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Abstract

Weextendthetheoryof knowledgestructuresby takinginto accountinformationabouttheskills a

subjecthas.In thefirst partof thepaperweexhibit somestructuralpropertiesof theskill-problem

relationshipandconsequencesfor the interpretationof concurrenttheoriesin termsof the skill

theory. The secondpart of the paperoffers a test theorybasedon skill functions: We present

measurementsfor thedataconsistency of theskill-problemrelationship,andestimateabilitiesin

termsof lower and/orupperboundariesof problemstatesandskills, givena specialinstanceof

theskill-problemrelationship.

Somepracticalconsiderationsare discussed,which enablethe userof a skill basedsystemto

optimisea partialtheoryabouttheskill basedbehaviour of subjectsbasedon empiricalresults.

�
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1 Intr oduction

The conceptof skill assignmentsin knowledgespaceswas introducedby Falmagneet al. (1990).

In subsequentindependentdevelopment,Korossy(1993),Doignon(1994)and,DüntschandGediga

(1995)proposedvariousapproachesto skills andknowledgestructures;furtherwork in theareacan

befoundin therecentcollectioneditedby Albert andLukas(1999).

While thediscussionof thedependency of cognitive abilities(skills) andobserved knowledgestates

tookplacewithin thetheoreticalframeof knowledgespaces,applicationof theskill assignmenttheory

hasmet with a limited response,althoughits practicalusefulnessasa testtheoryhadbeendemon-

stratedby Düntschand Gediga(1998). The presentarticle aims at positioningthe theoryof skill

assignmentwithin a framework of relatedtreatmentsof dataanalysisanddatarepresentationsuchas

knowledgespacesor conceptanalysis;it offers applicableproceduresto setup a practicaltest the-

ory basedon skill assignmentsthroughextendingthetheoryby estimatingtheconsistency betweena

theoreticalmodelandobserveddata;it alsoincludesacomponentof uncertaintyhandling.

[Figure1 abouthere.]

Ourbasicmodelis picturedin Figure1: First, theteacherchoosesadomainof skills in which (s)heis

interested.An empiricalmodelin form of asetof testquestionsis constructedby anoperationalisation

which assignsto setsM of skills thoseproblems,which canbesolvedwith theskills in M. In a third

step,representation(or numerical)modelsareinducedby ascalingwhichcanbeusedfor assessment

in variousways.This is aninstanceof thedatamodelput forwardby Gigerenzer(1981).

Justasknowledgeassessmentby modernscalingtheorysuchasknowledgestructurescanberegarded

asaqualitative wayof measurement,weaimataqualitative descriptionof asubject’s skill state.This

philosophyis in thespirit of non–invasive dataanalysis(DüntschandGediga,2000)which

2



� Minimisesmodelassumptions,and

� Admits ignorancewhennoconclusioncanbedrawn.

As a consequence,we will concentrateon building the empirical model and the propertiesof the

operationalisation;formally, our scalingwill beanisomorphism.This is basedon theconviction that

asensiblediagnosticcannotbeapointestimateof theknowledgeof anindividualsuchasatestscore,

but that, in mostcases,only a rangeof skills canbe given, which aremoreor lessmasteredby an

individual.

The paperis organisedas follows: We start with the definitionsandnotationswhich will be used

in the sequel. This is followed by exhibiting somestructuralpropertiesof varioustypesof skill –

problemoperationalisations, whichshow aconnectionto mathematicalstructuressuchasmodallogic

and informationsystems,aswell as to the theoriesof knowledgespaces(DoignonandFalmagne,

1999)andconceptanalysis(Wille, 1982). Several typesof consistency betweenthe theoreticaland

observedstatesareinvestigatedin Section4. Thepapercloseswith anexamplewhich illustratesthe

conceptspreviously introduced.

2 Definitions and notation

2.1 Lattices and relations

First, let usbriefly recall somesettheoreticconceptsfrom lattice theoryandthe theoryof relations.

Thesymmetricdifferenceof two setsA � B is definedas

A � B ��� A � B	�
�� B � A	�
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In the finite case,the cardinalityof A � B is sometimescalled the Hammingdistanceof A andB,

denotedby H � A � B	 .
A closure operator on asetQ is amappingcl : 2Q � 2Q suchthatfor all X � Y � Q,

X � Y � Q � cl � X 	�� cl � Y 	�� i.e. cl is monotone� (1)

X � cl � X 	�� i.e. cl is expansive� (2)

cl � X 	�� cl � cl � X 	�	 i.e. cl is idempotent
 (3)

A closure systemis a family of subsetsof Q which is closedunderintersection.It is well known that

thereareone-onecorrespondencesbetweenclosureoperators,closuresystems,and � - congruences,

thelatter, if Q is finite.

Dually, an interior operator is amappingint : 2Q � 2Q suchthatfor all X � Y � Q,

X � Y � Q � int � X 	�� int � Y 	�� i.e. int is monotone�
int � X 	�� X � i.e. int is contracting�
int � X 	�� int � int � X 	�	�� i.e. int is idempotent


An interior systemis a family of subsetsof Q which is closedunderunion.Dependingonthecontext,

thesearealsoknown asdependencespaces(Novotný, 1997)andknowledge spaces(Doignonand

Falmagne,1985).

Let � be a family of subsetsQ, andX � Q. We call X join-irreduciblein � , if X is not theunion

of propersubsetswhich arein � . If � is understood,we call X just join-irreducible. Dually, we

definemeet-irreducibleelementsin � . If � is aclosuresystem,eachelementof � is anintersection
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of meet-irreducibleelements.Dually, if � is an interior system,eachelementof � is a union of

join-irreducibleelements.

If R � A � B is a binaryrelationbetweenelementsof thesetsA andB we will usuallywrite xRyfor�
x � y��� R. Therelationalconverseof R, denotedby R˘ is therelation

���
y� x� : xRy��


Therange of x in R is theset
�
y � B : xRy� , andwedenoteit by R� x	 . Therange of R is

ranR � � y � B : �! x � A	 xRy�"�$#
x % A

R� x	�

With eachR � A � B we associateseveralmappingsfrom 2A � 2B: If X � A, thenwe set

&
R'(� X 	)� � b � B : �+* a � A	 & aRb � a � X ',��� (Necessityoperator)�
R�-� X 	�� � b � B : �! a � A	 & a � X and aRb',��� (Possibilityoperator)&.&
R'.'(� X 	�� � b � B : �+* a � A	�	 & a � X � aRb',��� (Sufficiency operator)���
R���-� X 	�� � b � B : �! a � A	 & a /� X and notaRb',��
 (Dual sufficiency operator)

Thesemappingsarisein modallogics(Fitting,1993)andinformationalgebras(DüntschandOrłowska,

2000,Orłowska,1995). As anexample,considera relationR � A � B, whereA is a setof students,

B is a setof problems,andaRb is interpretedas“Studenta solvesproblemb”. If X � A is a setof
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students,thenfor a problemb we have

b � &R'(� X 	�01� Eachstudentwho solvesb is in X

b � � R�-� X 	�01� Somestudentin X solvesb �
b � &.&R'.'(� X 	201� b is solvedby eachstudentin X

b � ��� R���-� X 	201� Not all studentsin 3 X solve b

It mayalsobeworthy to point out that
&.&
R'.' is thederivationoperatorusedin formal conceptlattices.

Clearly,

b � &R'(� X 	�01� R˘ � b	4� X �
b � � R�-� X 	�01� R˘ � b	�� X /� /0 �

b � &.&R'.'(� X 	�01�5�63 R	 ˘ � b	��73 X �
b � ��� R���-� X 	801�5�63 R	 ˘ � b	��93 X /� /0 


If f : 2A � 2B is amapping,thenits dual f ∂ is definedby

f ∂ � X 	:��3 f �63 X 	�

It is easyto seethat

&
R' and

�
R� , aswell as

&.&
R'.' and

���
R��� , aredualto eachother.

2.2 Skills and knowledgestructures

The qualitative analysisof knowledgevia observableknowledgestateswasintroducedby Doignon

andFalmagne(1985),andanup to dateaccountcanbefoundin DoignonandFalmagne(1999).
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Throughoutthis paper, we supposethatQ is a finite nonemptysetof problems,andthatU is a finite

nonemptysetof subjects.Wealsolet solvQ : U � 2Q beafunctionwhichassignsto asubjectt theset

of problemssolvQ � t 	 which (s)hecansolve. EachsolvQ � t 	 is anempiricalknowledge state, andthe

structure
�
U � Q � solv� is calledanempirical knowledge structure (EKS). If Q is understood,we will

justwrite solv� t 	 , andcall
�
solv� t 	 : t � U � anEKS,denotedby � solvQ, or justby � solv.

ThesetQ of problemscanbeconsidered(in thesenseof (Gigerenzer,1981))asanempiricalmodel

of thoseskills whosepresence(or absence)in astudentwewantto ascertain,andweneedto relatethe

problemsto setsof skills with which theproblemscanbesolved; in otherwords,we have to provide

anoperationalisationof thedomainof interest.It maybeworthyof mentionthattheoperationalisation

is a first sourceof uncertainty, sinceit is not alwaysclearwhethertheempiricalmodeltruly reflects

thepropertiesandrelationsof thedomain.In many instances,this will bethecase;nevertheless,one

needsto distinguishcarefullybetweenthesetof problemsastudentis ableto solveandtheskills (s)he

possessesin theareaof interest.

Throughoutthepaper, welet Sbeafinite setof skills in astudent’smasteryof whichweareinterested.

We assumethatevery problemin Q needsoneor morenonemptysetsof skills of S to besolved; this

conditioncanbeachievedby a simplepre-processingprocedure.

Skills andproblemscanberelatedin thefollowing way: Let Γ bea relationbetweenQ and2S � � /0 � ,
i.e. Γ � Q � 2S � � /0 � ; notethatΓ � q	 is eitheremptyor a family of nonemptysubsetsof S. We call Γ

a skill relation if Γ � q	;/� /0 for eachq � Q, andtheelementsof Γ � q	 arepairwiseincomparablewith

respectto � . We interpretqΓX as

X is minimal with respectto � for thecollectionof all skill setssufficient to solve q.

In otherwords,qΓX, if q canbe solved with theskills in X, but no propersubsetof X is sufficient
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to solve q; we call eachX � Γ � q	 a strategy for q. At this stage,we do not put any (theoretical)

restrictionson thestrategiesfor q; in practice,Γ mightbeobtainedby questioninganexpertaboutthe

skills necessaryandsufficient to solveq. Observe thatfor X � S,
�
q � Q : �! Y � X 	 qΓY � is thesetof

exactly thoseproblemswhichcanbesolvedwith theskills in X. This inducesamappingδ : 2S � 2Q

definedby

X
δ<� �

q � Q : �! Y � X 	 qΓY ��
 (4)

In particular,

�+* X � Γ � q	�	 q � δ � X 	�
 (5)

More generally, a problemfunctionis amappingδ : 2S � 2Q suchthat

1. δ is normal,i.e. δ � /0 	2� /0.

2. δ is monotone.

Theconceptsof skill relationandproblemfunctionareequivalent(DüntschandGediga,1995). In-

deed,givenaproblemfunctionδ : 2S � 2Q, we obtainΓ by

qΓX 01� X is minimal with respectto q � δ � X 	�

Wecall thetriple

�
S� Q � δ � a skill knowledge structure (SKS).If Q is understood,we will alsocall the

set
�
δ � X 	 : X � S� anSKSanddenoteit by � δ. This setcanbe interpretedasthesetof knowledge

stateswhichshouldbeobservablegiventheoperationalisationδ. It wasshown by Doignon(1994)and

DüntschandGediga(1995)thatfor any �=� 2Q thereareasetSandaproblemfunctionδ : 2S � 2Q
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with ranδ �>� .

3 Structural properties

In definingaproblemfunction,wehavenot requiredthatit preserves � or 
 . Indeed,theseproperties

correspondto very specialskill assignmentsasthefollowing resultshows:

Theorem 3.1. 1. δ preserves� if andonly if ?Γ � q	@?A� 1 for all q � Q.

2. δ preserves
 if andonly if ?T ?@� 1 for all T � Γ � q	 andall q � Q.

Proof. 1. “ � ”: AssumethatX � Y � Γ � q	 for someq � Q � X /� Y; then,q � δ � X 	�� δ � Y 	 by (5), and

thus,q � δ � X � Y 	 . By (4) thereis someZ � Γ � q	 suchthatZ � X � Y. SinceX /� Y, we Z B X or

Z B Y. Thiscontradictsthefactthattheelementsof Γ � q	 arepairwiseincomparable.

“ 0 ”: Let Γ � q	�� � Xq � for eachq � Q. It is well known thatδ preserves � if andonly if δ C 1 � P	 hasa

smallestelementfor eachP � ran� δ 	 (seee.g.Novotný,1997).Let P � ran� δ 	 andZ �7D � Y : δ � Y 	��
P � ; we needto show that δ � Z 	8� P. SinceZ � Y for eachY � δ C 1 � P	 andδ is monotone,we have

δ � Z 	4� P. Conversely, let p � P; then,Xp � Y for all Y � δ C 1 � P	 , andhence,Xp � Z. It follows that

p � δ � Z 	 .
2. “ � ”: AssumethatqΓX and ?X ?FE 2; then,thereareY� Z B X with Y 
 Z � X. Now, q � δ � Y 
 Z 	 ,
but q /� δ � Z 	�
 δ � Y 	 .
“ 0 ”: Weshow thatδ C 1 � P	 hasa greatestelementfor eachP � ran� δ 	 . Thus,let P � δ � Y 	 for some

Y, andsetZ �HG δ C 1 � P	 . SinceX � Z for eachX � δ C 1 � P	 , andδ is monotone,we have P � δ � Z 	 .
Conversely, let q � δ � Z 	 . By (4) thereis someW � Z suchthat qΓW. By our hypothesis,we can

supposethatW � � t � , andby thedefinitionof Z thereis someX � δ C 1 � P	 suchthat t � X. Hence,

q � δ � X 	�� P.
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In thesequel,a skill functionwhich preserves � will becalledconjunctive, andonewhich preserves


 will becalleddisjunctive.

As aCorollaryof Theorem3.1weobtain

Corollary 3.2. (Doignon,1994)

1. If δ preserves� , then � δ is a closure system.

2. If δ preserves
 , then � δ is a knowledge space.

The conversesarenot true: Supposethat Q � �
p � q � , Γ � ���

p � S��� � q � Y ��� � q � Z �I� , whereY � Z arein-

comparablewith eachhaving more than oneelement,and S � Y 
 Z. It is straightforward to see

that

� δ � � /0 � � q ��� Q ���
andδ preservesneither � nor 
 .

Thequestionariseswhethera representationasin Theorem3.1canalwaysbeachievedfor a closure

system,respectively, a knowledgespace.A positive answerwasgiven by DoignonandFalmagne

(1999);below we givesomewhatdifferentconstructions.

Theorem 3.3. 1. If � is a closure system,thenthere existsa skill representationwith ?Γ � q	@?F� 1

for all q � Q.

2. If � is a knowledgespace, thentherea existsa skill representationwith ?T ?J� 1 for all T � Γ � q	
andall q � Q.

Proof. 1. Since � is finite and closedunderintersection,it is generatedby its meet-irreducible

elementsM �(�K	 . For eachnonemptyMi � M �(�K	 choosea skill si , andlet Sbe thecollectionof all
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theseskills. Now weset

qΓX 0L� X � � si : q /� Mi ��

If X � S, then

q � δ � X 	)01� qΓX �
01� �

si : q /� Mi �M� X �
01�5�+* si 	 & q /� Mi � si � X '!�
01�5�+* si 	 & si /� X � q � Mi '!�
01� q �9N � Mi : si /� X ��


Sinceeachnonemptystateof � is theintersectionof meetirreducibleelements,we have �O�H� δ.

2. Since � is finite andclosedunderunion, it is generatedby its join-irreducibleelementsJ �(�K	 .
Supposethat thenonemptyelementsof J �(�K	 areK1 ��
�
�
P� Kn, andchoosea setS � � s1 ��
�
�
I� sn � . For

eachq � Q we let

qΓX 01� �! si 	 X � � si � andq � Ki 
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SupposethatX � � si0 � si1 ��
�
�
P� sik � . Then,

q � δ � X 	�01� qΓX

01�5�! si j 	 & si j � X and
�
q � � si j �F�4� Γmin '!�

01�5�! si j 	 & si j � X andq � Ki j '!�
01� q � Ki1 
L
�
�
�
 Kik 


Sincethenonemptystatesof � areexactly theunionsof Kis,wehave �O�H� δ.

Let uslook at these“extreme”casesmoreclosely:SupposethatΓ � Q � S, andset∆ � Γ ˘ . We can

interpretqΓs in two differentways:

It is possibleto solve q with skill s.

Skill s is necessaryto solve q, andΓ � q	 is minimally sufficient to solve q.

Theseare,respectively, thedisjunctive andconjunctive skill assignmentsof (Doignon,1994). It will

turn out that theknowledgestructuresarisingfrom thesetwo interpretationscanbeneatlydescribed

by themodalpossibilityandnecessityoperators.Wewill denotethecorrespondingproblemfunctions

by δd andδc, andtheresultingknowledgestructuresby � d and � c. Then,for all X � S,

δc � X 	:� � q � Q : Γ � q	4� X � � � q � Q : �+* s � S	 & s∆q � s � X ',�Q� & ∆ '(� X 	��
δd � X 	:� � q � Q : Γ � q	�� X /� /0 �"� � q � Q : �! s � S	 & s∆q ands � X ',�R� � ∆ �-� X 	�


If K � Q, we write 3 K for Q � K. Wenow have

Theorem 3.4. 1.
&
∆ ' � Γ � is a normalclosure operator on2Q, andfor each P � Q,

&
∆ ' � Γ �-� P	 is the

12



smallestelementof � c containingP.

2.
�
∆ � &Γ ' is a normalinterior operator on2Q, andfor each P � Q,

�
∆ � & Γ '(� P	 is thelargestelement

of � d containedin P.

3. � d � � 3 K : K ��� c � .
Proof. 1. Sinceboth

�
Γ � and

&
∆ ' arenormalandmonotone,sois

&
∆ ' � Γ � . Let q � P; then,

q � &∆ ' � Γ �-� P	20L� Γ � q	4� � Γ �-� P	��
0L�5�+* s � S	 & qΓs �5�! p � P	 pΓs'!


Sincep � P, we maysetq � p. For (3) wehave

q � & ∆ ' � Γ � &∆ '(� X 	��5�+* s � S	 & qΓs � s � � Γ � & ∆ '(� X 	��
�5�+* s � S	 & qΓs �5�! p � Q	 & pΓs S��+* t � S	 & pΓt � t � X '.'.'!�
�5�+* s � S	 & qΓs � s � X '!�
� q � & ∆ '(� X 	�


SupposethatP � & ∆ '(� X 	 for someX � S. Then,

&
∆ ' � Γ �-� P	�� & ∆ ' � Γ � &∆ '(� X 	2� &∆ '(� X 	�


2. and3. follow immediatelyfrom thedualityof
�
∆ � and

&
∆ ' , respectively,

�
Γ � and

&
Γ ' .

It is well known that for R � A � B thefunction
&.&
R˘ '.' &.&R'.' is a closureoperatoraswell, andit is not

hardto seethat it is just the T T operatorusedin formal context analysis.Thefollowing result,(whose
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simple– if somewhattedious– proof is left to thereader)shows how thevariousclosuresdiffer:

Theorem 3.5. For all q � Q � P � Q,

q � & ∆ ' � Γ �-� P	201�UN � Γ � p	 : p � P �;� Γ � q	�

q � &.& ∆ '.' &.&Γ '.'(� P	201� Γ � q	��V# � Γ � p	 : p � P ��


In thefollowing sectionswe will investigatethequestionhow well anSKS � δ approximatesanEKS

� solv. Theorem3.4shows thatin caseof δc, eachP �W� solv is containedin a smallestPT��W� c, which

we will denoteby P
c
. For a lower bound,we take in thiscase

Pc �
XYYYYZ YYYY[ P� if P �W� c �
D � T �W� c : T is maximalwith T � P ��


Observe that Pc �\� c, sincethe latter is closedunderintersection. Similarly, for δd, we setPd ��
∆ � & Γ '(� P	 , and

P
d �

XYYYYZ YYYY[ P� if P ��� d �
G � T �W� d : T is minimalwith T ] P ��


Wenow have,notsurprisingly,

Theorem 3.6. For all P � Q,

Pc ��3 �63 P	 d � P
c �^3_�63 P	

d
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Proof. First,notethatby Theorem3.4.3,we have for all P� K � Q

K is maximalwith respectto K �`� c andK � P 01�
3 K is minimal with respectto K �W� d andK ]a3 P


If P �W� c, then 3 P �`� d, andtheconclusionfollows. Otherwise,

Pc �aN �
K : K is maximalwith K �W� c andK � P ���

�aN ��&
∆ ' � Γ �-� K 	 : K is maximalwith K �W� c andK � P ���

�aN � 3 � ∆ �-�63 � Γ ��	-� K 	 : K is maximalwith K �W� c andK � P ���
�aN � 3 � ∆ �-� & Γ 'b	-�63 K 	 : 3 K is minimal with 3 K �W� d andK ]73 P ���
�c39# ��� ∆ �-� & Γ 'b	-�63 K 	 :: 3 K is minimal with 3 K ��� d andK ]73 P ���
�c3 �63 P	 d 


Thesecondcaseis shown analogously.

If P � solv� t 	 , then,in caseof a conjunctive δ, we interpret
�
Γ �-� P	 astheupperboundof theskills

which t possiblyhas,andP
c

asanupperboundof theproblemswhich t is capableof solving. Note

that this modelassumptionrestrictstheoccurrenceof carelesserrors,anddoesnot touchuponlucky

guesses.

With regard to the choiceof knowledgespacesv. closuresystems,the precedingduality results

reinforcetheview of Doignon(1994)that

“There is no formal reasonto preferonekind of stability over the otherwhenworking

with skill assignments.Only a carefulstudyof the learningsituationcangive a hint to
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whatshouldbethemostrelevantassumptionson thefamily of states.”

Indeed,eachof knowledgespaceandclosuresystemcoversjustonesideof acoin: While knowledge

spacesseemtogivemoreinformationabouttheskills asubjectcertainlyhas,closuresystemsdelineate

theskills asubjectpossiblyhas(andthus,whichskills arenotpossessed).

It may be worth to look at knowledgestructures,which areclosuresystemsaswell asknowledge

spaces.A specialexampleare linear ordersof clustersof problems,an exampleof which will be

consideredin Section5.1: Supposethat
�
Ai : i d k � is a partition of Q inducedby the equivalence

relation e , andthatQ is quasi-orderedby

p f q 01� p � Ai � q � A j for somei g j d k 

Weinterprettheorderingas

If q is solved,every problemr f q mustbesolvedaswell, andany problemp e q may

or maynotbesolved.

Thisleadsto thefollowing knowledgestructure:Foreachi d k, let Bi � G j h i A j . WealsosetAk i 1 � /0.

Now,

�O� � Bi 
 T : i d k � T � Ai i 1 �2
 � /0 ��

� is � and 
 stable,anda conjunctive anda disjunctive skill assignmentcanbeconstructedin the

following way: For eachi d k, let Ai � � qi j j : j d ni � , so thatQ � � qi j j : i d k � j d ni � . Our setof

skills is S � � si j j : i d k � j d ni � ; observe thattheassignmentsi j j <� qi j j is abijectionfrom S to Q.
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� For all i d k � j d ni set

Γ0 � qi j j 	�� �k� sr j t : r g i � t d nr �2
 � si j j �k��

It is straightforwardto seethatΓ0 leadsto aconjunctive skill assignment,andthattheresulting

SKSis just � .

� For all i d k � j d ni set

Γ1 � qi j j 	�� �k� sr j t � : i g r � t d nr �2
 �k� si j j �k��

Then,theskill assignmentis disjunctive, andδ1 � � si j j �F	2� G t l i Ai 
 � qi j j � shows that � δ1

�H� .

Therefore,incompatibletheoreticalideasmayleadto thesameempiricalresults.

4 Towards a test theory basedon skill functions

Oncewe have fixed our operationalisationδ of a domainof skills, we needto gaugehow well the

empiricaldataandthetheoreticalstructureinteract.For global testconsistency, we needto compare

theEKS � solv andtheSKS � δ, andour plan is to find indiceswhich provide a closeranalysisof the

compatibilityof theobservedstatesandthepredictedstates.

In theliteraturethereareseveral– quitediverging – approachesto constructestimationproceduresto

measurethefit between� solv andtheSKS � δ. Classicallatenttraits modellingapproachessuchas

theconjunctive latenttaskmodel(usinga conjunctive assignmentof tasksto problems,(Jannarone,

1986,1991,1997))andthe disjunctive latent taskmodel(Lord, 1984)show a remarkablydifferent

behaviour; this is somewhat astonishing,becausetherearesituationsin which both modellingap-
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proachesshouldcometo approximatelythesameresultsasour constructionof Γ0 andΓ1 above. In

this Sectionwe describea test theorybasedon skill functions,which doesnot usethe strict model

assumptionsof a Birnbaumor Raschmodel suchas tracelinesof task behaviour or, additionally,

weightedsumsof cognitive demandsas in cognitive designsystems(Embretson,1998,1999). In-

stead,we useindirectchecksof modelconsistency. Furthermore,theproposedtesttheorydoesnot –

at least,in principle– rely on thespecialcasesof conjunctive or disjunctive functions.

Within theframeof knowledgespacetheory, probabilisticassumptionsfor modellingerrorsin � solv

have beenconsideredaswell in what may be calleda probabilistic knowledge structure (PKS) ap-

proach.This techniqueusesa probabilityα for lucky guessesanda probabilityβ for carelesserrors

to describethe discrepanciesof � solv and � δ (Kambouriet al., 1994). Thereare,however, several

problems:Firstof all, thePKSapproachis notspecifiedunlesstheparameterrestrictionsaregiven. If

no restrictionsareset,oneneedsto specifyα- andβ-parametersfor all state� problemcombinations,

which is by far too muchto beestimatedusinga reasonablenumberof subjects.Restrictingthepa-

rametersis possible,but resultsin modelswhosepropertiesarelargely unknown. Someapproaches

assignall lucky – guess– parametersto oneparameterα, andall careless– error– parametersto one

parameterβ. This is a very restrictive probabilisticknowledgestructure,andit is not clearin which

real life situationsit canbefruitfully employed. Thesecondorigin of problemsstemsfrom the fact

that thePKSdoesnot reflectthenatureof theskill function: We have shown thatcertainknowledge

structurescanbeconstructedfrom conjunctive or disjunctive skill functions,but thePKSis identical

for both– asituationwhich is notsatisfactory, if oneassumestheprobabilityof anerrorwhensolving

a problemsis a functionof the “missingskill” probabilities.Given a conjunctive skill function, the

”problemsolved” probabilitywill bemixtureof convolutionsof elementaryprobabilitydistributions,

whereasthedisjunctive skill functionresultsin acomplicatedmixtureof elementarycomponents.
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Therefore,one can say with somejustification that thereis – up to now – no simple and elegant

way to setup a probabilisticversionof thedeterministicmodelof skill assignment.In thenext two

subsectionswe investigatetheproblemin avery elementaryway, whichcanbedescribedby theterm

“bump hunting”, ie. looking for unevennessin the texture. The main assumptionis that α- andβ-

parametersaresmall,andthat thestatesof thedeterministicmodelarea substantialpartof � solv. A

statisticaltestprocedureto checkthisassumptionis provided.

4.1 Global consistency

In thesequel,we call any observedstatesolv� t 	4��� solv � Kδ inconsistent(with respectto
�
S� Q � δ � ).

Theconsistencyindex

γ � ?m� solv �1� δ ??m� solv ?
offersa first look at therelative consistency of � solv and � δ, since0 d γ d 1 and

γ � 1 01�n� solv �o� δ 

A statisticto measureconsistency of theEKS andtheSKSwhich takesinto accounttheweightingof

thestatesby subjectsis

γ � U �6� solv �6� δ 	8� ? G K %Fp solv q p δ
solvC 1 � K 	@??rG K %Fp solv

solvC 1 � K 	@? � ? � t � U : solv� t 	4�W� δ ��??U ? �
If � solv �6� δ areunderstoodwe will usuallyjustwrite γU .

If γU is not far from 1, it seemsobvious that theempiricalstructureis moreor lesscapturedby the
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skill function. However, even γU � 1 is not a guaranteethat the skill function hasany significance

for thedata:Supposethat f : S � Q is a bijection,andsetδ � X 	�� � f � x	 : x � X � . In this case,the

resulting � δ is simply 2Q andany stateis consistentwith suchskill assignment.

In termsof a PKSwe countthe relative numberof elementsin stateswith thehighestprobabilities.

But, for large ?U ? , thevalueof γU is expectedto beverysmall,becauseevensmalldeviationsof EKS

andSKSdueto lucky guessesandcarelesserrorswill resultin remarkablenumberof misfits.For both

reasons,thereis theneedfor astatisticalproceduretoderivethesignificanceof theintersectionof EKS

andSKS.This computationneedssomeknowledgeabouta plausiblebenchmarkdistribution of the

fit of � δ with respectto � solv. Following theroadof non-invasive dataanalysis(DüntschandGediga,

2000),we want to minimisemodelassumptions;therefore,in theabsenceof otherinformation,we

suggestto employ a randomisationtechniquesinceit is valid for any kind of sample(Manly, 1997).

We assumetherelationΓ to begiven,andwe randomisetheproblemswithin the relation. Let Σ be

thesetof all permutationsof Q. For eachσ � Σ we defineΓσ by

σ � q	 ΓσX 01� qΓX 

Sinceσ is a bijection,Γσ is well defined,andwe let � δ s σ t betheresultingskill knowledgestructure.

Note thatσ is just a re-labellingof Q, andthus,thesettheoreticstructureof � δ is not changed.We

cannow computethepositionof theempiricalvalueγ � U �6� solv �6� δ 	 in thedistribution

�
γ � U �6� solv �6� δ s σ t 	 : σ � ΣQ ���
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whichenablesusto measurethesignificanceof thenull hypothesisH0

“γ � U �6� solv �6� δ 	 is theresultof a randomassignmentof problemsto skill sets”

by

p � ? � γ � U �6� solv �6� δ s σ t 	�E γ � U �6� solv �6� δ 	I��??Q ? ! 

andto comparethis to a fixedα value. Sincethecomputationof p is not feasiblefor larger ?Q ? , we

have developeda sequentialrandomisationprocedurewhich dramaticallyreducesthecomputational

effort (DüntschandGediga,2000,Chapter4.3). We have found, that in mostcaseslessthan100

simulationswererequired.Note,thattherandomisationprocedureis aconditionaltestandthatevena

smallvalueof γU mayhavea largeeffect, for example,if thenumberof itemsis largeandthenumber

of statesis small. Therefore,in orderto achieve aneffect measure,γU hasto beadjusted.Usingthe

argumentsof Cohen(1960)andScott(1955),who took into accountthat agreementmay be dueto

chance,weresultin a testconsistencymeasurewhichis acorrectionof γU for consistency expectation:

κ � U �6� solv �6� δ 	�� γ � U �6� solv �6� δ 	u3wv & γ � U �6� solv �6� δ 	x'
1 3yv & γ � U �6� solv �6� δ 	x' 


Theexpectationµ � γU ?H0 	 of a randomassignmentof problemsto skill setsis definedby

µ � γU ?H0 	�� ∑σ % Σ γ � U �6� solv �6� δ s σ t 	?Q ? ! �Hv σ % ΣQ

&
γ � U �6� solv �6� δ s σ t 	x'!� (6)

andcanbeapproximatedby simulationmethodsaswell.

κ � U �6� solv �6� δ 	�� 1 indicatesthat � solv �a� δ holds.If κ is near0, anoverlapof � solv and � δ maybe
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dueto chance.

Therandomisationprocedureabove canalsobeusedfor thestatisticalevaluationof additionalstruc-

ture: Supposethatδ1 � δ2 : 2S � 2Q areoperationalisations of S, andsupposethat � δ1
�o� δ2

. Wethen

compute�{zsolv �^� solv �|� δ1 and �{zδ2
�c� δ2 ��� δ1 andγ � U �6�\zsolv �6�Kzδ2

	 . Its positionin thedistribution

γ � U �6�Kzsolv �6� δ }2 s σ t 	 givesus someinsight whetherthe empiricalobservationsin the additionalstates

canbeattributedto a randomprocessor not.

4.2 Item consistency

Givena sufficiently homogeneouscontext, item analysiscanbedoneby checkingthechangeof the

testconsistency whenremoving anitemq from theproblemset.More formally, we set

� q
δ � � δ � X 	�� � q � : X � S���

� q
solv � � solv� t 	�� � q� : t � U ���

γq � U �6� q
solv �6� q

δ 	�� ? � t � U : solvq � t 	4�W� q
δ ��??U ? �

Observingthat γq � U �6� q
solv �6� q

δ 	~E γ � U �6� solv �6� δ 	 , we result in a procedurewhich helpsto evaluate

the influenceof a test item: If the testconsistency changesconsiderablywhenan item is removed,

thenthis is astrongadviceto remove theitemfrom thetestor to reformulatethegiventheory.

A comparableconstructioncanbedonefor theevaluationof skills: Removing asetT of skills from S
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will resultin

δT � δ ��� S � T 	�� (7)

� δT � � δT � X 	 : X � S � T ��� (8)

γT � U �6� solv �6� δT 	2� ? � t � U : solv� t 	4�`� δT ��??U ? � (9)

Observingthat γT � U �6� solv �6� δT 	~d γ � U �6� solv �6� δ 	 , we result in a procedurewhich helpsto find re-

dundantskills in termsof consistency. A skill reductis asetT of skills suchthat

γ s S� T t � U �6� solv �6� δ � S� T � 	�� γ � U �6� solv �6� δ 	�

Any skill reducthasthesameexpressive power – in termsof consistency – asthefull skill set.

4.3 Distanceto boundaries

Consistency measuresdealwith the exact matchof theoryanddata. However, therearesituations

which cannotbetackledby sucha crispzero-or-one-statistic. As a simpletool, the theoryoffers the

usageof the lower and/orupperboundariesfor the evaluationof the skill theoryin caseof suitable

problemfunctions.As anexample,supposethat thegivenproblemfunctionδ is conjunctive or dis-

junctive, so that P andP aremeaningful. For every elementP �K� solv we computethe Hamming

distances

H � P	8��?P � P ?�� (10)

H � P	8��?P � P ?�
 (11)
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Thus,every elementof the EKS canbe measuredin termsof its distancesto upperand lower ap-

proximation. A conjunctive skill function will result in a closuresystem,anda uniqueandsimple

upperboundof any elementof theEKS canbecomputed.Theanalysisof theHammingdistanceto

theupperboundoffersa simpleandcomputationallyfeasiblemethodfor theevaluationof suchclo-

suresystem.Similarly, thelower boundof any elementof theEKS usinga disjunctive skill function

(whichgeneratesaknowledgespace)is uniqueandeasyto computeaswell, thus,providing asimple

ancomputationallyfeasiblemethodfor theevaluationof suchknowledgespaces.

The distribution of Hammingdistancescanbe usedfor descriptive andinferentialpurposes.Their

meanvalueprovides a measurewhich is analogousto the coefficient of reproducibility (REP) for

Guttman-scalesby thedefinition

REPH } � 1 3 ∑P %Fp solv
H z � P	?m� solv ?.?Q ? �

lettingH z�� P	 beeitherH � P	 or H � P	 .
We think that – even in caseof a Guttmanscale– theanalysisof Hammingdistancesto upperand

lowerstateboundariesis moreinformative thananindex suchasreproducibility:

� The distancesto lower andupperboundareappliedto every empiricalstate,andthey offer a

characterisationof this statein termsof its boundaries.

� The conceptof Hammingdistancesto upperandlower stateboundariesis very general,and

canbeappliedto far moresituationsthantheGuttman-scale-basedreproducibilityapproach.It

shouldbe notedthat the reproducibilityapproachandthe Hammingdistanceconceptarenot

measuringthe samething: The reproducibilitycountsthe numberof elementexchangesthat

have to be performedto result in a errorlessmodel. This approachhasnot muchin common
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with the Hammingdistanceconcept,becauseif the“hardest”item is solved alone(which has

the largestHammingdistanceto anupperboundaryof a Guttmanscale),theexchangeof two

elementswould repairtheerror. If the“easiest”item is not solved,but all othersare,we result

in the largestHammingdistanceto a lower boundary, but onceagaintheerrorcanberepaired

by exchangingtwo elements.

BecausethesubjectsetU canbequasi-orderedby theHammingdistanceH � solv� t 	�	 and/orH � solv� t 	�	 ,
thedistribution of theHammingdistancescanbeusedto comparetwo or moreskill functions.Two

skill functionscanbecomparedby usinga Wilcoxon ranktest,andfor morethantwo skill functions

onecanuseaFriedmananalysisof ranks.

4.4 Comparing groupsand explaining group differences

Comparinggroupsusingtestresultshasbecomeaprominenttopic in applications.Thereare– at least

– two differentquestionswhencomparinggroupsusingknowledgestructures:First, thegroupscan

bedescribedby two differentstructures,andtheknowledgestructureis usedfor descriptive purposes

(e.g.Janssens(1999)).Second,thetaskis to analysewhichgroupis “better”, giventheresultswithin

arepresentationof acommonknowledgestructurefor all groups.For thesecondtask,wehaveshown

elsewhere(DüntschandGediga,1998) that the resultsin � solv alonearesufficient to testwhether

onegroupoutperformsanotherone. Here,we will presenta slightly generalisedversionof this test

procedure.

Supposethat the subjectsetU is partitionedin to groups ��� �
Gi : 1 d i d tG � , and that for all
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G � H �W� we defineµG jH : G � H � �
0 � 1 � by

µG jH � x � y	��
XYYYYZ YYYY[ 1 � if solv� y	�B solv� x	��
0 � otherwise.

ThegroupdifferencefunctionD : �a�9� ��� is definedby

D � G � H 	)� ∑
�
µG jH � x � y	 :

�
x � y��� G � H ��


ThedifferenceD � G � H 	�3 D � H � G	 offersapossibilityfor theevaluationof thegroupdifferencesbased

on � solv. Thenormaliseddifferencer � G � H 	 is definedas

r � G � H 	��
XYYYYZ YYYY[ 0 � if D � G � H 	�� D � H � G	�� 0 �

D s G jH t C D s H jGt
D s G jH t+i D s H jGt � otherwise.

The normaliseddifferenceis boundedby 3 1 d r � G � H 	|d 1. If r � G � H 	4� 0 thenthereis no group

difference,whereasr � G � H 	�� 1 indicatesthatgroupG dominatesH in thehighestpossibleway. The

significanceof thenormaliseddifferenceD � G � H 	 canbe testedby a randomisationapproachusing

the �6�G � i �H ��G ��� possibleassignmentsσ of subjectsto groupsGσ andHσ, defining

Dσ � G � H 	�� ∑
�
µG jH � x � y	 :

�
x � y��� Gσ � Hσ ��


Thedistribution rσ � G � H 	 canbegeneratedasa basisof a one-sidedsignificancetest,andthedistri-

bution ? rσ � G � H 	@? canbeusedaswell for thestatisticalevaluationof ? r � G � H 	@? .
The evaluationof the differencesof morethantwo groupsbasedon the randomisationapproachis
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possibleaswell using

R � ∑G �� H ?D � G � H 	�3 D � H � G	@?
2 � ∑G �� H D � G � H 	 


Observe thatneitheradditionalscalingassumptionsnordistributionalassumptionsarebeingusedfor

the constructionof thesetests,andthat they arenon-invasive asdefinedabove. Onemight object,

however, thatthetestswill not find groupdifferencesof thefollowing kind:

� GroupG: All subjectssolve itemsA � B � C.

� GroupH: All subjectssolve itemD.

The normaliseddifferencer � G � H 	 is zero,althoughthe subjectsof groupG solve threeproblems,

whereasall subjectsin groupH only solve oneproblem.This seemsto bea drawback,but it is well

within ournon-invasive approach:Thedifferencebetweenbothgroupscanonly bestatedonthebasis

of the(additional)scalingassumption

“Setsof solvedproblemscanbescaledto numbers”

with all its implications.Theproposedtestprocedureonly usesthesoft scalingassumptionthat the

subsetrelationcanbeinterpretedas d ; in otherwords,subjectx is regardedto bebetterthansubject

y if andonly if solv� y	4B solv� x	 .
Thereareseveralstrategiesto comparegroupson thebasisof thescalingassumptions.Thegeneral

ideais to replacethe observed solv� x	 by a (in somesense)compatiblestateszF� x	 andperformthe

statisticalprocedurewith the new states.We demonstratethesestrategiesusinga simpleexample:

Consider

�O� � /0 � � A ��� � A � B ��� � A � B � C ��� � A � B � C � D �k� and solv� x	2� � B ��
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� Thetraditional“scalesum”approachis to replacethestatesolv� x	 by the“nearest”statesz � x	 ,
which shows an identical scalingproperty, namely, the sum of the solved items. This is a

propertyof anumericalsystem,which representsthedata– andnotapropertyof theempirical

system.Obviously, solv� x	 andszF� x	 canbequitedifferent,e.g.szF� x	8� � A � .
� BecausetheHammingdistancemeasurehasseveral nice properties(Suck,1999),the ideaof

takingastateK �9� δ whichhasaminimumHammingdistanceto solv� x	 is tempting.But even

in thesimpleexampletheresultof thisprocedureneednotbeunique,because

H � solv� x	�� /0 	�� H � solv� x	�� � A � B �F	�� 1 

Therefore,suchanapproachis notusefulfor thepurposeof groupcomparisons.

� In caseof aconjunctiveor disjunctiveskill assignment,theupperboundapproachusingsz�� x	:�
solv� x	 will result in a uniquerepresentationof any elementof � solv. It offers an optimistic

estimationfor the setof problemsa subjectcansolve, assumingthat the problemsin sz � x	��
solv� x	 have notbeensolveddueto carelesserrors.In theexamplewe observe sz � x	2� � A � B � .
The lower boundapproachusingszA� x	�� solv� x	 will result in a uniquerepresentationof any

elementof � solv as well. Here, oneassumesthat the problemsin solv� x	:� szF� x	 have been

solvedby lucky guesses.In theexamplewe observe sz � x	2� /0.

Becausetheupperandlower boundapproachesoffer anapproximationwhich is

� Compatiblewith thetheory,

� Locatedin theempiricalsystem,

� Unique,
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wefavour theuseof thesestrategiesfor skill theorybasedgroupcomparison,if theoperationalisation

is conjunctive or disjunctive.

Usingupperor lower boundalonemayrun in problems,asthefollowing exampleshows:

��� � /0 � � A ��� � A � B ��� � A � B � C ��� � A � B � C � D �k��� solv� g	2� � D ��� solv� h	2� � A � B � C ��

We have learnedfrom testingin Ksolv thatg andh will not differ. With thescalesumapproach,we

seethat g � h, which is the sameresultwhich the lower boundapproachoffers. The upperbound

approachresultsin h � g, becausesolv� h	�� �
A � B � C �_B solv� g	�� �

A � B � C � D � . This dissociation

lookslike adrawback,but it really is not,becausethediverging resultssimply reflectthefactthatthe

statesgivenby thetheorydo not fit thedata.

4.5 Skill basedevaluation of groups

Whenusinga conjunctively or disjunctively interpretedskill relationΓ � Q � 2S � � /0 � , a skill based

evaluationof groupsis fairly simple,thereasonbeingthat therangeof theskills of subjectx canbe

retrievedfrom theupperandlowerboundsof solv� x	 asdescribedin Theorem3.4andthediscussion

afterwards.To show whatcanbedone,wefirst defineR� s	:� � q � Q : �! X 	 & s � X and qΓX ',� for each

skill s; regarding ?R� s	@? asanindicatorvariable,wecancounttheresultingnumberswithin thegroups.

Assumingthatevery skill is testedby at leastoneproblem,we areableto testgroupdifferencesfor

skill susingaChi-squaretest.

Theskill setbasedapproachof comparinggroupsusingupperandlower boundssometimesappears

to be unsatisfactory. The reasonfor this arethe crisp definitionsof upperandlower bound,which

turnout to maskgroupdifferences,if theskill functionis notproperlydefined.To find outwhichskill
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assignments“often” work well andwhich do not, we cando the following in caseof a conjunctive

skill assignment:For eachs � S, theratio

I � x ? s	8� ? solv� x	�� R� s	@??R� s	@?
is calledtheskill intensityof s for subjectx. If I � x ? s	�/� 0, thens is anupperboundskill for x, andif

I � x ? s	�� 1, s is a lower boundskill for x. Groupdifferencesrepresentedwithin a “partially working”

skill assignmentcanbe found by inspectingthe 95% confidenceintervals of the meansof I � x ? s	 in

every group.

5 An Example: Reanalysisof a well known Guttman Scale

Evenfor smallscalesituations,non-trivial examplesfor skill assignmentprocedurestendto betech-

nically demanding,because,asana-priori technique,thedomaintheorymustbedevelopedin detail,

andits connectionto thedatamustbestatedin aprecisemanner.

In orderto presentanexamplewith low technicaloverheadfor describingtheskill assignmenttech-

nique,we have chosenoneof thefirst applicationsof Guttman’s scalingtechnique(Guttman,1944,

1950),in which Suchman(1950)investigatesphysicalreactionsto dangersof battle,experiencedby

soldierswhohave beenunderfire. Obviously, physicalreactionsto dangerarenot “solvedproblems”

andtherecanbeno “skills” asa theoreticalbasisfor explaining this reaction.Nevertheless,we will

show below thatonecanre-interpretthegivendomain-data-connection in termsof theskill theoryde-

velopedabove. In this context, a “problem” is aphysicalsymptom,anda “skill” is therepresentation

of a stimuluswhich triggerssuchasymptom.
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5.1 Structure of the example

Suchman(1950)showed that thepatternsof symptomsexperiencedby thesubjectsform a Guttman

scalewith a coefficient of reproducibilityof 0.92. Presenceof symptomsin decreasingorderwasas

follows:

q1 Violentpoundingof theheart 84%

q2 Sinkingfeelingof thestomach 73%

q3 Feelingsickat thestomach 57%

q4 Shakingor tremblingall over 52%

q5 Feelingof stiffness 50%

q6 Feelingof weaknessor feelingfaint 42%

q7 Vomiting 35%

q8 Loosingcontrolof thebowels 21%

q9 Urinatingin pants 9%

Onceonehasfounda scalingmodelfor thedata,thescalemustbe interpretedin theoreticalterms.

A simpleinterpretationis that

� Therepresentationof theexternaldangerstimuli (“skills”) meetsreactionthresholdsfor reac-

tionsq1 to q9,

� Reactionthresholdsshow thesameordinalrelationfor every subject,

� Therepresentationof externaldangerstimuli grows smoothly.

A theoryconsistentwith theseassumptionleadsto a conjunctive skill assignmentwith thefollowing
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Γ relation:

ΓG � q1 	2� �k� A1 �k���
ΓG � q2 	2� �k� A1 � A2 �k���
ΓG � q3 	2� �k� A1 � A2 � A3 �k���
ΓG � q4 	2� �k� A1 � A2 � A3 � A4 �k���
ΓG � q5 	2� �k� A1 � A2 � A3 � A4 � A5 �k���
ΓG � q6 	2� �k� A1 � A2 � A3 � A4 � A5 � A6 �k���
ΓG � q7 	2� �k� A1 � A2 � A3 � A4 � A5 � A6 � A7 �k���
ΓG � q8 	2� �k� A1 � A2 � A3 � A4 � A5 � A6 � A7 � A8 �k���
ΓG � q9 	2� �k� A1 � A2 � A3 � A4 � A5 � A6 � A7 � A8 � A9 �k��


A “skill set”
�
A1 ��
�
�
P� Ak � is interpretedas

� Therepresentationof externaldangerstimuli exceedsthereactionthresholdof q1 ��
�
�
P� qk.

� Therearenootherpossibilitiesto generateqk.

TheGuttmanscaling– andthecorresponding(skill) functioninterpretation– is constructedby

1. Therankorderof thepercentagesof solveditems.

2. Theadditionalassumptionthatthedimensionwhich is observed in thenumericalsystemhasa

counterpartin theempiricalsystem.

Theideaof theskill functionapproachis to useadomainknowledgebasedconstruction,whichdoes

not use(post-hoc)information in the numericalsystem. The interpretationframeof the Guttman
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scalehastwo theoreticalassumptions,whichcanbeadopted:

� Therepresentationof externaldangerstimuli meetsreactionthresholdsfor reactionsq1 to q9.

� Therepresentationof externaldangerstimuli grows smoothly.

A look at thelist of itemsshows thatthey canbeassignedto threecategories

� Slight somaticsymptomsq1 � q2.

� Mediumto severesymptomswithout excretionq3 � q4 � q5 � q6.

� Excretionq7 � q9 � q8.

Assuminganorderamongthesethreecategories,andnoorderwithin thecategoriesdueto individual

responsesto stimuli representation,wecanconstructaclusteredpartialorderof threegroups,resulting

in thefollowing conjunctive relation:

Γ3 � q1 	�� �k� B1 �k���
Γ3 � q2 	�� �k� B2 �k���
Γ3 � q3 	�� �k� B1 � B2 � B3 �k���
Γ3 � q4 	�� �k� B1 � B2 � B4 �k���
Γ3 � q5 	�� �k� B1 � B2 � B5 �k���
Γ3 � q6 	�� �k� B1 � B2 � B6 �k���
Γ3 � q7 	�� �k� B1 � B2 � B3 � B4 � B5 � B6 � B7 �k���
Γ3 � q8 	�� �k� B1 � B2 � B3 � B4 � B5 � B6 � B8 �k���
Γ3 � q9 	�� �k� B1 � B2 � B3 � B4 � B5 � B6 � B9 �k��
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We shouldlike to point out that at this stagein the modelbuilding process,the datahave not yet

enteredinto thepicture.

Whereas� G has10 theoreticalstates,� δ3
has29 stateswhichhave oneof theforms

P� P � � q1 � q2 ����
q1 � q2 �2
 P� P � � q3 � q4 � q5 � q6 ����

q1 � q2 � q3 � q4 � q5 � q6 �2
 P� P � � q7 � q8 � q9 ��


5.2 Consistency

Comparingthetheoreticalstateswith theobservedanswersfrom asampleU with size100(Suchman,

1950,p. 140),weobtainTable1.

[Table1 abouthere.]

There,a “hit” is anelementof � solv �1� δ, and v is theexpectationdefinedonp. 21.

Thenumberof hits in boththeoriesis significantlydifferentfrom its expectation.Thequestionarises,

whetherΓ3 is a substantiallybettertheorythanΓG. Since � δG �7� δ3, we canusethe techniquefor

analysingpartialγ values;theresultsareshown in Table2.

[Table2 abouthere.]

Thenumberof additionalhits is significantlydifferentfrom theexpectation,andwecanconcludethat

ΓG is substantiallyimprovedby Γ3 in termsof consistency.

Theleave-one-statisticsfor boththeoriesarepresentedin Table3.
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[Table3 abouthere.]

Both skill theorieshave highersupport,whenleaving out certainproblems.In caseof theGuttman

scale,q3 is a promisingcandidate,whereasin caseof the 3 clusterassumption,item q7 is a good

choicefor an even bettermodelfit. It is trivial that leaving out A1 will not changetheconsistency,

becauseA1 is really redundant,as it is a conjunctive part of every problemfunction. Whereasthe

profileof theA-skills is ratherflat, theB-skills show (upto skill B1) aratherbig differenceto thestart

value(70). This indicatesthatmostof skills for Γ3 arenecessaryto resultin suchhigh consistency.

[Table4 abouthere.]

5.3 Lower and upper boundsand the Hamming distancedistrib utions

Table4 presentslower andupperboundsof theelementsof � solv, andanevaluationin termsof the

distribution of Hammingdistancesto theupperandlower boundsis given in Table5. This provides

additionalinformationaboutthemisfitsof theproblemfunctionin termsof thedistribution of Ham-

ming distancesto theupperandlowerboundaries.

[Table5 abouthere.]

5.4 Group comparison

The exampledatado not containa variablewith groupinformation. To demonstrateour approach,

we definetwo groupsby assigningthe subjectsto group0 if item 5 is not present(q5 � 0), andto

group1 if item5 is present(q5 � 1); itemq5 is thenremovedfrom thescale.Theknowledgestructure

comparison– which is modelindependent– is presentedin Table6.
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[Table6 abouthere.]

Within the comparableelementsitem q5 splits the empirical knowledge structurequite perfectly

(r=0.81);thedifferencescanhardlybeattributedto randomprocesses(sig(r /� E
&
r ' ) = 0.01).

Thegroupcomparisonin termsof theoreticalvariablesis presentedin Table7 for thebasictermsin

thedatamodelgivenby Γ3.

[Table7 abouthere.]

The two groupsshow large differencesin all indicesof the theoreticaltermsB1 to B9. Table7 also

demonstratesa simplestructuralpropertyof the upperapproximationof skills: If a skill is a very

basicone (like B1 or B2), it is often presentin the upperapproximation. The diagnosticcan be

doneby comparingthemeanvalueof the intensitywith theupperboundpercentages:If bothdiffer

remarkably, theskill is oftenaddedto theupperbound.For themostcomplicatedskills (like B7, B8,

B9), themeanof theintensityandtheupperboundpercentagesareidentical,whichmeansthatthese

skills werenever addedto anupperbound.

6 Summary and outlook

Thetheoryof skill knowledgestructures(TSKS)proposesadirectlink from theresearcher’s theoryto

atailorednumericalsystem,usingobserveddata( = theempiricalsystem)asanintermediatemedium.

Its foundationis ana-priori scalingmodel,andtherefore,thereis a needfor a preciseformulationof

the theory in logical or relationalterms. In the model, the researcherstartsby constructinga skill

assignment,resp. a problemfunction,which is anexplicit operationalisationof domainknowledge,

mappedto anempiricalsystem.Therearenoadditionalscalingassumptionin TSKS– all assumptions
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are restrictionsof the operationalisation.Even the model assumptionfor the operationalisationis

rathersoft: “More” in the domainshouldresult in “more” in the empiricalsystem– which makes

sensefor testingknowledge.Wehave shown thattheadditionalscalingassumptionsof closureunder

unionor intersectioncanbeexpressedby restrictionsontheoperationalisation.Furthermore,wehave

positionedwell known dataanalysisstrategiessuchasknowledgespacesandconceptanalysiswithin

theTSKScontext.

Sincethe numericalsystemis constructedfrom the initial theory without the data,thesemust be

interpretedin termsof the theoryandits modelassumptions;in this respect,Guttmanscalingasan

a-posteriorimodel is lessdemanding.In our context, for example,onemay well ask,whetherthe

assumptionof a monotoneoperationalisationmakessensein the exampleof under-fire-symptoms;

our resultsshow thatsucha requirementis certainlyconsistentwith thedata.

If an expert formulatesa theory (s)hewill often not be aspreciseasnecessaryto result in an ac-

ceptablemodelfit. In this papersomeproceduresareofferedto discover weaknessesof theproblem

function,andto optimisethetheoryof thedata.Thesignificancetestswhichwe havesuggestedarea

descriptive instrumentonly; however, by usingcrossvalidation,onehasapowerful instrumentfor test

construction.Wehaveusedtheproceduresintroducedin thispaperto constructanew intelligencetest

andhave shown thattheresultscompetewell with resultsof conventionalmodelsof testconstruction

(Preckel etal., 2001).

Becausea soundtheorydoesnot allow every possibleoutcome,resultsof subjectsarenot always

preciselygivenin theTSKSmodel,andonly lower andupperboundof knowledgecanbegenerated.

We think that theseboundsoffer more information thana singlepoint estimate,becausethe latter

compressestheknowledgeusinga – sometimesnot suitable– measurementinstrument.The lower

andupperboundsarenot statisticalbounds,but logical ones.A statisticalerrortheoryfor upperand
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lowerboundsstill needsto bedeveloped.
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Table1: Consistency of two skill theories

Theory No. of hits γU v & hits' p � hits d E
&
hits'�?H0 	 κU

ΓG 51 0.51 16.28 d 0 
 001 0.415
Γ3 70 0.70 20.65 d 0 
 001 0.622
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Table2: Comparisonof consistency of two nestedskill theories

No of additionalhits γU v & hits' p � hits d E
&
hits'�?H0 	 κU

19 0.39 1.55 d 0 
 001 0.613
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Table3: Leave-one-outstatisticfor soldierdata

Item ΓG Γ3 Skill ΓG (A) Γ3 (B)
q1 53 74 (A/B)1 51 69
q2 54 74 (A/B)2 44 63
q3 60 72 (A/B)3 44 54
q4 58 73 (A/B)4 49 55
q5 56 74 (A/B)5 49 50
q6 58 72 (A/B)6 49 49
q7 59 81 (A/B)7 45 61
q8 53 71 (A/B)8 46 58
q9 52 70 (A/B)9 44 51
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Table4: Lowerandupperboundsin thesoldierdata
Γ3 ΓG

Pattern(X1.. X9) Freq. lower upper lower upper
0 0 0 0 0 0 0 0 0 7 /0 /0 /0 /0
0 0 0 0 0 0 0 1 0 1 � q2 � � q2 � /0 � q1 � q2 �
0 0 0 0 0 0 0 0 1 7 � q1 � � q1 � � q1 � � q1 �
0 0 0 1 0 0 0 0 0 1 /0 � q1 � q2 � q6 � /0 � q1 � q2 � q3 � q4 � q5 � q6 �
0 0 1 0 0 0 0 0 0 1 /0 � q1 � q2 � q3 � q4 � q5 � q6 � q7 � /0 � q1 � q2 � q3 � q4 � q5 � q6 � q7 �
0 0 0 0 0 1 0 1 0 1 � q2 � � q1 � q2 � q4 � /0 � q1 � q2 � q3 � q4 �
0 0 0 0 1 0 0 1 0 2 � q2 � � q1 � q2 � q5 � /0 � q1 � q2 � q3 � q4 � q5 �
0 0 0 0 0 0 0 1 1 7 � q1 � q2 � � q1 � q2 � � q1 � q2 � � q1 � q2 �
0 1 0 0 0 0 0 0 1 1 � q1 � � q1 � q2 � q3 � q4 � q5 � q6 � q8 � � q1 � � q1 � q2 � q3 � q4 � q5 � q6 � q7 � q8 �
0 0 1 0 0 0 0 0 1 1 � q1 � � q1 � q2 � q3 � q4 � q5 � q6 � q7 � � q1 � � q1 � q2 � q3 � q4 � q5 � q6 � q7 �
0 0 0 0 1 0 0 0 1 1 � q1 � � q1 � q2 � q5 � � q1 � � q1 � q2 � q3 � q4 � q5 �
0 0 0 0 0 0 1 0 1 1 � q1 � � q1 � q2 � q3 � � q1 � � q1 � q2 � q3 �
0 0 0 0 0 1 0 0 1 1 � q1 � � q1 � q2 � q4 � � q1 � � q1 � q2 � q3 � q4 �
0 0 0 1 0 0 1 0 0 1 /0 � q1 � q2 � q6 � /0 � q1 � q2 � q3 � q4 � q5 � q6 �
0 0 0 0 0 1 0 1 1 3 � q1 � q2 � q4 � � q1 � q2 � q4 � � q1 � q2 � � q1 � q2 � q3 � q4 �
0 0 0 0 0 0 1 1 1 2 � q1 � q2 � q3 � � q1 � q2 � q3 � � q1 � q2 � q3 � � q1 � q2 � q3 �
0 0 0 1 0 0 0 1 1 1 � q1 � q2 � q6 � � q1 � q2 � q6 � � q1 � q2 � � q1 � q2 � q3 � q4 � q5 � q6 �
0 0 1 0 1 0 1 1 0 1 � q2 � � q1 � q2 � q3 � q4 � q5 � q6 � q7 � /0 � q1 � q2 � q3 � q4 � q5 � q6 � q7 �
0 0 0 0 1 1 1 1 0 1 � q2 � � q1 � q2 � q3 � q4 � q5 � /0 � q1 � q2 � q3 � q4 � q5 �
0 0 0 0 1 0 1 1 1 2 � q1 � q2 � q3 � q5 � � q1 � q2 � q3 � q5 � � q1 � q2 � q3 � � q1 � q2 � q3 � q4 � q5 �
0 0 0 1 0 0 1 1 1 3 � q1 � q2 � q3 � q6 � � q1 � q2 � q3 � q6 � � q1 � q2 � q3 � � q1 � q2 � q3 � q4 � q5 � q6 �
0 0 0 0 0 1 1 1 1 2 � q1 � q2 � q3 � q4 � � q1 � q2 � q3 � q4 � � q1 � q2 � q3 � q4 � � q1 � q2 � q3 � q4 �
0 0 0 1 0 1 0 1 1 1 � q1 � q2 � q3 � q6 � � q1 � q2 � q3 � q6 � � q1 � q2 � � q1 � q2 � q3 � q4 � q5 � q6 �
0 0 0 0 1 1 0 1 1 3 � q1 � q2 � q4 � q5 � � q1 � q2 � q4 � q5 � � q1 � q2 � � q1 � q2 � q3 � q4 � q5 �
0 0 1 0 0 0 1 1 1 1 � q1 � q2 � q3 � � q1 � q2 � q3 � q4 � q5 � q6 � q7 � � q1 � q2 � q3 � � q1 � q2 � q3 � q4 � q5 � q6 � q7 �
0 0 1 0 1 0 0 1 1 1 � q1 � q2 � q5 � � q1 � q2 � q3 � q4 � q5 � q6 � q7 � � q1 � q2 � q3 � � q1 � q2 � q3 � q4 � q5 � q6 � q7 �
0 1 0 0 1 1 0 0 1 1 � q1 � � q1 � q2 � q3 � q4 � q5 � q6 � q8 � � q1 � � q1 � q2 � q3 � q4 � q5 � q6 � q7 � q8 �
0 0 1 1 1 0 1 0 1 1 � q1 � � q1 � q2 � q3 � q4 � q5 � q6 � q8 � � q1 � � q1 � q2 � q3 � q4 � q5 � q6 � q7 � q8 �
0 0 1 1 0 0 1 1 1 1 � q1 � q2 � q3 � q6 � � q1 � q2 � q3 � q4 � q5 � q6 � q7 � � q1 � q2 � q3 � � q1 � q2 � q3 � q4 � q5 � q6 � q7 �
0 0 1 0 1 1 1 0 1 1 � q1 � � q1 � q2 � q3 � q4 � q5 � q6 � q7 � � q1 � � q1 � q2 � q3 � q4 � q5 � q6 � q7 �
0 0 0 1 1 1 0 1 1 1 � q1 � q2 � q4 � q5 � q6 � � q1 � q2 � q4 � q5 � q6 � � q1 � q2 � � q1 � q2 � q3 � q4 � q5 � q6 �
0 1 0 0 1 1 1 0 1 1 � q1 � � q1 � q2 � q3 � q4 � q5 � q6 � q8 � � q1 � � q1 � q2 � q3 � q4 � q5 � q6 � q7 � q8 �
0 0 1 0 1 0 1 1 1 1 � q1 � q2 � q3 � q5 � � q1 � q2 � q3 � q4 � q5 � q6 � q7 � � q1 � q2 � q3 � � q1 � q2 � q3 � q4 � q5 � q6 � q7 �
0 0 0 0 1 1 1 1 1 2 � q1 � q2 � q3 � q4 � q5 � � q1 � q2 � q3 � q4 � q5 � � q1 � q2 � q3 � q4 � q5 � � q1 � q2 � q3 � q4 � q5 �
0 0 1 0 0 1 1 1 1 2 � q1 � q2 � q3 � q4 � � q1 � q2 � q3 � q4 � q5 � q6 � q7 � � q1 � q2 � q3 � q4 � � q1 � q2 � q3 � q4 � q5 � q6 � q7 �
0 0 0 1 0 1 1 1 1 1 � q1 � q2 � q3 � q4 � q6 � � q1 � q2 � q3 � q4 � q6 � � q1 � q2 � q3 � q4 � � q1 � q2 � q3 � q4 � q5 � q6 �
1 1 0 0 0 0 1 1 1 1 � q1 � q2 � q3 � � q1 � q2 � q3 � q4 � q5 � q6 � q8 � q9 � � q1 � q2 � q3 � � q1 � q2 � q3 � q4 � q5 � q6 � q7 � q8 � q9 �
0 1 1 0 0 0 1 1 1 1 � q1 � q2 � q3 � � q1 � q2 � q3 � q4 � q5 � q6 � q7 � q8 � � q1 � q2 � q3 � � q1 � q2 � q3 � q4 � q5 � q6 � q7 � q8 �
0 0 1 1 1 1 1 0 1 1 � q1 � � q1 � q2 � q3 � q4 � q5 � q6 � q7 � � q1 � � q1 � q2 � q3 � q4 � q5 � q6 � q7 �
0 0 1 1 1 1 0 1 1 1 � q1 � q2 � q4 � q5 � q6 � � q1 � q2 � q3 � q4 � q5 � q6 � q7 � � q1 � q2 � � q1 � q2 � q3 � q4 � q5 � q6 � q7 �
0 0 1 1 0 1 1 1 1 1 � q1 � q2 � q3 � q4 � q6 � � q1 � q2 � q3 � q4 � q5 � q6 � q7 � � q1 � q2 � q3 � q4 � � q1 � q2 � q3 � q4 � q5 � q6 � q7 �
0 0 1 0 1 1 1 1 1 1 � q1 � q2 � q3 � q4 � q5 � � q1 � q2 � q3 � q4 � q5 � q6 � q7 � � q1 � q2 � q3 � q4 � q5 � � q1 � q2 � q3 � q4 � q5 � q6 � q7 �
0 0 0 1 1 1 1 1 1 6 � q1 � q2 � q3 � q4 � q5 � q6 � � q1 � q2 � q3 � q4 � q5 � q6 � � q1 � q2 � q3 � q4 � q5 � q6 � � q1 � q2 � q3 � q4 � q5 � q6 �
0 1 1 1 1 0 1 1 1 1 � q1 � q2 � q3 � q5 � q6 � q7 � q8 � � q1 � q2 � q3 � q4 � q5 � q6 � q7 � q8 � � q1 � q2 � q3 � � q1 � q2 � q3 � q4 � q5 � q6 � q7 � q8 �
0 0 1 1 1 1 1 1 1 5 � q1 � q2 � q3 � q4 � q5 � q6 � q7 � � q1 � q2 � q3 � q4 � q5 � q6 � q7 � � q1 � q2 � q3 � q4 � q5 � q6 � q7 � � q1 � q2 � q3 � q4 � q5 � q6 � q7 �
1 0 0 1 1 1 1 1 1 1 � q1 � q2 � q3 � q4 � q5 � q6 � q9 � � q1 � q2 � q3 � q4 � q5 � q6 � q9 � � q1 � q2 � q3 � q4 � q5 � q6 � � q1 � q2 � q3 � q4 � q5 � q6 � q7 � q8 � q9 �
0 1 0 1 1 1 1 1 1 1 � q1 � q2 � q3 � q4 � q5 � q6 � q8 � � q1 � q2 � q3 � q4 � q5 � q6 � q8 � � q1 � q2 � q3 � q4 � q5 � q6 � � q1 � q2 � q3 � q4 � q5 � q6 � q7 � q8 �
1 1 0 1 1 1 1 1 1 1 � q1 � q2 � q3 � q4 � q5 � q6 � q8 � q9 � � q1 � q2 � q3 � q4 � q5 � q6 � q8 � q9 � � q1 � q2 � q3 � q4 � q5 � q6 � � q1 � q2 � q3 � q4 � q5 � q6 � q7 � q8 � q9 �
0 1 1 1 1 1 1 1 1 7 � q1 � q2 � q3 � q4 � q5 � q6 � q7 � q8 � � q1 � q2 � q3 � q4 � q5 � q6 � q7 � q8 � � q1 � q2 � q3 � q4 � q5 � q6 � q7 � q8 � � q1 � q2 � q3 � q4 � q5 � q6 � q7 � q8 � q9 �
1 1 1 1 1 1 1 1 1 6 � q1 � q2 � q3 � q4 � q5 � q6 � q7 � q8 � q9 � � q1 � q2 � q3 � q4 � q5 � q6 � q7 � q8 � q9 � � q1 � q2 � q3 � q4 � q5 � q6 � q7 � q8 � q9 � � q1 � q2 � q3 � q4 � q5 � q6 � q7 � q8 � q9 �
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Table5: Distribution (in %) of Hammingdistancesto boundariesin thesoldierdata

UpperBoundStatistics LowerBoundStatistics
H � x	 ΓG cum Γ3 cum H � x	 ΓG cum Γ3 cum

0 51 51 70 70 0 51 51 70 70
1 20 71 12 82 1 24 75 19 89
2 13 84 9 91 2 15 90 4 93
3 9 93 6 97 3 2 92 3 96
4 3 96 0 97 4 7 99 3 99
5 2 98 2 99 5 1 100 1 100
6 2 100 1 100 6

Mean 1.07 0.63 0.93 0.53
REPH } 0.88 0.93 0.90 0.94
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Table6: Comparisonof two groupswithin anempiricalknowledgestructure

.
“q5 � 0” with group“q5 � 1”

Total “0” � ”1 “0” f ”1” r � noncomp. sig(r   0) sig(r /� E
&
r ' )

2500 181 1721 0.81 41 557 0.007 0.010
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Table7: Comparisonof two groupsbasedon theoreticaltermsgivenby Γ3

Upperboundcomparison Meanand2-σ boundsof themean
Skill “q5 � 0” “q5 � 1” Chi-Square1 Intensity(“q5 � 0”) Intensity(“q5 � 1”)
B1 84.0% 96.0% 4.00 20.1 25.4 30.8 52.7 60.3 67.8
B2 72.0% 98.0% 13.25 17.0 22.9 28.7 52.3 59.7 67.1
B3 40.0% 86.0% 22.69 8.6 14.5 20.4 37.8 46.5 55.2
B4 38.0% 90.0% 29.34 7.2 12.0 16.8 38.2 46.5 54.8
B5 20.0% 64.0% 19.87 3.1 8.0 12.9 25.7 35.3 44.9
B6 36.0% 78.0% 17.99 6.4 11.0 15.6 33.1 42.5 51.9
B7 16.0% 54.0% 15.87 5.5 16.0 26.5 39.8 54.0 68.2
B8 6.0% 36.0% 13.56 0.0 6.0 12.8 22.3 36.0 49.7
B9 2.0% 16.0% 5.98 0.0 2.0 6.0 5.5 16.0 26.5
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