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Abstract

We extendthetheoryof knowledgestructuresy takinginto accouninformationabouttheskills a
subjecthas.In thefirst partof the papemwe exhibit somestructuralpropertiesof the skill-problem
relationshipand consequence®r the interpretationof concurrenttheoriesin termsof the skill
theory The secondpart of the paperoffers a testtheorybasedon skill functions: We present
measurementfor the dataconsisteng of the skill-problemrelationship andestimateabilitiesin
termsof lower and/orupperboundarief problemstatesandskills, given a specialinstanceof

the skill-problemrelationship.

Somepractical considerationsre discussedwhich enablethe userof a skill basedsystemto

optimisea partialtheoryaboutthe skill basedehaiour of subjectdbasedn empiricalresults.
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1 Intr oduction

The conceptof skill assignmentsn knowledge spaceswas introducedby Falmagneet al. (1990).
In subsequenindependentevelopment Korossy(1993),Doignon(1994)and, Diintschand Gediga
(1995) proposedrariousapproacheso skills andknowledgestructuresfurtherwork in the areacan

befoundin therecentcollectioneditedby Albert andLukas(1999).

While the discussiorof the dependenc of cognitive abilities (skills) andobsered knowledgestates
took placewithin thetheoreticaframeof knowledgespacesapplicationof theskill assignmentheory
hasmetwith a limited responsealthoughits practicalusefulnessasa testtheoryhadbeendemon-
stratedby Duntschand Gediga(1998). The presentarticle aims at positioningthe theory of skill
assignmentvithin a framework of relatedtreatment®of dataanalysisanddatarepresentatiosuchas
knowledgespacesor conceptanalysis;it offers applicableprocedurego setup a practicaltestthe-
ory basedbn skill assignmentthroughextendingthe theoryby estimatingthe consisteng betweera

theoreticaimodelandobsered data;it alsoincludesa componentf uncertaintyhandling.

[Figure 1 abouthere.]

Our basicmodelis picturedin Figurel: First,theteacherchooses domainof skills in which (s)heis
interestedAn empiricalmodelin form of asetof testquestiongs constructedby anoperationalisation
which assigngo setsM of skills thoseproblemswhich canbe solved with theskills in M. In athird
step,representatiofor numerical)modelsareinducedby a scalingwhich canbeusedfor assessment

in variousways. This is aninstanceof the datamodelput forwardby Gigerenze(1981).

Justasknowledgeassessmeiiity modernscalingtheorysuchasknowledgestructurecanberegarded
asaqualitative way of measurementye aim ata qualitative descriptionof a subjects skill state.This

philosophyis in the spirit of non—irvasive dataanalysisDuntschandGediga,2000)which
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e Minimisesmodelassumptionsand

e Admitsignorancewvhenno conclusioncanbedrawn.

As a consequenceye will concentrateon building the empirical model and the propertiesof the
operationalisationformally, our scalingwill beanisomorphism.Thisis basednthecorviction that
asensibladiagnosticcannotbea point estimateof theknowledgeof anindividual suchasatestscore,
but that, in mostcasesponly a rangeof skills canbe given, which are more or lessmasterediy an

individual.

The paperis organisedas follows: We startwith the definitionsand notationswhich will be used
in the sequel. This is followed by exhibiting somestructuralpropertiesof varioustypesof skill —
problemoperationalisatios) which shav a connectiorto mathematicastructuresuchasmodallogic
andinformation systemsaswell asto the theoriesof knowledge spacegDoignon and Falmagne,
1999)andconceptanalysis(Wille, 1982). Several typesof consisteng betweenthe theoreticaland
obsered statesareinvestigatedn Sectiond. The papercloseswith anexamplewhich illustratesthe

conceptgreviouslyintroduced.

2 Definitions and notation

2.1 Lattices andrelations

First, let us briefly recall somesettheoreticconceptsdrom lattice theoryandthe theoryof relations.

The symmetridifferenceof two setsA, B is definedas

A®B=(A\B)U(B\A).



In the finite case,the cardinality of A@ B is sometimesalled the Hammingdistanceof A and B,

denotedby H(A,B).

A closue opertor onasetQ is amappingel : 22 — 2% suchthatfor all X,Y C Q,

X CY CQ=cl(X) Ccl(Y), i.e. cl is monotone (1)
X Ccl(X), i.e. clis expansve, (2)
cl(X) = cl(cl(X)) i.e. cl is idempotent (3)

A closue systenis afamily of subset®f Q whichis closedunderintersection It is well knowvn that
thereareone-onecorrespondencdsetweerclosureoperatorsglosuresystemsandn - congruences,

thelatter, if Q isfinite.

Dually, aninterior opetor is amappingint : 292 — 29 suchthatfor all X,Y C Q,

X CY C Q= int(X) Cint(Y), i.e. int is monotone
int(X) C X, i.e.int is contracting
int(X) = int(int(X)), i.e.intis idempotent

An interior systenis afamily of subset®f Q whichis closedunderunion. Dependingonthe context,
theseare also known as dependencspacegNovotny, 1997) and knowledg spacegDoignonand

Falmagne1985).

Let K beafamily of subset®), andX C Q. We call X join-irreduciblein &, if X is notthe union
of propersubsetsvhich arein K. If K is understoodwe call X just join-irreducible Dually, we

definemeet-ireducibleelementsn K. If K is aclosuresystemgachelementof X is anintersection



of meet-irreducibleelements.Dually, if K is an interior system,eachelementof K is a union of

join-irreducibleelements.

If RC Ax Bis abinaryrelationbetweerelementf the setsA andB we will usuallywrite xRyfor

(x,y) € R Therelationalcorverseof R, denotecby R” is therelation

{{%:x) : xRy}.

Therange of xin Ris theset{y € B : xRy}, andwe denoteit by R(x). Therange of Ris

ranR= {y € B: (3x € A)xRy} = | J R(x).

XeA

With eachR C A x B we associateseveralmappingsrom 24 — 28: If X C A, thenwe set

[RI(X) ={beB: (Vac A)[aRb=> a€ X]}, (Necessityoperator)
(R/(X) ={beB: (JacA)Jac X and aRH}, (Possibilityoperator)
[R](X)={beB: (Vac A))[ac X = aR}, (Sufiiciency operator)

((R)(X)={beB: (JacA)jagX and notaRH}. (Dual sufiiciency operator)

Thesemappingsrisein modallogics(Fitting, 1993)andinformationalgebragDuntschrandOrtowska,
2000,0rtowska, 1995). As anexample,considerarelationR C A x B, whereA is a setof students,

B is a setof problems,andaRbis interpretedas“Studenta solvesproblemb”. If X C Ais a setof



studentsthenfor a problemb we have

b € [R|(X) «<= Eachstudentwvho solvesb is in X
b € (R)(X) <= Somestudentn X solvesb,
b € [[R]](X) <= b s solvedby eachstudentn X

b e ((R))(X) <= Not all studentsn —X solve b

It mayalsobeworthy to point outthat[[R]] is the derivation operatorusedin formal conceptattices.

Clearly

b€ [R(X) <= R"(b) C X,
be (R)(X) <= R*(b)NX £ 0,
b € [R](X) <= (-R)"(b) C =X,

be ((R)(X) <= (—R)"(b) N —X 0.

If f:2% — 2Bisamappingthenits dual f¢ is definedby

It is easyto seethat[R] and(R), aswell as[[R]] and((R)), aredualto eachother

2.2 Skills and knowledgestructures

The qualitative analysisof knowledgevia obsenable knowledgestateswasintroducedby Doignon

andFalmagng1985),andanup to dateaccountcanbefoundin DoignonandFalmagng1999).



Throughoutthis paper we supposehatQ is afinite nonemptysetof problemsandthatU is afinite
nonemptysetof subjectsWe alsolet solvg : U — 2% beafunctionwhich assigngo asubject theset
of problemssolvg(t) which (s)hecansolve. Eachsolvg(t) is anempiricalknowledg state andthe
structure(U, Q, solv) is calledan empirical knowledg structue (EKS). If Q is understoodwe will

justwrite solv(t), andcall {solv(t) : t € U} anEKS, denotedoy Ksoly,, OF justby Ksoiy.

ThesetQ of problemscanbe consideredin the senseof (Gigerenzer1981))asanempiricalmodel
of thoseskills whosepresencéor absencein astudentve wantto ascertainandwe needto relatethe
problemsto setsof skills with which the problemscanbe solved;in otherwords,we have to provide
anoperationalisationf thedomainof interest.lt maybeworthy of mentionthattheoperationalisation
is afirst sourceof uncertaintysinceit is not alwaysclearwhetherthe empiricalmodeltruly reflects
the propertiesandrelationsof the domain.In mary instancesthis will bethe caseneverthelesspne
needgo distinguishcarefullybetweerthe setof problemsa studenis ableto solve andtheskills (s)he

possesses theareaof interest.

Throughouthepaperwelet Sbeafinite setof skills in astudent masteryof whichwe areinterested.
We assumehatevery problemin Q needsoneor morenonemptysetsof skills of Sto be solved; this

conditioncanbe achieved by a simplepre-processingrocedure.

Skills andproblemscanbe relatedin thefollowing way: Let I be arelationbetweenQ and25\ {0},
i.e. T C Qx 25\ {0}; notethatl" (q) is eitheremptyor afamily of nonemptysubsetof S. We call I
askill relationif '(q) # 0 for eachqg € Q, andthe elementf I'(q) arepairwiseincomparablevith

respecto C. We interpretgr X as

X is minimal with respecto C for the collectionof all skill setssuficientto solve q.

In otherwords, gl X, if g canbe solved with the skills in X, but no propersubsetof X is sufiicient



to solve g; we call eachX € '(q) a strategy for g. At this stage,we do not put ary (theoretical)
restrictionson the stratgiesfor q; in practice” mightbeobtainedby questioninganexpertaboutthe
skills necessargndsuficientto solve . Obserethatfor X C S, {ge€ Q: (Y C X)ar'Y} is thesetof
exactly thoseproblemswhich canbe solvedwith theskills in X. Thisinducesamappingd : 25 — 29

definedby

X+ {geQ: (Y CX)qry?}. (4)

In particular

(VX €T (a))q e d(X). (5)

More generally a problemfunctionis amappingd : 25 — 29 suchthat

1. disnormal,i.e. 5(0) = 0.

2. dismonotone.

The conceptof skill relationand problemfunction areequivalent(Diintschand Gediga,1995). In-

deed givenaproblemfunctiond : 25 — 29, we obtainl" by

gr X <= X is minimal with respecto g € §(X).

We call thetriple (S Q, d) a skill knowledg structue (SKS).If Q is understoodye will alsocall the
set{d(X) : X C S} anSKSanddenoteit by %. This setcanbeinterpretedasthe setof knowledge
statesvhichshouldbeobsenablegiventheoperationalisatio®. It wasshavn by Doignon(1994)and

DiintschandGediga(1995)thatfor ary X C 29 therearea setSanda problemfunctiond: 25 — 29
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with rand = K.

3 Structural properties

In defininga problemfunction,we have notrequiredthatit preseresn or U. Indeed theseproperties

correspondo very specialskill assignmentasthefollowing resultshavs:

Theorem3.1. 1. dpreserves) if andonlyif [F(g)| =1forall g€ Q.

2. d preservesJ if andonlyif |T|=1forall T € '(q) andall g € Q.

Proof. 1. “=": AssumethatX,Y € I'(q) for someq € Q, X #Y; then,q € 8(X) N d(Y) by (5), and
thus,q € 3(XNY). By (4) thereis someZ € I'(q) suchthatZ C XNY. SinceX #Y,weZ C X or
Z C Y. Thiscontradictghefactthattheelementof ' (q) arepairwiseincomparable.

“

<" Letl(q) = {Xq} for eachq € Q. It is well known thatd preseresn if andonly if 3 1(P) hasa
smallestelementfor eachP € ran(d) (seee.g.Novotny,1997).Let P € ran(d) andZ =N{Y : 8(Y) =
P}; we needto shaw thatd(Z) = P. SinceZ C Y for eachY € & 1(P) andd is monotonewe have
8(Z) C P. Corverselylet p € P; then,X, C Y for all Y € 3~1(P), andhence X, C Z. It follows that
pedZ).

2.“=" Assumethatgl X and|X| > 2; then,thereareY,Z C X with YUZ = X. Now, g € (Y U Z),
butq ¢ d(Z) Ud(Y).

“&<" Weshaw thatd~1(P) hasa greateselementfor eachP € ran(3). Thus,let P = 3(Y) for some
Y, andsetZ = |Jd 1(P). SinceX C Z for eachX € 81(P), and3 is monotonewe have P C 3(Z).
Corversely let g € 8(Z). By (4) thereis someW C Z suchthatql'W. By our hypothesiswe can
supposehatW = {t}, andby the definition of Z thereis someX € &~1(P) suchthatt € X. Hence,

ged(X) CP. O



In the sequela skill functionwhich preseresn will be calledconjunctive andonewhich preseres

U will becalleddisjunctive
As aCorollaryof Theorem3.1we obtain

Corollary 3.2. (Doignon,1994)

1. If & preserves), thenKj is a closue system.

2. If d preserves), then % is a knowled@ space

The conversesarenot true: SupposehatQ = {p,q}, ' = {(p,S),(q,Y),(q,Z)}, whereY,Z arein-
comparablewith eachhaving more thanone element,andS=Y UZ. It is straightforvard to see

that

%6 = {0,{a},Q},

andd preseresneithern noruU.

Thequestionariseswhethera representatioasin Theorem3.1 canalwayshe achieredfor a closure
system,respectiely, a knowledgespace. A positive answerwas given by Doignon and Falmagne

(1999);belon we give somevhatdifferentconstructions.
Theorem3.3. 1. If X is aclosue systemthenthere existsa skill representatiorwith [F(q)| = 1

forall ge Q.

2. If K isaknowledg spacethenthere a existsa skill representatiorwith |T| = 1forall T € ['(q)

andall g€ Q.

Proof. 1. Since X is finite and closedunderintersection,it is generateddy its meet-irreducible

elementM (X). For eachnonemptyM; € M(X) choosea skill s, andlet Sbethe collectionof all
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theseskills. Now we set

arX <= X={s:q¢Mi}.

If X C S then

q€d(X) < drx,
= {s:a¢ M} CX,
< (Vs)[a¢Mi=s €X],
< (Vs)[s € X = g€ Mj],

—qge[{Mi:s ¢ X}

Sinceeachnonemptystateof X is theintersectiorof meetirreducibleelementsye have K = %5.

2. SinceX is finite andclosedunderunion, it is generatedy its join-irreducibleelements]( X).
Supposehatthe nonemptyelementf J(X) areKj,...,K,, andchooseasetS= {si,...,s}. For

eachg € Qwelet

grX <= (3s)X ={s} andqg € K;.
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SupposehatX = {s,,S;,---,S.}- Then,

gedX) <= qrx
= (SSJ)[SJ €X and<q7{sj }> € rmin],
> (3s,)[s, € X andg e K; ],

<:>QEKilU...UKik.

Sincethenonemptystatesf K areexactly theunionsof K;s, we have K = %;. O

Let uslook atthese'extreme” casesgnoreclosely: Supposdhatl” C Q x S andsetA =T". We can

interpretglsin two differentways:

It is possibleto solve g with skill s.

Skill sis necessaryo solve g, andl"(g) is minimally suficientto solve g.

Theseare,respecirely, the disjunctve andconjunctie skill assignmentsf (Doignon,1994). It will
turn out thatthe knowledgestructuresarisingfrom thesetwo interpretationcanbe neatlydescribed
by themodalpossibilityandnecessityperatorsWe will denotethecorrespondingroblemfunctions

by &4 andd., andtheresultingknowledgestructuresdy Xy and%.. Then,forall X C S,

0c(X)={qeQ:M (g € X} ={qeQ:(vVseY[sAg=se X]} =I[A](X),

0(X)={qeQ:T(qNX#0} ={ge Q: (Is€ §[sAgands e X]} = (A)(X).

If K C Q, wewrite —K for Q\ K. We now have

Theorem3.4. 1. [Al(I') is anormalclosue opemtor on 29, andfor each P C Q, [A|(T")(P) is the
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smallestelemenbf % containingP.

2. (0[] is anormalinterior operator on 29, andfor each P C Q, (A)[I'](P) is thelargestelement

of &y containedn P.

3. kg ={-K:Ke %}

Proof. 1. Sinceboth (') and[A] arenormalandmonotonesois [A](I). Letq € P; then,

qe[A|N)(P) <= T(q) < (M)(P),

<= (Vse 9)[aqrs= (Ipe P)pls.

Sincep € P, we maysetq = p. For (3) we have

g€ [AM[A](X) = (Vs€ §)[drs= s e (M)[A](X),
= (Vse 9[ars= (Ipe Q)[plsA (Vt € Y[prt =t € X]]],
= (Vse §lars=se X],

= q € [8](X).

SupposehatP C [A](X) for someX C S Then,

[AKM) (P) € [AKMAI(X) = [A](X)-

2. and3. follow immediatelyfrom the duality of (A) and[A], respectiely, (I') and[l]. O

It is well known thatfor R C A x B thefunction[[R”]][[R]] is a closureoperatoraswell, andit is not

hardto seethatit is justthe” operatorusedin formal context analysis.The following result,(whose
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simple—if somavhattedious— proofis left to thereader)shavs how thevariousclosurediffer:

Theorem3.5. Forallge Q, PC Q,

qe [ (P) <= ({r(p): pe P} CT(q).

g€ [[A][r(P) <= T(a) S U{T(p): pEP}.

In thefollowing sectionswe will investigatethe questionhow well an SKS %5 approximatesan EKS
Ksov. Theorem3.4 shavs thatin caseof &, eachP € &gy is containedn asmallestP’ € &;, which

we will denoteby P°. For alower bound we take in this case

Pif Pe &,

|0
o
Il

{T € X : T ismaximalwith T C P}.

Obsere that P, € %, sincethe latter is closedunderintersection. Similarly, for 84, we setPy =

{M)[r](P), and

Pif Pe XKy,

ol
=%
I

U{T € Kg : T isminimalwith T D P}.

We now have, notsurprisingly

Theorem 3.6. For all P C Q,

Po=—(-P)’, F'=—(=P),.
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Proof First, notethatby Theorem3.4.3,we have for all P, K C Q

K is maximalwith respectoK € %; andK C P «<—

—K is minimal with respecto K € Xy andK D —P.

If P e &, then—P € %G, andtheconclusionfollows. Otherwise,

P. = {K : K is maximalwith K € %; andK C P},
= (IA){r)(K) : K is maximalwith K € %; andK C P},
= ({={)(—(M))(K) : K is maximalwith K € % andK C P},
= N{=(®)([)(=K) : =K is minimalwith —K € % andK 2 —P},

= —[J{®) (M) (—K) :: =K is minimalwith —K € % andK > —P},

Thesecondcases shavn analogously O

If P =solv(t), then,in caseof a conjunctve o, we interpret(")(P) asthe upperboundof the skills
whicht possiblyhas,andP® asan upperboundof the problemswhicht is capableof solving. Note
thatthis modelassumptiomrestrictsthe occurrenceof careles®rrors,anddoesnot touchuponlucky

guesses.

With regard to the choice of knowledge spacesv. closuresystemsthe precedingduality results

reinforcetheview of Doignon(1994)that

“Thereis no formal reasornto preferonekind of stability over the otherwhenworking

with skill assignmentsOnly a carefulstudy of the learningsituationcangive a hint to
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whatshouldbethe mostrelevantassumptionsn thefamily of states.

Indeed eachof knowledgespaceandclosuresystemcoversjust onesideof a coin: While knowvledge
spaceseento give moreinformationabouttheskills asubjecicertainlyhas closuresystemslelineate

theskills a subjectpossiblyhas(andthus,which skills arenot possessed).

It may be worth to look at knowledge structureswhich are closuresystemsaswell asknowledge
spaces.A specialexamplearelinear ordersof clustersof problems,an example of which will be
consideredn Section5.1: Supposehat {A; : i < k} is a partition of Q inducedby the equivalence

relation~, andthatQ is quasi-orderedyy

Pp<q<= peA, qeA,forsomei < j<k

We interpretthe orderingas

If gis solved, every problemr < g mustbe solved aswell, andary problemp ~ g may

or maynotbesolved.

Thisleadsto thefollowing knowledgestructure:Foreach <k, letB; = Uj<iAj- We alsosetAy 1 =0.
Now,

K= {BUT:i<kTCA1}U{0).

K is N anduU stable,anda conjunctive anda disjunctive skill assignmentanbe constructedn the
following way: For eachi <k, let Ay = {q;j : j < ni}, sothatQ = {q;; : i <k, j <n;}. Oursetof

skillsis S={s,j : i <k, j <n;}; obsere thattheassignmens ; — q ; is abijectionfrom Sto Q.
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e Foralli <k, j<nset

Fo(dj) ={{st:r i, t<ntu{sj}}

It is straightforvardto seethatl g leadsto a conjunctie skill assignmentandthattheresulting

SKSisjust X.

e Foralli <k, j<nset

Fia) = {sd i t<njU{{sj}}.

Then,theskill assignmenis disjunctve, andd:({s j}) = Ui<«; AU {0 j} shavsthat %5, = K.

Thereforejncompatibletheoreticaideasmay leadto the sameempiricalresults.

4 Towards a testtheory basedon skill functions

Oncewe have fixed our operationalisatio® of a domainof skills, we needto gaugehow well the
empiricaldataandthe theoreticalstructureinteract. For globaltestconsisteng we needto compare
the EKS Ko andthe SKS %5, andour planis to find indiceswhich provide a closeranalysisof the

compatibility of the obsenred statesandthe predictedstates.

In theliteraturethereareseveral— quite diverging — approacheso constructestimatiornprocedureso
measurdhe fit betweenZ%soy andthe SKS %5. Classicallatenttraits modellingapproachesuchas
the conjunctve latenttaskmodel (usinga conjunctive assignmenbf tasksto problems,(Jannarone,
1986,1991,1997))andthe disjunctive latenttaskmodel (Lord, 1984) shav a remarkablydifferent

behaiour; this is somavhat astonishing becausehereare situationsin which both modelling ap-
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proacheshouldcometo approximatelythe sameresultsasour constructionof I'g andlM; above. In
this Sectionwe describea testtheory basedon skill functions,which doesnot usethe strict model
assumption®f a Birnbaumor Raschmodel suchas tracelinesof task behaiour or, additionally
weightedsumsof cognitive demandsasin cognitive designsystemgEmbretson,1998,1999). In-
steadwe useindirectchecksof modelconsisteng Furthermorethe proposedesttheorydoesnot—

atleast,in principle—rely on the specialcase®f conjunctve or disjunctive functions.

Within the frame of knowledgespaceheory probabilisticassumptiongor modellingerrorsin Ko
have beenconsideredcaswell in what may be called a probabilistic knowledg structue (PKS) ap-
proach. This techniqueusesa probability a for lucky guessesinda probability 3 for carelessrrors
to describethe discrepanciesf Xsony and X5 (Kambouriet al., 1994). Thereare, however, several
problems:Firstof all, thePKSapproachs not specifiedunlesghe parameterestrictionsaregiven. If
no restrictionsareset,oneneedgo specifya- andp-parameterfor all state< problemcombinations,
which is by far too muchto be estimatedusinga reasonableumberof subjects.Restrictingthe pa-
rameterss possible but resultsin modelswhosepropertiesarelargely unknavn. Someapproaches
assignall lucky — guess- parameter$o oneparameten, andall careless- error— parameterso one
parametef. Thisis avery restrictive probabilisticknowledgestructure andit is not clearin which
reallife situationsit canbe fruitfully employed. The secondorigin of problemsstemsfrom the fact
thatthe PKS doesnot reflectthe natureof the skill function: We have shavn that certainknovledge
structureanbe constructedrom conjunctve or disjunctive skill functions,but the PKSis identical
for both—asituationwhichis not satishctory if oneassumethe probabilityof anerrorwhensolving
a problemsis a function of the “missing skill” probabilities. Given a conjunctve skill function, the
"problemsolved” probabilitywill be mixture of convolutionsof elementaryprobability distributions,

whereaghedisjunctize skill functionresultsin a complicatedmixture of elementarycomponents.
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Therefore,one can say with somejustification that thereis — up to now — no simple and elegant
way to setup a probabilisticversionof the deterministicnodelof skill assignmentln the next two
subsectionsve investigatehe problemin avery elementaryway, which canbe describedy theterm
“bump hunting”, ie. looking for unevennessn the texture. The main assumptioris that a- and 3-
parameteraresmall,andthatthe statesof the deterministicnmodelarea substantiapartof %go. A

statisticaltestprocedurego checkthis assumptions provided.

4.1 Global consistency

In thesequelwe call ary obsered statesolv(t) € %san \ Ks inconsistent{with respecto (S, Q, 5)).

Theconsistencyndex

— | %olv N %'
| i7@olv|

offersafirstlook attherelative consisteng of X5y and K, since0 <y < 1land

Y=1<= Ksow C %.

A statisticto measureconsisteng of the EKS andthe SKSwhich takesinto accountheweightingof

the statesby subjectds

|Uke gemnas SOV 1K) [{t €U : solv(t) € K5}
U, \2) == alll — = s
Y Koo R8) = T e SV T U]

If Ksolv, K5 areunderstoodve will usuallyjustwrite y .

If yu is notfarfrom 1, it seemsobvious thatthe empirical structureis more or lesscapturedby the
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skill function. However, evenyy = 1 is not a guaranteahat the skill function hasary significance
for the data: Supposehat f : S— Q is abijection,andsetd(X) = {f(x) : x € X}. In this casethe

resulting X is simply 29 andary stateis consistentvith suchskill assignment.

In termsof a PKS we counttherelative numberof elementsn stateswith the highestprobabilities.
But, for large |U |, thevalueof y is expectedo bevery small,becausevensmalldeviationsof EKS
andSKSdueto lucky guesseandcareles®rrorswill resultin remarkablenumberof misfits. For both
reasonsthereis theneedfor astatisticabrocedurdo derive thesignificanceof theintersectiorof EKS
and SKS. This computationneedssomeknowledgeabouta plausiblebenchmarldistribution of the
fit of & with respecto Ksq. Following theroadof non-invasive dataanalysigDintschandGediga,
2000),we wantto minimise modelassumptionstherefore,in the absencef otherinformation,we
suggesto employ arandomisatiortechniguesinceit is valid for ary kind of sample(Manly, 1997).
We assumeherelationl” to be given, andwe randomisehe problemswithin therelation. Let Z be

thesetof all permutation®f Q. For eacho € ~ we definel 5 by

o(Q)l X <= qrX.

Sincea is abijection, "5 is well defined,andwe let %5 betheresultingskill knovledgestructure.
Notethato is just are-labellingof Q, andthus,the settheoreticstructureof X3 is not changed.We

cannow computethe positionof theempiricalvaluey(U, Ksoly, &) in thedistribution

{VU, Ksolv, K5(0)) : O € Zq},
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which enablesisto measurehe significanceof the null hypothesidg

“V(U, Ksolv, K3) is theresultof arandomassignmenof problemsto skill sets”

by

_ YU, Ksovs Ks(0)) = YU, Ksois &) }
P QI |

andto comparethis to a fixed a value. Sincethe computationof p is not feasiblefor larger|Q|, we
have developeda sequentiatandomisatiorprocedurenhich dramaticallyreduceghe computational
effort (DUntschand Gediga,2000, Chapter4.3). We have found, thatin mostcasedessthan 100
simulationswvererequired.Note,thattherandomisatiorprocedureas aconditionaltestandthatevena
smallvalueof yy mayhave alarge effect, for example,if thenumberof itemsis largeandthenumber
of statess small. Therefore,jn orderto achiese aneffect measureyy hasto be adjusted.Usingthe
argumentsof Cohen(1960)and Scott(1955),who took into accountthatagreemenimay be dueto
chanceweresultin atestconsistencyneasue whichis acorrectionof yy for consisteng expectation:

YU, Ko %) — EIY(U, Fons %)
KU Koom 8) = T TN o R)]

Theexpectationu(yy |Ho) of arandomassignmentf problemsto skill setsis definedby

ge Ua 0Olvy o
(o Ho) = 2o ‘éﬁ' %60) _ e MU, Koo ). 6)

andcanbeapproximatedy simulationmethodsaswell.
K(U, Ksolvs &5) = 1 indicatesthat Koy C %G holds. If K is near0, anoverlapof %z and X5 may be
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dueto chance.

Therandomisatiorprocedureabore canalsobe usedfor the statisticalevaluationof additionalstruc-
ture: Supposehatd;, &, : 2° — 29 areoperationalisatiahof S andsupposéhat X5, C Xs,. Wethen
computeXg,, = Kson \ K5, and &g, = %, \ &, andy(U, K, K, ). Its positionin the distribution

Y(U, Koy Koz(0)) givesus someinsight whetherthe empirical obserationsin the additionalstates

canbeattributedto arandomprocessr not.

4.2 ltem consistency

Givena sufiiciently homogeneousontet, item analysiscanbe doneby checkingthe changeof the

testconsisteng whenremaoving anitem g from the problemset. More formally, we set

K = {8(X)\{a} : X C 8},

Koo = {sOMt) \ {a} :t € U},

U, K, KO = {teu :STB/;(t) € 7<§}|’

Observingthat y%(U, 3}, ?(éq) > y(U, Ksolv, &5), We resultin a procedurewhich helpsto evaluate
theinfluenceof a testitem: If the testconsisteng changesonsiderablywhenanitem is removed,

thenthisis a strongadviceto remove theitem from thetestor to reformulatethe giventheory

A comparableonstructiorcanbe donefor the evaluationof skills: Remaring asetT of skills from S
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will resultin

d =3[ (S\T), (7)
Ksr ={8"(X) : X C S\ T}, 8)
V' (U, Foow, ) = - S, ©

Observingthaty" (U, Kson, Xs7) < Y(U, Kson, Ks), We resultin a procedurewhich helpsto find re-

dundansskills in termsof consisteng. A skill reductis asetT of skills suchthat

y(S\T)(U7 7(SOIVa ?(5(3\1')) = y(U7 7(SO|V; 17(5)

Any skill reducthasthe sameexpressie powver —in termsof consisteng — asthefull skill set.

4.3 Distanceto boundaries

Consisteng measuresleal with the exact matchof theoryanddata. However, thereare situations
which cannotbe tackledby sucha crisp zero-orone-statisti. As a simpletool, the theoryoffersthe
usageof the lower and/orupperboundariedor the evaluationof the skill theoryin caseof suitable
problemfunctions. As an example,supposédhat the given problemfunction d is conjunctie or dis-
junctive, so that P and P are meaningful. For every elementP € %oy We computethe Hamming

distances

H(P) =[P\P], (10)

H(P) =[P\P]. (11)
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Thus, every elementof the EKS canbe measuredn termsof its distancedo upperand lower ap-
proximation. A conjunctie skill functionwill resultin a closuresystem,anda uniqueandsimple
upperboundof ary elementof the EKS canbe computed.The analysisof the Hammingdistanceto
the upperboundoffers a simpleandcomputationallyfeasiblemethodfor the evaluationof suchclo-
suresystem.Similarly, the lower boundof ary elementof the EKS usinga disjunctive skill function
(which generates knowledgespace)s uniqueandeasyto computeaswell, thus,providing a simple

ancomputationallyfeasiblemethodfor the evaluationof suchknowledgespaces.

The distribution of Hammingdistancesan be usedfor descriptve andinferential purposes.Their
meanvalue provides a measurewhich is analogoudo the coeficient of reproducibility (REP) for

Guttman-scaleby the definition

_ 2peseq 17 (P)

RERy. =1 :
" %ol O]

letting H*(P) beeitherH (P) or H(P).

We think that— evenin caseof a Guttmanscale— the analysisof Hammingdistancego upperand

lower stateboundariess moreinformative thananindex suchasreproducibility:

e Thedistancedo lower andupperboundare appliedto every empirical state,andthey offer a

characterisatioof this statein termsof its boundaries.

e The conceptof Hammingdistancego upperand lower stateboundariess very general,and
canbeappliedto far moresituationsghanthe Guttman-scale-basedproducibilityapproachlt
shouldbe notedthat the reproducibility approachandthe Hammingdistanceconceptare not
measuringhe samething: The reproducibility countsthe numberof elementexchangeghat

have to be performedto resultin a errorlessmodel. This approacthasnot muchin common
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with the Hammingdistanceconcept,becausef the“hardest’item is solved alone(which has
the largestHammingdistanceto an upperboundaryof a Guttmanscale),the exchangeof two
elementsvould repairtheerror If the “easiest’item s not solved, but all othersare,we result
in the largestHammingdistanceto alower boundarybut onceagainthe error canbe repaired

by exchangingwo elements.

Because¢hesubjectsetU canbequasi-orderetly theHammingdistanceH (solv(t)) and/orH (solv(t)),
thedistribution of the Hammingdistancesanbe usedto comparetwo or moreskill functions. Two
skill functionscanbe comparedyy usinga Wilcoxon ranktest,andfor morethantwo skill functions

onecanusea Friedmananalysisof ranks.

4.4 Comparing groupsand explaining group differences

Comparinggroupsusingtestresultshasbecomeaprominentiopicin applicationsThereare—atleast
— two differentquestionasvhencomparinggroupsusingknowledgestructures:First, the groupscan
bedescribedy two differentstructuresandthe knowledgestructureis usedfor descriptve purposes
(e.g.Janssenfl999)).Secondthetaskis to analysawhich groupis “better”, giventheresultswithin
arepresentationf acommonknowledgestructurefor all groups.For the secondask,we have shavn
elsavhere (DUntschand Gediga,1998) that the resultsin %o aloneare sufficient to testwhether
onegroupoutperformsanotherone. Here,we will presenta slightly generalisedrersionof this test

procedure.

Supposethat the subjectsetU is partitionedin to groups® = {G; : 1 <i < tg}, andthatfor all
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G,H € & wedefinepgq : Gx H — {0,1} by

1, if sol\(y) C solv(x),
He,H (X,Y) =

0, otherwise.

ThegroupdifferencefunctionD : & x & — N is definedby

D(GaH) = Z{HG,H (X,y) : <Xay> € G x H}

ThedifferenceD(G,H) —D(H, G) offersapossibilityfor theevaluationof thegroupdifferencedased

on Ksonv- Thenormaliseddifferencer (G, H) is definedas

r(G,H) =
D(G,H)-D(H,G _
W, otherwise.

The normaliseddifferenceis boundedby —1 < r(G,H) < 1. If r(G,H) = 0 thenthereis no group
differencewhereas (G,H) = 1 indicatesthatgroupG dominatedH in the highestpossibleway. The
significanceof the normaliseddifferenceD(G,H) canbe testedby a randomisatiorapproactusing

the (|GHH|) possibleassignments of subjectgo groupsG® andH?, defining

D(G,H) = {HeH(xY) : (xy) € G" x H?}.

Thedistribution r°(G,H) canbe generatedsa basisof a one-sidedsignificancetest,andthe distri-

bution |r°(G, H )| canbeusedaswell for the statisticalevaluationof |r(G,H)|.
The evaluationof the differencesof morethantwo groupsbasedon the randomisatiorapproachs
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possibleaswell using

_ XGaéH ‘D(GaH) - D(H,G)'
23641 D(G,H)

R

Obsenre thatneitheradditionalscalingassumptionsor distributional assumptionarebeingusedfor
the constructionof thesetests,andthat they are non-irvasive asdefinedabose. One might object,

however, thatthetestswill notfind groupdifferencesof thefollowing kind:

e GroupG: All subjectssolve itemsA, B,C.

e GroupH: All subjectssolveitemD.

The normaliseddifferencer(G,H) is zero, althoughthe subjectsof group G solve threeproblems,
whereasall subjectsn groupH only solve oneproblem. This seemdo be a dravback, but it is well
within our non-irnvasive approachThedifferencebetweerbothgroupscanonly be statedon thebasis

of the (additional)scalingassumption

“Setsof solved problemscanbescaledto numbers”

with all its implications. The proposedestprocedureonly usesthe soft scalingassumptiorthatthe
subserelationcanbeinterpretedas<; in otherwords,subjectx is regardedto be betterthansubject

y if andonly if solv(y) C solv(x).

Thereare several stratgjiesto comparegroupson the basisof the scalingassumptionsThe general
ideais to replacethe obsered solv(x) by a (in somesense)ompatiblestates*(x) and performthe
statisticalprocedurewith the new states.We demonstratéhesestratgies usinga simple example:
Consider

K ={0,{A},{AB},{AB,C},{AB,C,D}} and solv(x) = {B}.
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e Thetraditional“scalesum”approachs to replacethe statesolv(x) by the “nearest’states*(x),
which shavs an identical scaling property namely the sum of the solved items. This is a
propertyof a numericalsystemwhich representthe data— andnot a propertyof the empirical

system.Obviously, solv(x) ands*(x) canbequitedifferent,e.g.s*(x) = {A}.

e Becausdhe Hammingdistancemeasuréhasseveral nice properties(Suck,1999),the ideaof
takingastateK € %3 which hasaminimumHammingdistancedo solv(x) is tempting.But even

in the simpleexampletheresultof this procedureneednot be unique because

H(solv(x),0) = H(solv(x),{A,B}) = 1.

Therefore suchanapproachis not usefulfor the purposeof groupcomparisons.

e In caseof aconjunctve or disjunctie skill assignmentheupperboundapproactusings*(x) =

solv(x) will resultin a uniquerepresentationf ary elementof Xgo. It offers an optimistic
estimationfor the setof problemsa subjectcansolve, assuminghat the problemsin s*(x) \

solv(x) have notbeensolveddueto carelesgrrors.In the examplewe obsere s*(x) = {A,B}.

The lower boundapproachusings*(x) = solv(x) will resultin a uniquerepresentationf ary
elementof %oy aswell. Here, oneassumeghat the problemsin solv(x) \ s*(x) have been

solvedby lucky guessesin theexamplewe obsere s*(x) = 0.

Becausdhe upperandlower boundapproachesffer anapproximatiorwhichis

e Compatiblewith thetheory
e Locatedin theempiricalsystem,

e Unique,
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we favour the useof thesestratgiesfor skill theorybasedyroupcomparisonif the operationalisation

is conjunctve or disjunctive.

Usingupperor lower boundalonemayrunin problems asthefollowing exampleshows:

K ={0,{A},{A,B},{A,B,C},{A,B,C,D}}, solv(g) = {D}, solv(h) = {A,B,C}.

We have learnedfrom testingin Kgopy thatg andh will not differ. With the scalesumapproachwe

seethatg 3 h, which is the sameresultwhich the lower boundapproactoffers. The upperbound

approachresultsin h 3 g, becausesolv(h) = {A,B,C} C solv(g) = {A,B,C,D}. This dissociation

lookslike adravback,but it really is not, becausehe diverging resultssimply reflectthe factthatthe

stateggivenby thetheorydo notfit thedata.

4.5 Skill basedevaluation of groups

Whenusinga conjunctiely or disjunctiely interpretedskill relation” C Q x 25\ {0}, a skill based
evaluationof groupsis fairly simple,the reasorbeingthatthe rangeof the skills of subjectx canbe
retrieved from the upperandlower boundsof solv(x) asdescribedn Theorem3.4andthediscussion
afterwards.To shav whatcanbedone wefirstdefineR(s) = {q € Q: (3X)[s€ X and gqI X]} for each
skill s; regarding|R(s)| asanindicatorvariable we cancounttheresultingnumberswithin thegroups.
Assumingthat every skill is testedby at leastone problem,we areableto testgroupdifferencesor

skill susinga Chi-squaredest.

Theskill setbasedapproactof comparinggroupsusingupperandlower boundssometimesappears
to be unsatisaictory The reasonfor this arethe crisp definitionsof upperandlower bound,which

turn outto maskgroupdifferencesif theskill functionis not properlydefined.To find outwhich skill
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assignmentsoften” work well andwhich do not, we cando the following in caseof a conjunctie
skill assignmentFor eachs € S, theratio
| solv(x) NR(s)|
[(X|s) = ———=———
%= R
is calledthe skill intensityof s for subjectx. If 1(x|s) # 0O, thensis anupperboundskill for x, andif
I(x|s) = 1, sis alower boundskill for x. Groupdifferencegepresenteavithin a “partially working”

skill assignmentanbe found by inspectingthe 95% confidencentenals of the meansof | (x|s) in

every group.

5 An Example: Reanalysisof a well known Guttman Scale

Evenfor smallscalesituations non-trivial examplesfor skill assignmenproceduresendto betech-
nically demandingbecauseasana-priori techniquethe domaintheorymustbe developedin detail,

andits connectiorto the datamustbe statedn a precisemanner

In orderto presentan examplewith low technicaloverheador describingthe skill assignmentech-
nique,we have chosenoneof thefirst applicationsof Guttmans scalingtechnique(Guttman,1944,
1950),in which Suchman(1950)investigatephysicalreactiongto dangersof battle,experiencedy
soldierswho have beenunderfire. Obviously, physicalreactiongo dangerarenot “solved problems”
andtherecanbeno “skills” asa theoreticalbasisfor explaining this reaction. Neverthelessye will
shav belav thatonecanre-interprethegivendomain-data-connéon in termsof the skill theoryde-
velopedabore. In this contet, a “problem” is a physicalsymptom,anda“skill” is therepresentation

of a stimuluswhich triggerssucha symptom.
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5.1 Structure of the example

Suchman(1950)shaved thatthe patternsof symptomsexperiencedoy the subjectsform a Guttman
scalewith a coeficient of reproducibilityof 0.92. Presencef symptomsin decreasingrderwasas

follows:

g1 Violentpoundingof the heart 84%
g2 Sinkingfeelingof thestomach 73%
gz Feelingsickatthestomach 57%
g2 Shakingor tremblingall over 52%
gs Feelingof stiffness 50%

gs Feelingof weaknessr feelingfaint 42%

gz Vomiting 35%
gs Loosingcontrolof thebowels 21%
Qo Urinatingin pants 9%

Onceonehasfound a scalingmodelfor the data,the scalemustbe interpretedn theoreticalterms.

A simpleinterpretations that

e Therepresentationf the externaldangerstimuli (“skills”) meetsreactionthresholdgor reac-

tionsq; to g,

e Reactionthresholdshav the sameordinalrelationfor every subject,

e Therepresentationf externaldangerstimuli grows smoothly

A theoryconsistentith theseassumptiodeadsto a conjunctie skill assignmentvith the following
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I" relation:;

Fo(an) = {{Ad}},

Fo(d2) = {{A1, Ao},

Fo(ds) = {{A1, A2, As}},

Mo(ta) = {{A1, A2, A, Aal},

Fo(0s) = {{A1; A2 A, As, As}

F6(06) = {{A1,A2, A3, A4, A5, A6} },
Fa(ar) = {{A1, A2, As, A, As, As, Ar}
Fo(ds) = {{A1, A2 A, Ad, As, Ae, A7, Ag} },

rG(qQ) — {{AlaAZa A37 A4’ A57 AG; A7a A85 Ag}}

A “skill set”{Ay,..., A} isinterpretecas

e Therepresentationf externaldangerstimuli exceedghereactionthresholdof qg,. .., Gk.

e Thereareno otherpossibilitiesto generateay.

TheGuttmanscaling— andthe correspondingskill) functioninterpretation-is constructedy

1. Therankorderof the percentagesf solveditems.

2. Theadditionalassumptiorthatthe dimensionwhichis obseredin the numericalsystemhasa

counterpartn theempiricalsystem.

Theideaof theskill functionapproachs to usea domainknowledgebasedconstructionwhich does

not use (post-hoc)informationin the numericalsystem. The interpretationframe of the Guttman
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scalehastwo theoreticalissumptionsyhich canbeadopted:

e Therepresentationf externaldangerstimuli meetsreactionthresholddor reactionsy; to go.

e Therepresentationf externaldangerstimuli gronvs smoothly

A look atthelist of itemsshaws thatthey canbeassignedo threecateyories

e Slightsomaticsymptoms, gp.

e Mediumto sereresymptomswithout excretionds, s, ds, gs-

e Excretiondy, qg, gg.

Assuminganorderamongthesethreecatayories,andno orderwithin the catejoriesdueto individual
response stimulirepresentationye canconstruct clusteredpartialorderof threegroupsresulting

in thefollowing conjunctve relation:

Ma(on) = {{B1}},

M3(d2) = {{B2}},

M3(ds) = {{B1,B2,Bs}},

M3(da) = {{B1,B2,Ba}},

M3(0s) = {{B1,B2,Bs}},

M3(de) = {{B1,B2,Be}},

[3(c7) = {{B1, B2, B3, B4,Bs,B6,B7}},
[3(ds) = {{B1, B2, B3,B4,Bs,Bs,Bs} },

FS(QQ) - {{817 827 B37 B4a 857 BG, Bg}}
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We shouldlike to point out that at this stagein the model building processthe datahave not yet

enterednto thepicture.

Whereasks has10theoreticaktates Xz, has29 statesvhich have oneof theforms

P, P C {a1,a},
{01, } UP, P C {03, 04,05,06},
{1, %, O3, G4, U5, 06 } UP, P C {ar,08, 0o}

5.2 Consistency

Comparinghetheoreticabktatesvith theobseredanswerdgrom asampleJ with size100(Suchman,

1950,p. 140),we obtainTablel.

[Tablel abouthere.]

There,a“hit” is anelemenf %sovN X5, and E is the expectationdefinedonp. 21.

Thenumberof hitsin boththeoriess significantlydifferentfrom its expectation.Thequestiorarises,
whetherT 3 is a substantiallybettertheorythanl'g. Since %, C %5,, we canusethe techniquefor

analysingpartialy valuesiheresultsareshavn in Table2.

[Table2 abouthere.]

Thenumberof additionalhitsis significantlydifferentfrom the expectationandwe canconcludethat

I is substantiallyimproved by I3 in termsof consisteng

Theleave-one-statisticfor boththeoriesarepresentedn Table3.
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[Table3 abouthere.]

Both skill theorieshave highersupport,whenleaving out certainproblems. In caseof the Guttman
scale,qz is a promisingcandidate whereasin caseof the 3 clusterassumptionjtem g7 is a good
choicefor an even bettermodelfit. It is trivial thatleaving out A1 will not changethe consisteny,

becauseAl is really redundantasit is a conjunctve part of every problemfunction. Whereaghe
profile of the A-skills is ratherflat, the B-skills shav (up to skill B1) aratherbig differenceto thestart

value(70). Thisindicateshatmostof skills for '3 arenecessaryo resultin suchhigh consisteng

[Table4 abouthere.]

5.3 Lower and upper boundsand the Hamming distancedistrib utions

Table4 presentdower andupperboundsof the elementf Xsq, andan evaluationin termsof the
distribution of Hammingdistancego the upperandlower boundsis givenin Table5. This provides
additionalinformationaboutthe misfits of the problemfunctionin termsof the distribution of Ham-

ming distancedo the upperandlower boundaries.

[Table5 abouthere.]

5.4 Group comparison

The exampledatado not containa variablewith groupinformation. To demonstrat@ur approach,
we definetwo groupsby assigningthe subjectsto group0 if item 5 is not present(gs = 0), andto
grouplif item5is presen{gs = 1); itemgs is thenremovedfrom thescale.Theknowledgestructure

comparison- whichis modelindependent is presentedh Table6.
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[Table6 abouthere.]

Within the comparableelementsitem gs splits the empirical knowledge structurequite perfectly

(r=0.81);the differencesanhardly be attributedto randomprocessessig( # E[r]) = 0.01).

Thegroupcomparisorin termsof theoreticalvariablesis presentedn Table7 for the basictermsin

thedatamodelgivenby I 3.

[Table7 abouthere.]

Thetwo groupsshaw large differencedn all indicesof the theoreticatermsB1 to B9. Table7 also
demonstrates simple structuralpropertyof the upperapproximationof skills: If a skill is a very
basicone (like B1 or B2), it is often presentin the upperapproximation. The diagnosticcan be
doneby comparingthe meanvalue of the intensitywith the upperboundpercentagestf both differ
remarkablytheskill is oftenaddedo the upperbound.For the mostcomplicatedskills (like B7, B8,
B9), the meanof theintensityandthe upperboundpercentageareidentical,which meanghatthese

skills werenever addedto anupperbound.

6 Summary and outlook

Thetheoryof skill knowvledgestructuregTSKS)proposesadirectlink from theresearches'theoryto
atailorednumericakystemusingobsereddata( = theempiricalsystem@asanintermediatanedium.
Its foundationis ana-priori scalingmodel,andtherefore thereis a needfor a preciseformulationof
the theoryin logical or relationalterms. In the model, the researchestartsby constructinga skill
assignmentresp. a problemfunction, which is an explicit operationalisatiomf domainknowledge,

mappedo anempiricalsystem.Therearenoadditionalscalingassumptiorin TSKS—all assumptions
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are restrictionsof the operationalisation.Even the model assumptiorfor the operationalisatioris
rathersoft: “More” in the domainshouldresultin “more” in the empirical system— which makes
sensdor testingknowledge.We have shavn thatthe additionalscalingassumptionsf closureunder
unionor intersectiorcanbe expressedy restrictionsonthe operationalisationFurthermorewe have
positionedwell knovn dataanalysisstratgiessuchasknowledgespacesandconceptanalysiswithin

the TSKS context.

Sincethe numericalsystemis constructedrom the initial theory without the data,thesemustbe
interpretedn termsof the theoryandits modelassumptionsin this respectGuttmanscalingasan
a-posteriorimodelis lessdemanding.In our contet, for example,one may well ask, whetherthe
assumptiornof a monotoneoperationalisationmakes sensen the exampleof underfire-symptoms;

ourresultsshav thatsucharequirements certainlyconsistentvith the data.

If an expert formulatesa theory (s)hewill often not be as preciseas necessaryo resultin an ac-
ceptablemodelfit. In this papersomeproceduresreofferedto discover weaknessesf the problem
function,andto optimisethe theoryof thedata. The significancetestswhich we have suggestea@rea
descriptve instrumenbonly; howvever, by usingcrossvalidation,onehasa powerful instrumenfor test
constructionWe have usedthe procedureintroducedn this paperto construcianew intelligencetest
andhave shawvn thattheresultscompetewell with resultsof corventionalmodelsof testconstruction

(Preclel etal., 2001).

Becausea soundtheory doesnot allow every possibleoutcome,resultsof subjectsare not always
preciselygivenin the TSKS model,andonly lower andupperboundof knowledgecanbe generated.
We think that theseboundsoffer more informationthan a single point estimate becausehe latter
compressethe knowvledge usinga — sometimesot suitable— measuremennstrument. The lower

andupperboundsarenot statisticalbounds put logical ones.A statisticalerrortheoryfor upperand
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lower boundsstill needgo bedeveloped.
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Figurel: Thedatamodel
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Tablel: Consisteng of two skill theories

Theory | No. of hits | yy | E[hits] | p(hits < E[hitg]|Ho) | Ku
e} 51 0.51| 16.28 <0.001 0.415
M3 70 0.70| 20.65 <0.001 0.622
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Table2: Comparisorof consisteng of two nestedskill theories

No of additionalhits

Yu

Z[hitg

p(hits < E[hits]|Ho)

Ku

19

0.39

1.55

<0.001

0.613
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Table3: Leave-one-oustatisticfor soldierdata

tem |l I3 SKkill Nre (A I3(B)
q | 53 74| (A/B)1 51 69
G | 54 74| (A/B)2 44 63
g | 60 72| (A/B)3 44 54
@ | 58 73| (A/B)4 49 55
g5 | 56 74| (A/B)S 49 50
g | 58 72| (A/B)6 49 49
o | 59 81| (A/B)7 45 61
g | 53 71| (A/B)8 46 58
g | 52 70| (A/B)9 44 51
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: Lowerandupperboundsin thesoldierdata

I3 e
Pattern(X1.. X9) req. lower upper lower upper
000000000 7 0 0 0 0
000000010 1 {2} {a2} 0 {a1. 92}
000000001 7 {ai} {ai} {ai} {a}
000100000 1 0 {a1,02,06} 0 {01,042, 03,04 5. G}
001000000 1 0 {01,042, 03,44, 05, G- A7} 0 {a1,92,03, 04,05, 6. A7}
000001010 1 {a2} {a1,02,04} 0 {a1,02,03, 94}
000010010 2 {2} {01, 92,05} 0 {01.92, 3, 4. G5}
000000011 7 {a1. 92} {a1, 92} {a1, 92} {a1, 92}
010000001 1 {a1} {9192, 43, 94,95, %6, 08} {ae} {01, 92,3, 04,95, 06, G7- A}
001000001 1 {on} {01,042, 03,44, 05, G A7} {a1} {a1,02,03, 04,05, - A7}
000010001 1 {on} {a1,02,05} {a1} {a1,02,03,04,05}
000000101 1 {an} {a1,02,03} {a1} {01, 92,93}
000001001 1 {a} {01,02,04} {a1} {01,2,03,04}
000100100 1 0 {01,02,06} 0 {a1,02,03,04. 95, 96}
000001011 3 {0102, 04} {01,02,04} {0102} {a1,2,03,94}
000000111 2 {a1,02, 03} {a1,02,03} {012,093} {01,092, 93}
000100011 1 {a1,02,06} {102,096} {01, 02} {01,02,03, 04 95, 96}
001010110 1 {a2} {01,042, 03,94, 05. 96, 47} 0 {a1,02,03, 04,05, 0. A7}
000011110 1 {a2} {01, 02,03,04. 95} 0 {01,02,03,04,05}
000010111 2 {01,02,03,05} {a1,02,03,05} {01.q2,03} {01,02,03,04,05}
000100111 3 {01, %2, d3. 96} {01.%, 43,06} {01. %, a3} {01, %, 93,0495, 06}
000001111 2 {01, %, d3,0a} {01, %, 43,04} {01, %, 3,04} {01, 92,093,094}
000101011 1 {a1,02,03. 06} {01, %2, 43,06} {a1, 02} {01,042, 03, 04. 5. G}
000011011 3 {01, %2, 94,95} {01.%2, 94,05} {a1. 92} {01.92, 43, 4. G5}
001000111 1 {a1,02. 03} {01,042, 03,44, 05. 96 7} {a1. 02,03} {a1,02,03, 04,05, - A7}
001010011 1 {01, %, 05} {a1,92,93,04,0s, 96, a7} {a1, 2,03} {01, 92,93,04,0s, 96 A7}
010011001 1 {a1} {9192, 43, 94,95, %6, U8} {an} {01, 92,93, 045, 96, G417, d8}
001110101 1 {a} {01,042, 03,44, 0s. 6. A} {ai} {a1, 02,03, 94, ds. 6. A7 G}
001100111 1 {01,042, 03,06} {01,042, 03,04, 05. 96, 47} {01, 2,03} {01, 02,03, 04,05, 0. A7}
001011101 1 {a} {01,042, 03,04, 05. 96, 47} {a1} {a1,02,03, 04,05, 0. A7}
000111011 1 {01.2,04,05, 06} {01, 92,04, 05. 96} {0102} {01,042, 03,04 95, 96}
010011101 1 [} {01,042, 03,04, 05. 96. 98} {a1} {01, 02,03, 94,95, 6. A7 s}
001010111 1 {a1,02,03,05} {a1,02,03, 94,05, 96, 47} {a1.q2,03} {a1,02,03,04, 05,06, a7}
000011111 2 {01.92,03, 04,05} {01,02,03,04. 095} {01,042, 03,04, 95} {a1,02,03,04,05}
001001111 2 {01,02,03,04} {01,042, 03,04, 05. 96, 47} {0n,02,03, 04} {a1,02,03, 04,05, 0. A7}
000101111 1 {01,02,03, 04,06} {01, 02,03,04. 96} {01,02,03, 94} {01,042, 03,04, 95, 96}
110000111 1 {0102, 03} {d1,02, 03,94, 95, G6- Gs- o} {1 2,03} {d1,02,03,04. 95,96, A7 8. o}
011000111 1 {01, 92,03} {0192, 43, 4. G5, 0 A7 G} {01, %, a3} {0192, 93, %495, 96, G417, A8}
001111101 1 {a} {a1,92,93,04,0s, 96, a7} {a1} {1, 92,03,04,0s, 96 A7}
001111011 1 {01.92.094,05. 96} {0192, 43, 4. 95, %6, a7} {a1. 92} {01. 92,03, 04,95, 06. 47}
001101111 1 {01.02,03, 04,06 } {01,042, 03,04, 05 G- A7} {01,02,03, 04} {a1,02,03, 04,05, 6. A7}
001011111 1 {01.02,03, 04,05} {01,042, 03,44, 05, . A7} {01, 92,43, 04, A5} {a1,02,03, 04,05, - A7}
000111111 6 {01, 92,03, %4, 95, 06 } {01, 92,3, 04,95, 06 } {01, 92,03, 04, 95,06} {01, %, 43,04, 95, A6}
011110111 1 {0,293, 05, 06, A7, A8} {01,042, 93,04, 0s, 96, A7 g} {01, 02,03} {d1, 42,03, 04,05, 96, 7. U}
001111111 5 {01.92, A3, 4. 95, 6., 7} {0192, 43, 94,95, 96, a7} {01.92.93. 04,95, %6, a7} {01.92.03.04.95. 6.7}
100111111 1 {01,042, 03,44, 5. Ge. Ao} {01,042, 03,04, 0s. G- Ao} {01.02,03, 04,05, 06 } {d1,02,03,04. 5. Ge. A7 8- o}
010111111 1 {01,042, 93,04, 95, 96. 98} {01,042, 03,04, 05. 96. 98} {01.02,03,04, 05,6} {01, 02,03, 94,95, 6. A7, A}
110111111 1 {d1. 02,03, 04, 05, . G Go} {d1,02,03,94. 95, G6- ds- o} {01.02,03,04, 05,06} {d1,02,03,04. 95, 96, A7 8- o}
011111111 7 {01, 02,03, 04, 05, . 7. G} {01,042, 03,94, 95, 96 A7 G} {d1,02, 03,94, 95, 6. 47 ds} {a1,02,03,04, 95,96, A7 s o}
111111111 6 {01.92,03. 94,95, 96- U7, 98- Gt {01.02,93. 94.95. 96 7,08, G0}t | {G1.Gp. U3, G4.05.06,07,08. o} {Cha, G2, 03,04, 05,06, 07, U8 do}
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Table5: Distribution (in %) of Hammingdistancedo boundariesn the soldierdata

UpperBoundStatistics Lower BoundStatistics
H(x) l'c cum| T3 cum||H(X)| e cum| T3 cum
0 51 51| 70 70 0 51 51| 70 70
1 20 71| 12 82 1 24 75| 19 89
2 13 84 9 91 2 15 90 4 93
3 9 93 6 97 3 2 92 3 96
4 3 96 0o 97 4 7 99 3 99
5 2 98 2 99 5 1 100 1 100
6 2 100 1 100 6
Mean | 1.07 0.63 0.93 0.53
REP4+ | 0.88 0.93 0.90 0.94

a7



Table6: Comparisorof two groupswithin anempiricalknowledgestructure

Total

“gs = 0” with group“gs = 1”
‘0">"1 "0"<"l” r

noncomp.

sigr > 0) sig( # E[r])

2500

181 1721 0.81

41

557

0.007 0.010
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Table7: Comparisorof two groupsbasedn theoreticakermsgivenby I3

Upperboundcomparison Meanand2-o boundsof themean
Skill | “gs=0" “gs=1" Chi-Square | Intensity(‘gs = 0") | Intensity(‘gs = 1")
Bl 84.0%  96.0% 4.00| 20.1 254 30.8|52.7 60.3 67.8
B2 72.0% 98.0% 13.25| 17.0 229 28.7|52.3 59.7 67.1
B3 40.0%  86.0% 22.69| 86 145 20.4|37.8 46.5 55.2
B4 38.0% 90.0% 2934 7.2 120 16.8|38.2 46,5 54.8
B5 20.0%  64.0% 19.87| 3.1 8.0 129|257 353 44.9
B6 36.0% 78.0% 1799| 6.4 11.0 156| 33.1 425 519
B7 16.0%  54.0% 15.87| 55 16.0 26.5|39.8 54.0 68.2
B8 6.0%  36.0% 1356 0.0 6.0 12.8|22.3 36.0 49.7
B9 2.0%  16.0% 598, 00 20 6.0| 55 16.0 26.5
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