproximationquality, becausethe orderingsof q2 andd are1:1 within
theclasses“M” and“F”.

8 Statistical issues

As we have alreadymentionedabove, a high γ valuecanpossiblybeachievedby
randominfluence,anda low γ valueneednot indicatethat the remainingrulesdo
not have a substantialbasewithin thedata.This situationis identicalto that in the
NN predictioncase,which we have discussedin DüntschandGediga(1997b).In
casethattheapproximationqualitywill beusedto recommendadecision,a testof
theusefulnessof theobservedempiricalγ valuesis thereforeneeded.Onepossibil-
ity arecross-validationmethods;however, theseuseadditionalmodelassumptions
whichmaynotbefulfilled in thesituationunderreview, andthus,procedureswhich
do not requiresuchassumptionsareoftenmoreadequate.Themethodof random
labelling,whichwehaveusedfor NN predictionin DüntschandGediga(1997b)for
testingthesignificanceof theNN approximationqualitycanbeusedin thepresent
situationsaswell. Theideais thattheobservedγ shouldbeextremein thedistribu-
tion of all γ valueswhich canbeconstructed,if we leave theVQ valuesunchanged
andrandomisetheVd valuesby reorderingtheelementsof U by a randomlycho-
senpermutationσ. While thecomputationof thewholedistributionof γ

�
σ � is very

costly, a simulationusingabout1000randompermutationswill suffice to approx-
imate the distribution of γ assumingrandomlabelling. If thereare lessthan 5%
valueswhicharenot lower thantheempiricalγ, we claim γ to besignificant.

Evenif γ is significant,wecannotconcludethattheapproximationquality is really
substantial.A simpleway to gaugethe “real predictioneffect” is the comparison
with the expectation¬ σ : γ � σ �=< of γ given randomlabelling. If the empiricalγ and
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theexpectationof γ show a largedifference,we canconcludethatγ is substantial.
Becausethedifferenceis restrictedby themaximumof γ, theindex

κ � γ ¥?¬ σ : γ � σ �=<
1 ¥?¬ σ : γ � σ �=<

canbe usedto computethe relative distanceof γ to the expectedvalue (Cohen,
1960).As a rule of thumb,κ ­ 0 � 5 indicatesahigheffect.

After having determineda significantand substantialrule, it may be of interest
whethersomeof theattributeswithin Q aredispensable.A simpleinspectionof the
difference

∆i
�
γ
� � Q 	'� d �(��� γ

� � Q 	'� d �R¥ γ
� � Q® ¢ qi ¤ 	'� d �

givesa first hint aboutthe valueof qi asattribute within the setQ for predicting
d. If ∆i

�
γ � is closeto zero,we may possibly leave out qi without changingthe

approximationquality dramatically. The problemremainsto gaugehigher ∆i
�
γ �

values,becauseeven high jumpsdo not necessarilyindicatehigh additionalpre-
diction quality of anattribute.Theinterestedreaderis referredto theforthcoming
GedigaandDüntsch(2002)for a discussionof the interpretationof differencesof
γ values.

A statisticaltreatmentof the influenceof an attributestartswith the ideathat the
standarddeviationof ∆i

�
γ /Q 	 d � shouldbemuchsmallerthenthedifferenceitself, if

wedraw othersamplesof elementswith thesamedependency structure.TheBoot-
strap (Efron,1982)canbeemployedto estimateŝ

�
∆i
�
γ
� � Q 	'� d �'� usingsimulation

methods.Thecomparison

z
�
∆i
�
γ
� � Q 	'� d �'��� ∆i

�
γ
� � Q 	'� d �'�

ŝ
�
∆i
�
γ / � Q® ¢ qi ¤ 	(� d �'�

can be usedasa guide for the evaluationof the additionalpredictionquality of
attributeqi : If z

�
∆i
�
γ /Q 	 d �'�+� 2, thereis no goodreasonto assumethat∆i

�
γ /Q 	 d �

is substantial,becausethestatisticalfluctuationwithin thesampleis aboutashigh
asthe differenceitself. A valuez

�
∆i
�
γ /Q 	 d �(��� 2 indicatesthat attributeqi is not

dispensablefor thepredictionof d.

There is a minor problemwith the distribution of ∆i
�
γ
� � Q 	'� d �(� : If the differ-

encesarevery small, the distribution tendsto be skewed,andthe decisionbased
on thez � 2 rule of thumbmaybemisleading.This problemcanbesolvedby in-
vestingmoresimulationsandestimatingtheprobability p : ∆i

�
γ / � � Q 	'� d �(�+� 0< . If

p̂ : ∆i
�
γ / � � Q 	'� d �'�+� 0<E\ 5%, we concludethat the observed difference∆i

�
γ / � � Q	'� d �(� is substantial.This approachneedsat least1000 bootstrapsimulationsin

orderto achieveanacceptableconfidencefor thevaluep : ∆i
�
γ / � � Q 	'� d �'��� 0< . Es-

timating the z valueneedsat least100 bootstrapsimulations.We have testednu-
merouscases,andfor everyproblemwehavechecked,bothapproachesledto same
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Table11
Contraceptiondata

Country q1 q2 q3 q4 d

(1) Lesotho 1 0 0 0 6

(2) Kenya 0 0 0 0 9

(3) Peru 1 1 2 0 14

(4) Sri Lanka 1 1 0 1 22

(5) Indonesia 0 0 0 1 25

(6) Thailand 1 0 0 1 36

(7) Colombia 1 2 1 1 37

(8) Malaysia 0 1 2 1 38

(9) Guyana 2 1 2 0 42

(10) Jamaica 2 0 2 2 44

(11) Jordan 0 2 1 0 44

(12) Panama 2 2 2 1 59

(13) CostaRica 2 1 2 2 59

(14) Fiji 1 1 2 2 60

(15) Korea 2 1 1 2 61

Table12
Recodeddata

Country q1 q2 q3 q4 d

(1) Lesotho 1 0 0 0 0

(2) Kenya 0 0 0 0 0

(3) Peru 1 1 2 0 0

(4) Sri Lanka 1 1 0 1 0

(5) Indonesia 0 0 0 1 0

(6) Thailand 1 0 0 1 1

(7) Colombia 1 2 1 1 1

(8) Malaysia 0 1 2 1 1

(9) Guyana 2 1 2 0 1

(10) Jamaica 2 0 2 2 1

(11) Jordan 0 2 1 0 1

(12) Panama 2 2 2 1 2

(13) CostaRica 2 1 2 2 2

(14) Fiji 1 1 2 2 2

(15) Korea 2 1 1 2 2

conclusion.

9 Example

To demonstrateour procedures,we will usea modified4 datasetinvestigatedby
Clif f (1994)shown in Table11, with the datarecodedin Table12. It is aimedto
predictthevaluesof thecountriesin thecriterion« % everpractisingcontraception(d)

from thefollowing criteria,which arecodedasratings(0=low; 1=middle;2=high)
in our example:« Averageyearsof education(q1),« Percenturbanised(q2),« Grossnationalproductpercapita(q3),« Expenditureson family planning(q4),

andto find thosecharacteristicsthat aremostvaluableto predictd. The decision
criterion is codedin two differentways;for the analysiswe usethe recodeddata
aswell astheoriginal onein orderto comparethedifferencesdueto therecoding

4 Theoriginaldatasetconsistof measurementsq1 ehghghg5e q4. BecauseγNN andγNO will offer
only trivial resultswith theoriginal data,we useratingsinsteadof measurements,which
clusterthedata.
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Fig. 1. The k Q relationfor Table12
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Table13
Analysisof contraceptiondata;* = significantat α a 0 g 05; ** = significantat α a 0 g 01;
*** = significantat α a 0 g 001

Attributeset γNN γNO γOO γGMS

d coded d orig. d coded d orig. d coded d orig. d coded d orig.¯
q1 ° q2 ° q3 ° q4 ± 1.000 1.000 1.000 1.000 0.900*** 0.933*** 0.333** 0.867***¯
q1 ° q2 ° q3 ± 0.600 0.467 0.789 0.733 0.639* 0.633* 0.000 0.400**¯
q1 ° q2 ° q4 ± 1.000 0.867 0.978 1.000 0.867*** 0.900*** 0.267** 0.800***¯
q1 ° q3 ° q4 ± 0.733 0.733 0.967 0.867 0.783*** 0.700** 0.000 0.400*¯
q2 ° q3 ° q4 ± 0.733 0.467 0.900 0.867 0.817*** 0.833*** 0.133* 0.667***¯
q1 ° q2 ± 0.467 0.333 0.694 0.633 0.594* 0.567** 0.000 0.333*¯
q1 ° q3 ± 0.400 0.267 0.739* 0.633 0.544** 0.500* 0.000 0.133¯
q1 ° q4 ± 0.333 0.200 0.756 0.667 0.561* 0.533** 0.000 0.067¯
q2 ° q3 ± 0.400 0.267 0.606 0.533 0.422* 0.333 0.000 0.067¯
q2 ° q4 ± 0.467 0.133 0.789* 0.733 0.750*** 0.733** 0.067* 0.467***¯
q3 ° q4 ± 0.333 0.200 0.822** 0.667 0.722*** 0.600** 0.000 0.200*¯
q1 ± 0.000 0.000 0.344 0.300 0.322* 0.300* 0.000 0.000¯
q2 ± 0.000 0.000 0.294 0.267 0.261 0.267 0.000 0.000¯
q3 ± 0.000 0.000 0.411* 0.267 0.306* 0.167 0.000 0.000¯
q4 ± 0.000 0.000 0.450** 0.300 0.450** 0.300* 0.000 0.000

procedure.A graphof therelation � Q, drawn by theRELVIEW program(Behnke
et al., 1998),is shown in Figure1.

Table13showstheresultof analysingthecontraceptiondatawith differentpredic-
tionssystems.Thefirst columndisplaysthepredictingsetsof attributes.Thenext
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two columnsreporttheroughsetapproximationquality usingtheNN - prediction
approach.Note,thatno predictionis significant,which meansthattheapproxima-
tion by thosevariablescanbe explainedby randomassignmentaswell. Further-
more,givencodedattributesq1 	(�²�²� 	 q4, the approximationof the original decision
attributeis notashighastheapproximationof therecodeddecisionattributes.This
is notastonishing,becausethecodeddecisionattributegeneratesapartitionwhich
is coarserthantheoriginal partition,andany approximationof the latter is anap-
proximationof thesetin thepartitionbasedon thecodeddecisionattribute.

The next two columnsshow the resultsof theNO - predictionof thedecisionat-
tribute.Theresultsaresimilar to theNN - prediction,but γNO is higherfor smaller
numberof attributes.Thisis duethefactthatthevaluesof d needonly to cutamong
theequivalenceclassesof Q, which is easierto achieve thanapproximationof a d
classby Q classes.Thefirst significantdependenciescanbeobservedhere:Using
thecodeddata,thereis a significantsortingof equivalenceclassesin attributeq4,
q3 and � q3 	 q4 � .
The next two columnsshow the resultsof theOO - predictionof thedecisionat-
tribute.First of all γOO � γNO, which is of coursegivenby construction,because
γOO is basedon thed-sortableequivalenceclassesin Q, which areadditionallyor-
deredby � in the Q attributes.We observe thatalthoughthenumericalvaluesof
γOO weresmallerthanthoseof γNO, they areoftensignificant.This meansthatthe
observedd-sortableequivalenceclassesin Q, which areadditionallyorderedby �
in theQ attributescanonly rarelybeobservedunderrandomassignmentof thed
attributevaluesto theQ attributevalues.Theresultsshow thatassuminga model
of stabilityof theorderof theQ classes,theset � q2 	 q4 � is apromisingattributeset,
becauseit showsahighandsignificantOO-prediction.

Bootstrapanalysis– basedon1000simulations– of thepartialincreaseof γ verified
this claim asthefollowing tableshows.Note,thattherule “z

�
boot ��� 2” pointsto

thesamedispensableattributesasthemoreexpensiverule “ p
�
diff � 0�+\ 5%”.

CODED ...
gamma = 0.8667
Analysis of partial gamma
Attr. 1: gammadiff=0.1167 s(boot)=0.0723 z(boot)=1.6146 p(diff<=0)=0.059
Attr. 2: gammadiff=0.3056 s(boot)=0.1288 z(boot)=2.3732 p(diff<=0)=0.008
Attr. 4: gammadiff=0.2722 s(boot)=0.0983 z(boot)=2.7686 p(diff<=0)=0.002

UNCODED ...
gamma = 0.9000
Analysis of partial gamma
Attr. 1: gammadiff=0.1667 s(boot)=0.0882 z(boot)=1.8897 p(diff<=0)=0.148
Attr. 2: gammadiff=0.3667 s(boot)=0.1281 z(boot)=2.8614 p(diff<=0)=0.026
Attr. 4: gammadiff=0.3333 s(boot)=0.1347 z(boot)=2.4751 p(diff<=0)=0.027

Thelasttwo columnsshow theresultsusingγGMS asthemeasureof approximation
quality. We seethat γGMS andγOO show aboutthesameresults,if we look at the
significanceof theirobservedvalues.Butdueto reasonsdiscussedabove,thevalues
of γGMS arelow or evenextremelylow, if weuseuncodeddata.
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10 Discussion

We have encounteredthreedifferenttypesof ordinal dependency measurements:
The classical ¦ and τ statistics,the statisticsγGMS, and our statisticsγNO and
γOO with γNO D O as a specialcase.The ¦ -basedτ statisticcountsrelation con-
sistentpairsof elements,which neednot necessarilyleadto a global rule. There-
fore, τ measuresa form of local consistency. The countingalgorithmfor γGMS is
very strict: Only if thereexistsno counterexampleof the form fQ

�
x��� Q fQ

�
z�b�

fd
�
x��� d fd

�
z� or fQ

�
y��� Q fQ

�
w�³� fd

�
y��� d fd

�
w� , a consistentpair

�
x 	 y� votes

for γGMS. Contraryto τ, γGMS measuresaglobalconsistency, whichguaranteesthat
theconsistentobservationsarepartof somerule– but globalconsistency mayover-
look interestingrules.ThestatisticγOO is in betweenboth approaches,becauseit
countsthoseconsistentpairswhich arerule consistent.

We have demonstratedthat γOO canbe usedin analogyof an ordinaryregression
approach:The significanceof the full model γOO

� � Q 	'� d � canbe testedby ran-
domisationmethods,and the partial influenceof every qi � Q can be testedby
meansof the Bootstraptechnology. But the methodshouldbe usedwith care:If
we find out that oneattribute qk doesnot significantly increasethe overall γ, we
cannotconcludethat thereis no partial relationshipbetweenqk andd, given the
otherattributesq1 	'�'�'� qk D 1. This is duethe fact that theproceduredoesnot check
rulesof theform

s1 � fq1

�
x�J�"�'�'�6� sk D 1 � fqk ´ 1

�
x��� sk � fqk

�
x��� t � fd

�
x�
�

It may happenthat the evaluationof this rule shows betterresults.Therefore,in
orderto determinethe influenceof qk, we needto perform(at least)two analyses.
If bothof theseshow thatqk shows no significantinfluence,we canconcludethat
thereis no partial relationshipbetweenqk andd. Becausethis argumentcan be
iteratedfor theotherk ¥ 1 attributes,weobtain2k differentmodelswhich, in prin-
ciple, have to be analysed;this resultsin an immenseamountof computingtime
if many criteriaareused.If domainknowledgeposestherestrictionthatonly one
directionis of interest,theproblemdisappears,becausethe inverserankordersof
theattributesareof no interestin thatcase.

Althoughthereis somesafeguardagainstcasualnessusingtherandomisationsig-
nificancetestprocedure,this problemshouldbekept in mind. A similar situation,
thecollinearity problem(Belsley et al., 1980),occursin linearmodelling:A high
monotonecorrelationwithin theQ attributesmayleadto badpredictionof thede-
pendentd attribute.

Despitetheseproblems,which our approachshareswith all other methods,the
givenmeasuresallow theresearcherto evaluateall rulesbasedonordinalor mixed
nominal-ordinaldatawithin a multi-criteriadecisionmakingcontext. It is neither
only locally applicablesuchasthe traditionalτ statistic– of which it canbe re-
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gardedasa globalisation–, nor is it overly restrictive like the γGMS index. There-
fore,we think thatit is asuitableapproachto theevaluationof sortingrules.

A final noteconcernsthe relationof the proposedroughsetmethodsto methods
basedon (quasi)monotonedecisiontrees(e.g.PotharstandBioch (2000)).As the
nameexpresses,the latter methodsarevariantsof the decisiontreemethodology
(Breimanetal.,1984;Quinlan,1986)andarefocusedonfindingonegoodsolution
to theordinalclassificationproblem.In doingso,therelationof bothapproachesis
quitethesameasthoseof classical(nominal)roughsetanalysisandclassicaldeci-
siontreemethodology:Bothperformrulesystemanalysis,but with adifferentand
complementaryfocus.Thefocusof roughsetanalysisit to find promisingattributes
and offers evaluationstrategies for this job, whereasdecisiontree methodology
aimsat (nearly)optimaltreerepresentationof thedataset.
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