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Summary

Roughsetdataanalysis(RSDA), introducedby Pawlak [46], hasbecomea muchresearchedmethodof
knowledgediscoverywith over 1200publicationsto date[50]. Onefeaturewhich distinguishesRSDA
from otherdataanalysismethodsis that,in its original form, it gathersall its informationfrom thegiven
data,anddoesnotmakeexternalmodelassumptionsasall statisticalandmostmachinelearningmethods
(includingdecisiontreeprocedures)do. Thepricewhich needsto bepaid for theparsimony of this ap-
proach,however, is thatsomestatisticalbackupis required,for example,to dealwith randominfluences
to which the observeddatamay be subjected.In supplementingRSDA by suchmeta-procedurescare
hasto betakenthatthesamenon-invasiveprinciplesareapplied.

In a sequenceof papersand conferencecontributions, we have developedthe componentsof a non-
invasivemethodof dataanalysis,whichisbasedontheRSDA principle,but isnotrestrictedto “classical”
RSDA applications.In thisarticle,wepresentfor thefirst time in aunifiedwaythefoundationsandtools
of suchroughinformationanalysis.

1 Intr oduction

Conceptforming andclassificationin the absenceof completeor certaininformationhasbeena major
concernof artificial intelligencefor sometime. Facedwith suchimperfectinformation,a researcheris
limited, for example,by

� Insufficientdistinctionof items,� Objectsetswhich canonly beapproximated,� Inappropriategranularityof theknowledgerepresentation,

Traditional“hard” dataanalysisbasedon statisticalmodelsor (binary) rule andreasoningmethodsarein
many casesnotequippedto dealwith uncertainty, relativity, or non-monotonicprocesses.As analternative,
a “soft computing”approachhascomeinto fashion,whosemaincomponentsarefuzzy logic, neuralnet-
work theory, andprobabilisticreasoning[65]. We observe thatall of these“soft” methodsrequire“hard”
parametersoutsidetheobservedphenomena– membershipdegrees,prior probabilities,parametersfor dif-
ferentialequations– theorigin of which is not alwaysclear. Onealsoshouldnot forgetthat theresultsof
suchmethodsarevalid only up to thegivenmodelassumptionswhichmaynotalwaysbesuccinctlystated
(or evenknown).�
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A major problemof any dataanalysismethodis the assumptionof representativenessof the observed
datafor the underlying“true” datastructurepostulatedin a model. The reasonfor this is thehugestate
complexity of the spaceof possiblerules,even whenthereareonly a few numberof features(Tab. 1).
This causesthe distribution of the cell frequenciesin the observed datato be extremely sparse,and a
representative samplingis ratherunlikely.

Table 1: Statecomplexity

# of attributes
# of attr. 10 20 30
values

�����	��

(states)

2 3.01 6.02 9.03
3 4.77 9.54 14.31
4 6.02 12.04 18.06
5 6.99 13.98 20.97

Onecanobservethatin mostcases,real life problems

� have few datapointswith respectto statecomplexity,� show many attributedependencies,

and thus, traditionalstatisticalmodelsdo not seemoptimal tools for datamining. Indeed,it would be
advantageousto have aninstrumentariumwhichcan

� remove redundantinformation,and� discover which featuresor attributesarerelevantfor datadescriptionand/orprediction,andprovide
decisionsupport,

withoutassumingfactswhich arenotcontainedin thedata.Suchaninstrumentseemsto benecessaryasa
pre-processingtool for furtheranalysis,and,asobservedin [45], it is sometimesnot only thefirst but also
a sufficient stepfor sensibledataanalysis.

A rule basedapproachto achieve theseaimsis roughsetdataanalysis(RSDA) which hasbeendeveloped
by Z. Pawlak andhis co-workerssincethe early 1970s[34, 35, 45, 46]. Today, roughsettheoryandits
applicationsin datadescriptionandanalysisarea prosperingresearchfield, andmany applicationsand
pointersto recentliteraturecanbefoundin [37, 41,43, 50–52,67].

As we shallsee,theroughsetmodelis datadriven: Attributedependenciesanddecisionrulesarealways
extracted(or learned)from existing systems,andthey arenot part of the designprocessas is the case,
for example,with relationaldatabases.In this respect,RSDA canbeconsideredpartof machinelearning,
or, moreconcretely, datamining [22, 48], which in turn is a partof “Knowledgediscovery in databases”
(KDD). The readerwho is interestedin the different approachesto imperfect information in database
theoryandartificial intelligenceis encouragedto consultthesurvey paper[44].

Theoriginalview behindtheroughsetmodelis theobservationthat

The information about a decisionis usually vaguebecauseof uncertaintyand imprecision
comingfrom manysources. . .Vaguenessmaybe causedby granularity of representationof
theinformation.Granularitymayintroduceanambiguityto explanationor prescriptionbased
on vagueinformation[49].

In otherwords,theoriginalconceptbehindthemodelis therealizationthatsetscanbedescribed“roughly”,
i.e. therearethreeregionsof knowledge:

An objecthasaproperty
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�
Certainly,

�
Possibly,

�
Certainlynot.

This looksconspicuouslylike a fuzzy membershipfunction,andindeed,on thealgebraic– logical level,
we cansaythat the algebraicsemanticsof a roughset logic correspondsto a fuzzy logic with a three-
valuedmembershipfunction[see10, 42]. An analysisof therelationbetweentheroughsetapproachand
fuzzy setshasbeendoneby [8].

Roughsetanalysisusesonly internalknowledge,anddoesnotrely onprior modelassumptionsasfuzzyset
methodsor probabilisticmodelsdo. In otherwords,insteadof usingexternalnumbersor otheradditional
parameters,roughsetanalysisutilisessolelythestructureof thegivendataunderthemotto

Let thedataspeakfor themselves1.

Of course,thisdoesnot meanthatRSDA doesnot have any modelassumptions;for example,we show in
Section3.2 that the basicstatisticalassumptionunderlyingRSDA is the principle of indifference. How-
ever, modelassumptionsaresuchthatwe admitcompleteignoranceof whathappenswithin theregion of
indiscernabilitygivenby thegranulationof information.

It is importantto realisethatRSDA doesnotexist in anisolatedworld of its own, but needsto beput in the
wider context of anoverall datamodel,and,indeed,theKDD process.This includesthatquestionssuch
assignificanceof rules,randominfluenceson thedata,objectivity of themodelselectionprocessetcmust
be addressedif RSDA wantsto beacceptedasa seriousmodelfor dataanalysis.In this context, we can
stronglyrecommendtheadvicegivento dataminersin [27].

In thispaper, wewill outlinethebasicaimsof roughsettheory, its tools,its limits, and,collectingourearlier
work, weshow how it canbeenhancedby non-invasivemethodsfor significancetesting,datafiltering, and
objectivecriteriafor modelselection.In thisway, webelievewecanpresenta“roughinformationanalysis”
(ROUGHIAN) whichis well foundedwith sufficientepistemologicalandstatisticalbackuptoserveasafully
fledgedmethodof non-invasivedataanalysis.

Thepaperis structuredasfollows: We first presenta datamodelandpositionRSDA andothermethods
in this model. This followedby a descriptionof thestructural,statistical,andinformationtheoretictools
whichareusedin RSDA andtheproposedadditionalprocedures.Theseareintroducedanddiscussedin the
next Sectionwhich describesROUGHIAN proper:Datafiltering, significancetesting,andmodelselection.
We concludewith a summaryandanoutlook.

2 Data modelsand modelassumptions

As thebasisfor ourpresentationwechoosethedatamodelof Gigerenzer[26]: Thecentreof themodelling
processis theresearcherwho chooses

1. A domain of interest.

2. A system � , which consistsof a body of dataand relationsamongthe data,calledan empirical
system, andamapping�������� , calledoperationalisation. Thismappingis oftencalledrepresen-
tation in KDD.

3. A representationsystem, alsocallednumericalsystem2 � , anda mapping ������� � , called
scalingwhich mapsthedataandtherelationsamongthedatato a numericalor graphicalscale.

1Jaynes[32], p. 641,attributesthis sentenceto R.A. Fisher, but we have not beenableto ascertainthis. Jaynesgoeson stating
that “The datacannotspeakfor themselves,andtheynever have, in any real problemof inference”. We areinclined to agreewith
him, but only up to thepoint, that,dueto thenecessaryoperationalisationof thedomain,thereareno“raw data”,andtherefore,they
cannottell usanything.Wehopethattheresultsof thecurrentpapershow that,giventheminimalassumptionsof anempiricalmodel
(which donot includeasubjectiveprior probability),thedatatell usmuchaboutthemselves,andthatadditionalassumptionsarenot
necessary, at leastfor thefirst stepof dataanalysis.

2Thesesystemsarecalled“numerical” for historicalreasons.Modernscalingtheoryincludesstructuressuchasnetworks,knowl-
edgespacesandothercomplexconstructs.
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Figure1: Datamodelling
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Thechoiceof eachof thepartsof themodelis apragmaticdecisionby researchers,how they wantto model
the propertiesanddependenciesof real life criteria in the bestpossibleway, accordingto their present
objectivesandtheir stateof knowledgeabouttheworld. As a simpleexample,considerthesituationthat
theknowledgestateof individualsin acertainareais to beassessed,whichis ourdomainof interest . The
empiricalsystemconsistsof theindividualsandproblemswhich they areaskedto solve. Theseproblems
aregiven by an expert who assumesthat they constitutea true operationalisationof the real knowledge
statesof theindividuals.A numericalsystemfor thisdomainarethetestscoresachievedby thestudents.

Theoperationalisationis to alargepartsubjective,andthusthefirst sourceof uncertainty(“modelselection
bias”): Onequestionis whethertheelementsandrelationsof theempiricalmodel � arerepresentative for
theobjectsof thedomain andtherelationsamongthem,anotherwhetherthechoiceof attributescovers
therelevantaspectsof  . Operationalisationandanempiricalmodel– alongwith theassumptionsthatgo
with them– arenecessaryin any typeof dataanalysis,while it is ourcontentionthata numericalsystemis
not.

All statisticalandmostKDD methodsmakeexternalmodelassumptions,andthusresideon the level of
thenumericalmodel;a typicalexampleis

“Wewill considerrectangulardatasetswhoserowscanbemodelledasindependent,identically
distributed(iid) draws from somemultivariateprobability distribution. . . .We will consider
threeclassesof distributions 5 :

1. themultivariatenormaldistribution;

2. themultinomialmodelfor cross-classifiedcategorical data,including loglinearmodels;
and

3. a classof modelsfor mixedmodelandcategoricaldata. . . ” [55].

Unlike in theexampleabove,modelassumptionsarenot alwaysspelledout, andthus,it is not clearto an
observer on what basisandwith which justificationa particularmethodis applied. As we have already
pointedout, the assumptionof representativeness,for example,is a problemof any analysisin mostreal
life databases.Furthermore,theinfluenceof themodelassumptionsontheresultsis notalwaystakeninto
accountwhentheseareinterpreted.

Not clearlyseparatingtheoperationalisationandscalingprocessesmayresultin unstated(or overlooked)
modelassumptionswhich maycompromisethevalidity of theresultof theanalysis.We invite thereader
to consult[28] for anindicationof whatcangowrongwhenstatisticalmodelsareappliedwhicharenot in
concordancewith theobjectivesof the research(if theseareknown). In particular, all we canhopefor is
anapproximationof thereality thatmodelsaresupposedto represent,andthat thereis no panaceafor all
situations.
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Given the difficultiesof justifying - or even stating- modelassumptionswhenconstructinga numerical
system,onemay well ask,whethersucha systemis, indeed,necessary. Justasan empiricalsystemis
betweenthe domainof interestand the numericalsystem,one can argue that oneway of avoiding the
difficultiesof modelbuilding is to remainat the level of anempiricalsystem,andinvestigatewhat it tells
usabouttheobservableandunobservabledata.Thisalleviatestosomeextenttheconcernsregardingmodel
uncertaintyraisedin [5].

RSDA is suchamethodof dataanalysiswhichstaysonthelevelof theempiricalsystem,workingonly with
andfrom thegivenoperationalisation.Formally, thismeansthatthescalemappingis theidentity function.
It followsthataquestionhow “noise” is handledwithin thismodelis notsensible:Thedefinitionof “noise”
assumesa numericalmodelwhich, at thestageof theempiricalmodelis not yet present.Similarly, there
cannotbe“outliers”, sincethey alsopresupposea numericalmodel.

Gettingrid of Scylla on the onehandinvites Charybdison the other: For example,not assuminga spe-
cific distribution raisesthe questionof rule significance,and,in orderto stayconsistentwith our aim of
minimising modelassumptions,we needto presenttools in which additionalrestrictionsdo not creepin
throughthebackdoor. We believe thatthemethodsdescribedbelow satisfythiscondition.

3 The tools of roughsetdata analysis

3.1 Symbolic tools

Granularityof informationcanbedescribedby equivalencerelationsonaset 6 of objectsupto theclasses
of which objectsarediscernible;what happenswithin the classesis not part of our knowledge. Hence,
givenanequivalencerelation 7 on adomain 6 , our knowledgeof asubset8 of 6 is limited to theclasses
of 7 andtheir unions.This leadsto thefollowing definition:

For 8�9:6 , we saythat

8 ;=<!>#?@BADC 7FEG��7FEH9I8KJ(3.1)

is the lower approximationor positiveregion of X, and

8 ; <!>#?@ A C 7FEL��ELML8KJ(3.2)

is theupperapproximation or possibleregion of 8 with respectto 7 . If 7 is understood,we shallusually
omit thesubscriptandthesuperscript.

A roughsetis apair N#8 O 8HP , and 8�9:6 is called 7 – definable, if 8 @ 8 .

Equivalencerelationsarethe major tool of the roughsetmodel,andmanipulationof theserelationsand
theirclassesconstitutesits symbolicpart.

Knowledgerepresentationin theroughsetmodelis donevia informationsystemswhichareatabular form
of anOBJECT � ATTRIBUTE VALUE relationshipasshown in Table2 [23].

More formally, an informationsystem Q @ N+6RO4STO!UWV�O45�VXP.VZY\[
consistsof

1. A finite set 6 of objects,

2. A finite set S of attributesor features,
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Figure 2: Roughapproximation

Table2: Fisher’s iris data

Sepal Sepal Petal PetalObject
length width length width

Class

1 50 33 14 2 1
2 46 34 14 3 1
3 65 28 46 15 2
4 62 22 45 15 2
6 67 30 50 17 3
7 64 28 56 22 3

<143othervalues>

3. For each]^MHS� A set U_V of attributevalues,� An informationfunction 5�V`�W6:�aU_V .
We maythink of thedescriptor5�V�b#Edc asthevaluewhich object E takesatattribute ] .
This operationalisationby Object � Attributedatatablesassumesthe “nominal scalerestriction” which
postulatesthateachobjecthasexactly onevalueof eachattributeat a giventime,andthattheobservation
of thisvalueis withouterror.

Informationsystemsarea primary sourceof equivalencerelations: With each ef9gS we associatean
equivalencerelation 7Xh on 6 by

Eji:klbm7 h c if f 5 V b#Edc @ 5 V b#k�c for all ]nMGe .

Intuitively, Ejioklbm7�hRc if theobjectsx andy areindiscerniblewith respectto thevaluesof their attributes
from Q.

Theseequivalencesform ameet- subsemilatticep�b
Q
c of thelattice pTqLb.6rc of all equivalencerelationson6 , andthemappingps�Wtub#S=cv�wpTqLb.6rc definedby

eyx�w7�h
is a homomorphismfrom N+tubmS=cZO{z|P to N&p^q}b.6Tc!O4~vP with pnbm��c @ 6���6 . We denotethe imageof p byp (

Q
). Thenaturalpartialorderon p�b

Q
c is setinclusion 9 , andwe sayfor �=O4es9�S that
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� is dependenton e if andonly if 7Xh�9�7Z� .

If � is dependenton e we shallusuallywrite this as eD��� . In this case,eachclassof 7 � is theunion
of classesof 7 h , andthus,thedescriptionof anelementby theattributesin � canbelocally replacedby a
descriptionby theattributesin e without losingany extensionalinformation.

If 7�h�9�7Z� , thenwe saythat e is a reductof � if

b�����9�enc!bm���@ eo�w7Z���9�7Z�Rc!�(3.3)

The intersectionof all reductsof � is calledthe core of � , denotedby �!�W���_b#��c . This is slightly more
generalthantheusualdefinition. If � @ S , we just speakof a reductor thecore(of

Q
).

It may be worth to point out that forming of reductsis a procedurelocal to the attribute setsinvolved.
In particular, reductsof S or its coreonly describehow thefinestpartitionof 6 – inducedby thewhole
system– canbeobtainedby (possibly)fewer featuresthanall of S . In algebraicterms,a reduct e of �
correspondsto oneconcreteinclusionin C 7Z������9�S�J , andaffectsonly 7Z� . Thestatement“Attributes
in a reductcanreplacethewholeattributeset” is not globally true,sinceit only sayssomethingaboutone
equationin thewholesemilatticep (

Q
) of inducedequivalencerelationsin 6 .

The dependency structureof implications ew��� is reflectedby the naturalorder 9 of its associated
meet–semilatticep (

Q
), andfinding dependenciesin

Q
andreductsis thesameasexploring theequational

structureof p (

Q
). Wereferthereaderto [40] and[12] for detailsandfurtherreferences.

Equivalencerelations7Xh�O47!� areusedto obtainrulesin thefollowing way:

We let ey�f� betherelation

Nm8GO+��P�MGeo�w�y���B8 is a classof 7 h O�� is a classof 7 � O and 8�~�� �@ �	�
A pair N#8GO��`P`Mye �¡� is calleda Q,P – rule (or just a rule, if e and � areunderstood)andusually
written it as 8 ��� . By someabuseof languagewe shallalsocall ey�w� arule whenthereis no danger
of confusion.

Eachrule hastwo parts(oneof which maybevoid):

Thedeterministic– or functional– partof e��w� , writtenas eo¢4£¥¤�¦� , is theset

C Nm8GO+��P�MGeo�w�§�F8B9���JW�(3.4)

If N#8GO���P¨MHe ¢4£.¤�¦� , then 8 is called � – deterministicor just deterministic, if � is understood.

If e��w� @ eo¢4£.¤�¦� , i.e. if eo�w� is a function,thenwe call eo�w� deterministicandwrite e��w� ; it
is nothardto seethat

eo�w� if andonly if 7 h 9:7 � O
sothatthenotationis consistentwith thedefinitionof dependency givenearlieron.

3.2 Statistical tools

Even thoughrough set analysisis a symbolic method,it usesan inherentmetric which is only based
on internal information, given by the informationsystem,andnot on extraneousparameterswhich are
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requiredby othermethodsof dataanalysis.We first describeit by usingoneequivalencerelationon a set:
If 7nMGpTqGb.6rc and 8�9:6 , thentheapproximationquality of 7 with respectto 8 is definedas

© ; b08Gc|<!>#?@«ª 8 ; ª!¬�ª( 8 ; ªª 6 ª O(3.5)

see[47]. This measureis the relative frequency of all elementswhich arecorrectlyclassifiedunderthe
granulationof informationby 7 with respectto beinganelementof 8 or not. Alternatively, observingthat8 inducesa partition ® of 6 with the classes8 and  8 , the function © ; measuresthe approximation
quality of 7 with respectto thepartition ® . Therearetwo statisticsrelatedto theapproximationquality of7 , namely

¯�° b08Gc|<!>#?@ ª 8 ªª 6 ª O ¯ ° b08Gc|<!>#?@ ª 8 ªª 6 ª �
It is easyto seethat ¯ ° b±8Gc @o²  ¯�° b  8Gc , and

© b08Gc @ ¯ ° b08Gc ¬ ¯ ° b  8Gc!O
sothatwe canregard ¯ ° astheunderlyingstatisticsof theroughsetmodel.

For eachequivalence7 on 6 we let ³ ; be the subalgebraof N�tub¥6rc!O4~=O4z=O  O4�´OZ6rP whoseatomsarethe
classesof 7 . Now, the restriction ¯ °Kµ ³ ; is a probabilitymeasureon ³ whoseinnermeasureis just ¯ ° ,
andthemeasurablesetsof N+6RO4³ ; O ¯ °�µ ³�P arejust the 7 –definablesets.Wesaythataprobabilitymeasure¶ on ³ ; is compatiblewith 7 , if ¯ ° b08Gc�· ¶ b±8Gc�· ¯ ° b08GcZO
for all 8¡My³ ; . It is easyto seethat the only probability measureon tub¥6rc which is compatibleto all
functions̄ ° is givenby

¶ b±8Hc @ ª 8 ªª 6 ª O(3.6)

so that ¶ bmE¸c @ �¹ º�¹ for all E�M:6 . In otherwords,roughsettheoryassumestheprinciple of indifference
[2], where

� In theabsenceof furtherknowledgeall basiceventsareassumedto beequallylikely.

Thus,thestatisticalinterpretationof theroughsetapproachis quitesimple:

� Roughsetanalysisneglectstheunderlyingjoint distributionsof theattributesandthereportedstatis-
tics ¯ ° , resp. © , aresufficientonly if thejoint distributionsof theattributesareconstantasin (3.6).

This soundslike a drawback,but oneshouldnotethat roughsetanalysisis applied(andapplicable!)in a
“few – objects– many – attributes”situationwhich is verydifferentto thesituationsusuallyencounteredin
statisticalmodelling.In thefield of appliedregressionanalysisit wasshown thatin comparablesituations
the assumption“simple is better” – e.g.using0–1 regressionweights– resultsin morestableestimates
thanusinganapproachwith many parameters[6]. Weshallreturnto this themein Section4.4.

Generalising(3.5) to partitionswith morethantwo classes,we definethequality of an approximationof a
anattributeset e with respectto anattributeset � by

© bme��f��c @ ª�» C 8¼��8 is a � –deterministicclassof 7�h�J ªª 6 ª �(3.7)

Notethat ey�w� if andonly if © b#eo�w��c @�² .
8



3.3 Inf ormation theoretic tools

A measurewhichhasnotyetbeenfully exploitedin roughsettheoryis theuseof theinformationtheoretic
entropyfunctionwhich measuresthreethings[39, p. 16]:

� Theamountof informationprovidedby anobservationE,� TheuncertaintyaboutE,� Therandomnessof E.

Thecharacteristicof thisapproachis thatinformationof uncertaintydescribedby aprobabilitydistribution
is mappedinto a dimensionwhichhasits own meaningin termsof sizeof a computerprogram,andwhich
hastheconsequencethat

� Effort of thecodingthe“knowledge”in termsof optimalcodingof givenrulesand� Consequencesof “guessing”in termsof optimalnumberof decisionsto classifya randomchosen
observation

canbeaggregatedin thesamedimension.

A comprehensive textbookon thesetopicsis [36], andanintroductionaswell aspointersto furtherlitera-
turecanbefoundin [1].

Let ® be a partition of 6 with classes½K¾4O4¿�· À , eachhaving cardinality ��¾ . In compliancewith the
statisticalassumptionof the roughsetmodelwe assumethat the elementsof 6 arerandomlydistributed
within theclassesof ® , sothattheprobabilityof anelementE beingin class½K¾ is just Á�Â¹ º�¹ . Wenow define
theentropyof ® by

Ã bÄ®�c <!>#?@ ÅÆ ¾0Ç 
 � ¾ª 6 ªÉÈ �����_Ê b ª 6 ª��¾ c!�
If 7 is anequivalencerelationon 6 and ® its inducedpartition,we will alsowrite

Ã b#7Fc insteadof
Ã b�®�c .

The entropyestimatesthe meannumberof comparisonsminimally necessaryto retrieve theequivalence
classinformation of a randomlychosenelement E§MË6 . We can also think of the entropyof ® as a
measureof granularityof thepartition: If thereis only oneclass,then

Ã b�®�c @oÌ , andif ® correspondsto
theidentity, then

Ã bÄ®�c reachesa maximum(for fixed Í ). In otherwords,with theuniversalrelationthere
is no informationgain,sincethereis only oneclassandwe alwayschoosethecorrectclassof anelement;
if thepartitioncontainsonly singletons,theinclusionof anelementin a specificclassis hardestto predict,
andthustheinformationgainis maximised.

This concludesour presentationof the basictools of the traditional roughsetmodel. Thereare strong
relationsto otherfieldsof MathematicsandInformaticswhichweshallnotgo into in thispaper;apictorial
pointeris givenin Figure3.

4 ROUGHI AN – Rough information analysis

Whatwe seein Table2 is oftencalled“raw data”. Theseareunfilteredmeasurementsof attributeswithin
the domainunderinvestigation.However, it canbe arguedthat thereis no suchthing as“observed raw
data”:Mostmodelbuildingapproachesuse“features”or “attributes”aswell as“measurements”todescribe
the data. Which attributesare chosen,and which measurementsare used,are pragmaticdecisionsby

9



Figure 3: Outreachof RSDA
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researchers,how they wantto representthedependenciesof reallife criteriain thebestpossibleway– look
againat Fig. 1. Theroughsetapproachis thereforea conditionalinformationanalysisstrategy, dependent
on the choiceof attributesand measurementmodels. It follows that – like other typesof information
analysis– RSDA needsa pre–processingstepsuchasdatafiltering which resultsin datawhich is suitable
for further analysis.This stepshouldbe partof the measurementprocedureandit is highly desirablein
certainsituations– for examplewhena systemhasanemptycoreor whentheobtainedrulesarebasedon
a few observations.We shalladdressthisproblemin Section4.2.

We canusetheapproximationquality definedin (3.7) asan internalindex of a rule eÔ��� . If e���� ,
thenthepredictionis perfect,otherwise,© b#eo�w��c|Õ ² . However, aperfector highapproximationquality
is notaguaranteethattheruleis valid. If, for example,theroughsetmethoddiscoversarule eo�w� which
is basedon only a few observations– which we call a casualrule – theapproximationquality of therule
maybedueto chance.Thus,thevalidity of inferencerulesfor predictionmustbevalidatedby statistical
techniques– otherwise,applicationbeyond attribute reductionin the concretesituationmight aswell be
doneby throwing bonesinto theair andobservingtheir pattern.We shallpresentsuchtestingprocedures
in Section4.3.

If we have competingrules,say, eo�w�=O��:�w�ÖOX���X� , we needa mechanismto decidewhich oneof these
is thebestmodelof thesituationandcanbeusedmostreliably for prediction.A conditionalmeasuresuch
asthe approximationquality is not a goodguide,andeven the significancetestingmethodspresentedin
Section4.3 maybetoo expensive or not give us clearsuggestions.In Section4.4 we show how onecan
usetheentropyfunctionto describetheamountof uncertaintyof deterministicandindeterministicrules.

It is our opinion that with thesethreeadditionsto the original RSDA, the resultingmethod– which we
call ROUGHIAN3 – canbeturnedinto a usefultool for dataanalysisandprediction;it canbethefirst step
of a dataanalysisand, if necessary, may be followedby other, moreinvasive, methods;applicationsof
ROUGHIAN canbefoundin [3, 4, 16,19].

3ROUGH INFORM ATION ANALYSIS
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4.1 Removingoverhead

In this sectionwe shallbriefly describethebasicapplicationof ‘pure’ roughsettheory, namelythereduc-
tion of overheadin a given informationsystem.Here,we arenot concernedwith learningor generating
rulesfor prediction,but only with theconcretesituationunderconsideration.

Given an informationsystem

Q @ N+6RO4STO!U V O45 V P VZY\[ , a naturalquestionis whetherthereis a set × of
attributeswhich doesnot changethe informationwhich

Q
provideswith regardto the (in–) discernibility

of objects.Thefirst stepwecantakeis to remove (or aggregate)attributeswhich leadto thesamepartition
of 6 : Two attributes¶ O4]nMØS arecalledequivalent, if 7�Ù @ 7ZV . An informationsystem

Q
over 6 is called

essential, if thereareno equivalentattributes.In otherwords,Q
is essential���Bp is one–oneon singletons.

If

Q
is not essential,we canalwayschooseoneelementof theset C ]�M�S§�dpnb C ¶ J\c @ pnb C ]�JFc4J for each¶ MØS .

The secondstepis to remove from

Q
thoseattributeswhich areexactly a combinationof others: SinceÚ <!>#?@ p�b

Q
c is a finite meet–semilattice,it is generatedby the set ÛÜ�#��bmÝ	c of its meet–irreducibleelements.ÛÞ�m��b#Ý´c is thesmallestgeneratingsetfor

Ú
, andhenceit is containedin C 7!Vj�¸]�MIS�J . Theseobservations

leadto thefollowing definitions:

Let × <Z>#?@�C ]TMGSy��7!VTMßÛÞ�m��b#Ý´c4J . Theinformationsystemà @ N+6ROZU_VWO{5�V�P.V!Y�á is calledtheattributereduct
of

Q
, denotedby

Q|â
£+¢ . Notethat,oncewe have chosenanessentialsystem

Q
from a givensystem,

Qvâ
£�¢ is

uniquelydetermined,andthat × is thesmallestsubsetof S with respectto thepropertythat pnb
Q
c @ pnbmàjc .

Asamethodof attributereductionin agivensystem,theroughsetapproachis asafeanduseful,if computa-
tionally expensive,pre–processingtool which canfeedits resultsinto othertechniqueswhich aresensitive
to redundantinformationsuchasstatisticalmethodsor neuralnetworks.A goodexamplefor this canbe
foundin [7].

4.2 Data filtering

Oneof the situationsin which roughset theoryoffers no adviceis whenan informationsystemhasan
emptycore. This indicatesa high substitutionrateamongtheattributeswhich maybedueto incomplete
pre–processingor operationalisationof the “raw data” which resultsin an informationsystemwherethe
granularityis still too high.

. . .nondeterminismis particularly strongif thecore knowledgeis void. Hencenondeterminism
introducessynonymyto theknowledge,which in somecasesmaybea drawback [47, p. 38].

Thereis no specificadvicewithin roughsetanalysisfor this situation. In practice,proceduressuchas
the statisticalanalysisof the appearanceof attributeswithin reducts[e.g. 60] areusedto copewith this
problem.However, we have shown in [18] thatthismeasureis not reliable.

In [17] wehavedevelopedasimpledatafiltering procedurewhichis compatiblewith theroughsetapproach
andwhich mayresultin an improvedsignificanceof rules.Our approachcanbevieweda specialcaseof
the more sophisticatedmethodswhich were independentlydevelopedin [56]. A generalisationof this
“within attributes”filtering to severalattributeshasbeenproposedin [61, 62].

Themaintool are‘binary informationsystems’,andwe shalloutlinetheprocedurewith anexamplefrom
[17].

Considertheinformationsystemgivenin Table3. Weinterpretthis informationsystemasfollows:
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Table3: Heartattackinformationsystemã¸ä
U med psych H U med psych HE � 1 3 0 E¸å 2 4 1E Ê 3 2 0 E¸æ 4 1 1E´ç 2 1 0 E¸è 1 5 1E´é 3 3 0 E	ê 5 4 1

� E � O����X�4O4E ê arepersons.� Theattribute �j��ë is a combinedmeasureof medicalindicatorsfor the risk of a heartattack,while¶dì k�í!î is a combinedmeasureof psychologicalindicators[seee.g.11,54].� Thevaluesof therisk measuresare

1 – NO RISK , 2 – SMALL RISK , 3 – MEDIUM RISK , 4 – HIGH RISK , 5 – VERY HIGH RISK .

� ThedecisionvariableH is interpretedasthe observationof a heartattackwithin a predefinedtime
span,andwe code

1 – HEART ATTACK , 0 – NO HEART ATTACK

Oneeasilyseesthat 7Xï Á £�¢Zð ÙFñ.ò!ó�ô�õ @ ¿më º , andthereforewe have theruleC ���Xë¸O ¶dì k�í!îÉJr� Ã �
Onetheotherhand,thestatisticalroughsetanalysisof [15] presentedin thenext sectionshows that there
is no evidencethatthis dependency is notdueto chance.This is surprising,becausethedependency

“High medicalor highpsychologicalrisk leadsto heartattack”

is obviouslypresent.However, thisstatementusesfar lessinformationthanthatgivenby

Q �
: Thereareonly

the two risk values C high,not highJ . If we recodetherisk valuesaccordingly, we obtainthe information
system

Q Ê
:

U med psych H U med psych HE � 0 0 0 E¸å 0 1 1E Ê 0 0 0 E¸æ 1 0 1E ç 0 0 0 E è 0 1 1E é 0 0 0 E ê 1 1 1

We still have thedependency C �j��ëdO ¶dì k�íZî�Jr� Ã
; thestatisticalanalysis,however, shows thatthechance

to getthesameresultby randomis about2.7%.Hence,this dependency canbeconsideredsignificant.As
anexampleof our method,we outlinetheprocedurehow to getfrom

Q �
to

Q Ê
.

Let us first discussbinary informationsystems. Theseare thosesystems,in which the rangeof every
informationfunctionhasexactly two elements.Roughlyspeaking,we obtaina binarysystem

Qvö
from an

informationsystem

Q
by replacinga non–binaryattribute ] with a setof attributes,eachcorrespondingto

anelementof U V ; theassociatedinformationfunctionshave value ² if andonly if E hasthisvalueunder5 V ;
binarisationof attributesis notnew, seefor example[30,63]. Table4 showsthebinarisationof theexample
given in Table3. We seethat in theprocessof binarisationno informationis lost; indeed,informationis
shiftedfrom thecolumnsto therows.

Theprocedurenow is asfollows:
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Table4: Thebinarisedsystemã�÷ä
med psychU � � � Ê � ç � é ��å ¶ � ¶ Ê ¶ ç ¶ é ¶ å H

E � 1 0 0 0 0 0 0 1 0 0 0E Ê 0 0 1 0 0 0 1 0 0 0 0E	ç 0 1 0 0 0 1 0 0 0 0 0E	é 0 0 1 0 0 0 0 1 0 0 0E å 0 1 0 0 0 0 0 0 1 0 1E æ 0 0 0 1 0 1 0 0 0 0 1E¸è 1 0 0 0 0 0 0 0 0 1 1E ê 0 0 0 0 1 0 0 0 1 0 1

Step1. Constructthebinaryextension

Q|ö�
asshown in Table4.

Step2. Find thebinaryattributes�l¾{O ¶�ø for which

bÄ�ùE�Mß6rcZbm5 Á�Â bmE¸c @�² �w5�ú�b#Edc @§² cZObÄ�ùE�Mß6rcZbm5 Ù�û bmE¸c @�² �w5�ú�b#Edc @§² cZO
andbuild their union within �j��ë , resp. ¶dì k�íZî in the following sense:If, for example��¾0ü�OX������O4��¾0ý satisfy(Step2), thenwe definea new binaryattribute �l¾ÄüZþ(þ(þ ¾0ý by

5 ÁÿÂ ü������ Â ý b#Edc @§² <!>#?����5 Á û bmE¸c @�² for some
� M C ¿ 
 O��X����O4¿ Å J_O��� �����ø Y ï ¾0ü ð þ(þ(þ ð ¾ÄýZõ 5 Á û bmE¸c @§² O

andsimultaneouslyreplace� ¾ ü�OX���X�4O4� ¾ ý by � ¾ ü þ(þ(þ ¾ ý .
BecauseC �lé�O4� å J aswell as C ¶ é_O ¶ å J show this property, we replacethetwo attributes��éWO4� å (¶ é�O ¶ å ) by anaggregateattribute ��é å (¶ é å ).
Similarly, wefind theattributes� ¾ O ¶ ø for which

bÄ�ùE�Mß6rcZbm5 Á Â bmE¸c @�² �w5 ú b#Edc @�Ì cZOb��ùE�MK6rcZbm54Ù û bmE¸c @§² �w5 ú bmE¸c @�Ì c
and build their union within �j��ë , resp. ¶¸ì k�í!î . We seethat only C ¶ Ê O ¶ çFJ has this
property, sothatafterthis stepwe obtain

U � � � Ê � ç � é å ¶ � ¶ Ê ç ¶ é å HE � 1 0 0 0 0 1 0 0E Ê 0 0 1 0 0 1 0 0E´ç 0 1 0 0 1 0 0 0E´é 0 0 1 0 0 1 0 0E å 0 1 0 0 0 0 1 1E æ 0 0 0 1 1 0 0 1Edè 1 0 0 0 0 0 1 1E ê 0 0 0 1 0 0 1 1

Step3. Performa roughsetdependency analysiswith theattributesof this systemwith respect
to thedecisionattribute

Ã
. This resultsin

1 C � � O{� Ê O{� ç O ¶ é å�J
2 C � Ê O ¶ � O ¶ é å�J
3 C � Ê O ¶ Ê ç O ¶ é åZJ
4 C � Ê O ¶ � O ¶ Ê ç J
5 C � é å�O ¶ � O ¶ Ê ç J
6 C � é å�O ¶ é åZJ
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Step4. Chooseall reductswith the smallestcardinality4 for further processing.In the exam-
ple thereis only onecollectionof attributesthat meetsthis condition,namely, the setC � é åFO ¶ é å�J .

Becauseall otherbinaryattributesaresuperfluousto expressthedependency of H from ���Xë and ¶¸ì k�í!î ,
we finally obtain

Q Ê
on p. 12. 	

Thedetailsof thegeneralprocedurecanbefoundin [17]. Furthermore,thepapershows thatthedetection
of significantrulesis asgoodor betterthanwithoutfiltering.

It is sometimessaid that RSDA can only be appliedfor nominaldata,and that it is unsuitablein case
thedatais continuous.Experiencedoesnot seemto verify this statement.[4] have appliedthestructural
filtering describedin thissectionto the(highly continuous)Iris data.In Table5 welist theresultingnumber
of classes,andin bracketsthe numberof classesof the unfiltereddata. Observe the dramaticfall in the
numberof classesof thepetalattributes.

Table5: Structuralfiltering of Iris data

Attribute Filter No of classes
Sepallength: 43–48,53 � 46 22(35)

66,70 � 70
71–79 � 77

Sepalwidth: 35,37,39–44 � 35 16(23)
20,24 � 24

Petallength: 10–19 � 14 8 (43)
30–44,46,47� 46

50,52,54–69 � 50
Petalwidth: 1–6 � 2 8 (22)

10–13 � 11
17,20–25 � 17

Table6 shows that, for this data,thepredictionquality of theROUGHIAN methodis approximatelyequal
to thatof discriminatanalysis,eventhough

� ROUGHIAN doesnotusethemetricinformationof thedataset,exceptthatrules“nearby”haveto be
evaluated,� ROUGHIAN doesnot assumeanunderlyinglinearmodelwithin thedata,� ROUGHIAN doesnot makeany homogeneityor spatialdistributionalassumption,

in contrastto discriminantanalysis.

4.3 Significancetesting

Althoughroughsettheoryusesaonly few parameterswhichneedsimplestatisticalestimationprocedures,
its resultsshouldbe controlledusingstatistical testingprocedures, in particular, whenthey areusedfor
modelingandpredictionof events. If rulesarebasedon only a few observations,their usefulnessasa
predictiontool mayberatherlimited:

Considera datasetin which there is a nominalattributethat uniquelyidentifieseach exam-
ple . . .Using this attributeonecan build a 1 – rule that classifiesa giventraining set100%
correctly: needlessto say, therule will not performwell on an independenttestset[29].

4Section4.4presentsadifferentmethodof choosingattributesets.
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Table6: Predictionof Iris data

Discriminantanalysis
Classesin thetestingsetPredictedclass

Setosa Versicolor Virginica
Setosa 1.000 0.000 0.000
Versicolor 0.000 0.940 0.069
Virginica 0.000 0.060 0.931

ROUGHIAN

Setosa 1.000 0.000 0.000
Versicolor 0.000 0.939 0.071
Virginica 0.000 0.061 0.929

In [15] we have developedtwo procedures,both basedon randomizationtechniques,which evaluatethe
validity of predictionbasedon theapproximationquality of attributesof roughsetdependency analysis.
Theseproceduresseemto beparticularlysuitableto roughinformationanalysisasadataminingtool which
is datadriven, anddoesnotrequireoutsideinformation.In particular, it is notassumedthattheinformation
systemunderdiscussionis a representative sample,which,aswe have mentionedearlier, is a problemfor
any methodof dataanalysis(Table 1 on page2). We invite the readerto consult[21] or [38] for the
backgroundandjustificationof randomizationtechniquesin thesesituations.

Let 
 bea permutationof 6 , and �s9�S . Wedefinenew informationfunctions 5��� ���â
by

5 �� ���â bmE¸c <!>#?@ � 5 â b�
�b#Edc+c!O if ��MG�=O5 â bmE¸c!O otherwise�
The resulting information system

Q
� permutesthe � –columnsaccordingto 
 , while leaving the e –

columnsconstant.We let © bme���
�bm��c+c be the approximationquality of the predictionof 
�bm�nc by e
in

Q
� .

Given a rule ew��� , we usethe permutationdistribution C © b#ew��
�bm��c+cG��
§M���J to evaluatethe
strengthof theprediction e��w� . Thevalue¶ b © bmeo�w��c ª Ã 
 c measurestheextremenessof theobserved
approximationquality, andit is definedby

¶ b © b#eo�w��c ª Ã 
 cR� @ ª C © b#ey��
�b#��c�c�� © b#eo�w��c���
 M���J ªª 6 ª��(4.1)

If ¶ b © bmeË���nc ª Ã 
 c is low, traditionallybelow 5%, thentherule e���� is deemedsignificant,andthe
(statistical)hypothesis“ e��w� is dueto chance”canberejected.Otherwise,if ¶ b © bme��f��c ª Ã 
 c � Ì � Ì"! ,
wecall e��w� a casualdependency. A similar idealeadsto thedefinitionof conditionalcasualattributes
within roughsetdependency analysis.

Example1. [15]
Considerthefollowing informationsystem:

U ¶ ] ë
1 0 0 0
2 0 1 1
3 1 0 2

Therule C ¶ O{]�Jÿ�aë is perfect,since© ï Ù ð V{õ bmëWc @D² . Furthermore,therule is deterministiccasual,because
every instanceis basedon a singleobservationonly.

Now supposethatwe have collectedthreeadditionalobservations:
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U ¶ ] ë U ¶ ] ë
1 0 0 0 1’ 0 0 0
2 0 1 1 2’ 0 1 1
3 1 0 2 3’ 1 0 2

To decidewhetherthe given rule is casualunderthe statisticalassumption,we have to considerall 720
possiblerulesasoutlinedin (4.1)andtheir approximationqualities.Thedistribution of theapproximation
qualitiesof the 720 possiblematchingrules is given in Table7. Given the 6–observation example,the

Table 7: Resultsof randomizationanalysis;6 observ.

©�# No of cases ¶ b © b C ¶ O4]�Jÿ�wëWc ª Ã 
 c Exampleof 

1.00 48 0.067 ² O ²%$ O'&´O'& $ O'(´O'( $
0.33 288 0.467 ² O ²%$ O'&´O'(´O'& $ O'( $
0.00 384 1.000 ² O'&´O'& $ O'(´O ²%$ O'( $

probabilityof obtaininga perfectapproximationof ë by C ¶ O4]�J undertheassumptionof randommatching,
is 0.067which is by far smaller than in the 3–observation example,but not convincing enough,using
conventional ) @�Ì � Ì"! , to decidethattherule is sufficiently significantto benotcasual. 	
We have appliedtheproceduresto threewell known datasets,andhave foundthatnot all claimedresults
canbecalledsignificant,andthatothersignificantresultswereoverlooked.Detailsandmoreexamplescan
befoundin [15].

Althoughtherandomizationtechniqueis quiteuseful,it is ratherexpensive in resources,andit is notalways
feasible(or, indeed,possible)to exactly compute) . However, a randomlychosensetof permutationswill
usually be sufficient; Dwass[20] hasshown that the significancelevel of a randomizationtest is in a
senseexact even when the randomizationdistribution is only sampled. In [24] we presenta sequential
randomizationtestwhich considerablyreducesthecomputationaleffort.

Randomizationis only applicableasa conditionaltestingscheme:Thoughit tells uswhena rule maybe
dueto chance,it will not give usany informationfor thecomparisonof two differentrules.How onecan
addressthisproblemwill bepresentedin thenext section.

4.4 Uncertainty measurement

To comparedifferentrulesand/orcomparedifferentmeasuresof uncertaintyoneneedsageneralframework
in which to performthecomparisons.

The traditional measuresof RSDA, the approximationquality, as well as lower and upperapproxima-
tions are conditionalconstructions,but, from the start of its development,RSDA hasbeenapplied in
unconditionalsituations.Oneproblemis thatdifferencesof granularitywithin thesetof independentvari-
ablesis not takeninto accountby theseconstructions.Table1 on page2 is an illustration how quick
granularitycangrow, andonecannotrightfully ignoregranularitydifferences.Therefore,approximation
qualitiescannotin generalbecompared,if we usedifferentsetse and � for thepredictionof � .

To definean unconditionalmeasureof predictionsuccessone can usethe idea of combiningprogram
complexity (i.e.tofind acertainrulein ROUGHIAN) andstatisticaluncertainty(i.e.ameasureof uncertainty
within theindeterministicrules)to a globalmeasureof predictionsuccess.A lack in statisticalreliability
correspondstopredictionswith morecomplicatedrules– anapproachthatis well knownastheconstructive
probabilityapproach or Kolmogorovcomplexity [33, 36].
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We arehave developedthreemethodsrelatedto the‘Minimum DescriptionLength’ approach[see36, for
a detailedexposition]which enhanceRSDA sothat it canbeusedmorereliably for predictionandin the
situationof competingexplanations[18].

Our scenariois asfollows:

� We have aninformationsystem

Q @ N+6RO4STO!UWV�O45�VXP.VZY\[ , where ª 6 ª @ Í , andsetse�O4� of attributes.
Theaimis to describetheuncertaintyof thepredictionof attributesin � by attributesin e .

A specialrolewill beplayedby thoseattributesin e which induceadeterministicrule;weshalldenotebyU theunionof all 7Xh classeswhich inducesucha rule, i.e. which area subsetof a uniqueclassof 7!� .

WhereasROUGHIAN handlesdeterministicrules in a straightforwardmanner, the statusof the indeter-
ministic rulesremainssomewhatunclear. Thereare– at least– threedifferentapproachesto describethe
amountof uncertaintyof theindeterministicrulesin ROUGHIAN.

The first approachis basedon the assumptionthat, given a class � of 7Z� , any observation k in the set� h�* � h 9�6 is a resultof a randomprocesswhosecharacteristicsaretotally unknown to theresearcher.
Given this assumption,no informationwithin our datasetwill helpus to identify theelementk , andwe
concludethateachsuchk requiresarule– or class– of its own. In thiscase,any elementof 6 * U is viewed
asa realizationof a probabilitydistributionwith its uncertainty

�+ ������Ê b#Í�c . In otherwords,we assumethe
maximumentropy principle which minimizesthe worst cases,and look at the equivalencerelation 7�,h
definedby

E�i ;'-. k <!>#?���wE @ k or thereexistssome¿ ·�í suchthat E O{knMG8`¾{�
Its associatedprobabilitydistributionis givenby C0/1 ¾ �W¿ ·�í ¬oª 6 * U ª J with

/1 ¾�<!>#?@ � /2 ¾�O if ¿�· íFO�+ O otherwise�(4.2)

We now definetheentropyof roughprediction(with respectto eo�w� ) as

Ã4365'7%8'9 b#eo�w��c <!>#?@ Ã bm7 ,h c @ Æ ¾ /1 ¾ È � ��� Ê b
²/1 ¾ cZ�(4.3)

This type of entropyseemsto be closestto our basicaim to useas few assumptionsoutsidethe dataas
possible:

“Althoughtheremaybemany measures̄ thatareconsistentwith whatweknow, theprinciple
of maximumentropysuggeststhatwe adoptthat ¯ ° which hasthe largestentropyamongall
the possibilities. Using the appropriatedefinitions,it canbe shown that thereis a sensein
which this ¯ ° incorporatesthe‘least’ additionalinformation”. [31].

Notethatthis approachassumesthatclasses8 of 7Xh have to beobservedwithin a representative sample,
or – in termsof parameters– theapproachneedsonly theprobabilitydistribution /2 of theclasseswithin7�h .

To obtainanobjectivemeasurementweusethenormalizedroughentropy(NRE)of (4.3),where

Ú 365'7%8'9 b#eo�wëWc @§²  Ã
365'7%8'9 bmeo�wëWc  Ã bmëWc�����WÊ b ª 6 ª c  Ã bmëWc �(4.4)
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Table 8: DatasetsandSORESvalidation

Dataset SORES C4.5(8)
Attributes No. ofName Cases Classes

Cont. Discr. pred.attr.
Error Error

Anneal 798 6 9 29 11 6.26 7.67
Auto 205 6 15 10 2 11.28 17.70

Breast-W 683 2 9 - 2 5.74 5.26
Colic 368 2 10 12 4 21.55 15.00

Credit–A 690 2 6 9 5 18.10 14.70
Credit–G 1000 2 7 13 6 32.92 28.40
Diabetes 768 2 8 - 3 31.86 25.40

Glass 214 6 9 - 3 21.79 32.50
Heart–C 303 2 8 15 2 22.51 23.00
Heart–H 294 2 8 15 5 19.43 21.50
Hepatitis 155 2 6 13 3 17.21 20.40

Iris 150 3 4 - 3 4.33 4.80
Sonar 208 2 60 - 3 25.94 25.60

Vehicle 846 4 18 - 2 35.84 27.10
Std.Deviation 10.33 8.77

If theNREhasavaluenear1, theentropyis low, andthechosenattributecombinationis favorable,whereas
a valuenear0 indicatescasualness.The normalizationdoesnot usemoving standardsaslong aswe do
notchangethedecisionattribute ë . Therefore,any comparisonof NREvaluesbetweendifferentpredicting
attributesetsmakessense,givena fixeddecisionattribute.

The implementedproceduresearchesfor attributesetswith a high NRE; sincefinding the NRE of each
featuresetis computationallyexpensive, we usea genetic– like algorithmto determinesetswith a high
NRE.

We have namedthemethodSORES,anacronym for SearchingOptimal RoughEntropySets. SORESis
implementedin our roughsetengineGROBIAN [14]5.

In Table8 we list thebasicparametersof severalknown datasets6, andcomparetheSORESresultswith
the C4.5 performancegiven in [53]. The column“No. of pred. attr.” recordsthe numberof attributes
which areactuallyusedfor prediction.

The resultsindicatethat SORESin its presentversioncan be viewed as an effective machinelearning
procedure,becauseits performancecompareswell with thatof thewell establishedC4.5method:Theodds
are7:7 (given the14 problems)thatC4.5producesbetterresults.However, sincethe standarddeviation
of theerrorpercentagesof SORESis higherthanthatof C4.5,we concludethatC4.5hasa slightly better
performancethanthecurrentSORES.

The secondapproachto handleuncertaintyrecognizesthat 7 � inducessomestructureon 6 * U : If 8
is a classof 7 h which doesnot leadto a deterministicrule, thereareclasses� 
 OX�����{O+� ñ of 7 � O ì �:& ,
suchthat 8 intersectseach� ¾ * U . Uncertaintygiven 8 cannow bemeasuredby theuncertaintywithinC � 
 * UuO��X���4O�� ñ * UnJ . Theassumptioncanbeinterpretedin thesensethatany ruleproducesacertaindegree
of imprecisionin thepredictionof 7 � , but thattheamountof uncertaintyis basedsolelyontheuncertainty
within � anddoesnot interactwith e .

5All materialrelatingto SORES,e.g. datasets,a descriptionof the algorithm,aswell as GROBIAN, canbe obtainedfrom our
websitehttp://www.psycho.uni-osnabrueck.de/sores/

6http://www.ics.uci.edu/~mlearn/MLRepository.html
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Thefinal approachis basedon theassumptionthatstructureandamountof uncertaintycanbeestimated
by theinteractionof � and e . In this caseany class8aMI7�h determinesits own probabilitydistribution
basedon its intersectionwith theclassesof 7Z� . This leadsto thetraditionalnotionof conditionalentropy
which is basedsolely on combinatorialstatistics,andhaslittle connectionto theoriginal intentionof the
roughsetmodel.

BecauseROUGHIAN offersseveralinterpretationsof uncertainty, we needanobjectivemethodto compare
differentunconditionalmeasuresof predictionsuccess.Lookingatour threedifferentuncertaintyinterpre-
tations,we seethat they arebasedon differentnumbersof parameters.Whereasthe first approachonly
needstheprobabilitiesof theclasseswithin theset 7 h , thesecondapproachadditionallyrequirestheprob-
abilitiesof the classesof 7 � . The third approachneedseven moreparameters,sincetheprobabilitiesof
the classeswithin the set 7 h � 7 � arerequiredto computethe uncertainty. Only in very rarecasesare
theseprobabilitiesknown in advance,andnormally, wehaveto estimatetheparameters.However, because
estimatedparametersandtheir truevaluesmightdiffer, we encounteranothersourceof uncertaintywhich
dependson thestandarderrorof theestimatedparameter. An objectivemethodof comparingthedifferent
measuresof predictionsuccesswill thereforehaveto takeinto accountthedifferentamountsof uncertainty
in theestimationprocess.

5 Summary and outlook

We have describedthetoolsof basicRSDA andhave identifiedthreeareaswherethetraditionalroughset
methodcanbeenhancedby methodswell within theroughsetphilosophy:

� Datafiltering,� Significancetestingof roughsetrules,� Describinganobjectiveuncertaintymeasureof roughsetrules.

For theseareaswe have proposedtools which supplementtheoriginal model,andwhich canturn it into
a fully fledgedinstrumentfor informationanalysisandprediction,complementaryto traditionalstatistical
modelsasindicatedin Table9.

Table9: ROUGHIAN & Statisticalmodelling

ROUGHI AN Statistical models
Describingredundancy Reducinguncertainty
Top down, reducingthefull attributeset Bottomup, introducingnew variables
ReductsandCore Influencingvariables

Comparingbothapproaches,we observe thatstatisticalrulesare(usually)short,but far from beingdeter-
ministic. A statisticalmodeltriesto find shortrulessearchingwithin thesetof predictorvariablesbottom
up in orderto find themostinfluentialvariables(attributes)which reducetheuncertaintyasmuchaspos-
siblewithin the model. Only if we deletea certainamountof the observationswe endup with a perfect
prediction.Becausethiscanonly bedonein atrainingset,statisticalrulesareinterpretedwith anamountof
uncertainty, whichcanbeestimatedandminimisedwithin thelearningset.In contrast,theRSDA approach
(usually)produceslong deterministicruleswhich canbetransporteddirectly from thetrainingsituationto
theapplication.Theproceduresarisingin RSDA try to shortenthedeterministicrulesasgoodaspossible
by reducingredundancy amongtheattributes,which canbedoneby a topdown method.

Obviously, theuseof bothmethodsdependsonwhattheresearcherhadin mind. Nevertheless,theintention
of themodelleris not theonly criterionto chooseRSDA or thestatisticalapproach:
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� If therearemany observationsbut only a few attributeswith low granularity, RSDA will not have
a goodchanceto producesoundresults,anda statisticalprocedurewill be thebestway to treatthe
datadescriptionproblem.� If therearefew observationsbut many features,statisticalmodellingwill facea problem,because
too many differentstatisticalrulescanbe usedto describethedata. Reportingall the ruleswill be
quiteuselessin mostapplications,andany selectionof attributeswouldbesubjectiveto someextent.
RSDA triesto reducethesetof attributesto thosefeatureswhichcontainthesameinformationasthe
full attributeset(seeSection4.1). Sincereductsarebasedon theconditionalapproximationquality,
carehasto be takenwhencomparingthe predictionquality of differentreducts.An alternative to
reductsearchis thesearchfor attributesetswith optimalentropy, whichconstitutesanunconditional
measure,thusallowing comparisonof predictorsets.

Thepresentationof roughsetdataanalysisandits enhancementsgivenin thispaperis mainlybasedonour
own work. RSDA beinga very active andfruitful researchfield has,of course,many otherfacetswhich
we could not go into in the availablespace(shortof writing a book). While we have tried to overcome
the inherentlimitationsof RSDA by keepingtheoriginal modelandaddingprocedureswhich arein the
original spirit of RSDA, thereareotherdirections,for example,makingthecrisp boundsof equivalence
classessoft by looking at variableprecision,or investigatingothertypesof indiscernabilityrelationsand
neighbourhoodsystems,[seee.g.50,57, 66] andthereferencestherein.

In mostapplications,theobjectsof aninformationsystemarethemselvesunstructured,while theattributes
have, say, an ordinal domain. It would be advantageousto have a roughapproachto the modellingof
ordinal relations[13]. It is alsoof interestto developprocedureswhich takeinto accountthat theobjects
themselveshave astructure,for example,if they arebinaryrelations[9, 64].

Finally, sinceRSDA assumesimplicitly that the collectedinformation is without error, a non-invasive
probabilisticerrortheorywould further improvethequality of RSDA. We have startedsuchinvestigations
in [25].
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