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Abstract. The theory of Boolean contact algebras has been used to rep-
resent a region based theory of space. Some of the primitives of Boolean
algebras are not well motivated in that context. One possible generaliza-
tion is to drop the notion of complement, thereby weakening the algebraic
structure from Boolean algebra to distributive lattice. The main goal of
this paper is to investigate the representation theory of that weaker no-
tion, i.e., whether it is still possible to represent each abstract algebra by
a substructure of the regular closed sets of a suitable topological space
with the standard Whiteheadean contact relation.

1 Introduction

In the classical approach to space the basic primitive is the notion of a point, and
geometric figures are considered to be sets of points. Contrary to this, the region-
based approach to space adopts as its primitives more realistic spatial notions.
In this theory, regions, as abstraction ofs “solid” spatial bodies, and several basic
relations and operations between regions are considered. Some of the relations
have their origin in mereology, e.g. “part-of” (x ≤ y), “overlap” (xOy), its
dual “underlap” (xUy) and others definable by them. Region based theory of
space extends classical mereology by considering some new relations between
regions, topological in nature, such as “contact” (xCy), “non-tangential part-
of” (x ¿ y) and many others definable mainly by means of the contact and the
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part-of relations. This motivates some authors to call the new direction “mereo-
topology”. The most simple algebraic counterpart of mereotopology are contact
algebras, appearing in different papers under various names (see for instance
[4–9, 13, 14]), which are Boolean algebras extended with the contact relation C
satisfying some axioms. The elements of the Boolean algebra represent regions
and the Boolean operations – join x+y, meet x·y and the Boolean complement x∗

– allow the construction of new regions from given ones (such as the “universal”
region 1, having all other regions as its parts, and the zero region 0, which is part
of all regions). Part-of, underlap and overlap are definable by the Boolean part
of the algebra, i.e., x ≤ y is the lattice ordering, xOy ↔ x · y 6= 0 (motivating
the name “overlap”) and xUy ↔ x + y 6= 1 (motivating the name “underlap”).
So, the Boolean part of a contact algebra incorporates the mereological aspect of
the theory, while the contact relation C corresponds to the “topological” part of
the formalism. The word “topology” in this context is well motivated, because
standard models of contact algebras are the Boolean algebras of regular closed
(or regular open) sets of a given topological space. We recall that a is regular
closed if a = Cl(Int(a)), and, dually, c is regular open if c = Int(Cl(c)), where Cl
and Int are the topological operations of closure and interior in the topological
space. Note that in either case the Boolean operations are not the standard
set-theoretic operations, i.e., we have a · b = Cl(Int(a ∩ b)), a + b = a ∪ b, and
a∗ = Cl(−a) for regular closed sets a and b, and c·d = c∩d, c+d = Int(Cl(c∪d)),
and c∗ = Int(−c) for regular open sets c and d. The contact relation between
regular closed regions is given by aCb ↔ a ∩ b 6= ∅ and for open regions by
cCd ↔ Cl(c)∩Cl(d) 6= ∅. Topological contact algebras correspond to the point-
based aspect of the theory.

One of the main streams in the theory of contact algebras is their topological
representation theory, i.e., the construction of an embedding of the contact alge-
bra into a suitable topological space. In addition, one usually requires that the
embedding generates/determines the topology. For Boolean contact algebras it
is natural to require that the image of the embedding is a basis for the topology
(similar to the Stone representation theory for Boolean algebras). In the case
of distributive lattices this approach works if and only if underlap satisfies an
additional property (Corollary 2 and Theorem 5). By relaxing that strict inter-
pretation of “generate the topology” we get a general representation theorem
for distributive contact algebras (Theorem 7). Once such a theorem is estab-
lished, it shows that, although the notion of point is not a primitive notion of
the theory, it can be defined within the algebra via its isomorphic copy in the
topological contact algebra provided by the representation theorem. This shows
that the “pointless” abstraction is adequate and corresponds to the classical
point-based approach. Recent results in this direction can be found in [4, 5, 8,
14]. For instance, in [4] several versions of abstract points for contact algebras
are discussed such as clans, E-filters etc. All versions generalize the notion of an
ultrafilter, which is the abstract point suitable for representing Boolean algebras
as ordinary sets. Let us note that ordinary sets can also be considered as regions
in a topological space endowed with the discrete topology, but such regions are



“bad” regions in the sense that they do not have nice topological properties such
as a boundary, an non-tangential part etc.

One of the main goals of this paper is to generalize the notion of contact
algebras by weakening the algebraic structure from Boolean algebras to dis-
tributive lattices, but to keep the intended semantics of regions to be regular
sets in topological spaces. In other words, we simply remove the operation of
Boolean complement ∗. From a philosophical point of view, the complement of a
region is not well motivated. If the region a represents a solid body what is then
represented by a∗? (One can formulate similar criticisms for (certain aspects)
of some of the other Boolean primitives, which are not discussed here.) Notice
that the definitions of the mereological relations part-of, overlap and underlap do
not depend on the existence of complements. Moreover, in all known definitions
and variations of Boolean contact algebras, the axioms for contact do not rely
on complements. So, studying a theory based on weaker assumptions will re-
veal more deeply the nature of the mereological and mereo-topological relations.
The mereo-topological relations usually considered such as “non-tangential part”
x ¿ y ↔ aCb∗ and dual contact aČb ↔ a∗Cb∗ are definable from contact using
complements. In the case of distributive lattices these relations must be primi-
tives. Using this approach a deeper insight into the separate roles of the different
mereological relations and their interactions may be achieved. For instance, in
the Boolean case a certain mereological relation may possess some properties,
which must be postulated separately for distributive lattices. An example is the
property, “U is extensional”, which implies that part-of is definable by U in the
sense that a ≤ b if and only if (∀c)(bUc → aUc). It turns out (Corollary 2) that
this property is exactly the necessary and sufficient property for representing
the contact structure in the strict sense. On the other hand, for Boolean contact
algebras such a representation is always possible, because in that case underlap
is extensional.

The paper is organized as follows. Section 2 introduces the algebraic notions
such as distributive lattices, overlap and underlap, distributive contact alge-
bras, filters and clans. Section 3 provides the topological background and a pure
topological theorem relating extensionality of underlap to the generation of the
topology by means of regular closed sets. It also shows the necessity of the dis-
tributivity of the lattice. In Section 4 we show how to represent U-extensional
distributive contact lattices in a lattice of regular closed sets of some topological
space. As a side result we obtain Cornish’s theorem [3] for U-extensional dis-
tributive lattices. Here we prove also that every distributive contact lattice can
be embedded in a lattice of regular closed sets, so that the image of the lattice
generates the topology in a weaker sense. This is done in two steps. First we show
that every distributive contact lattice can be embedded into a U-extensional con-
tact lattice; then, we simply apply the representation theorem for U -extensional
contact lattices. The last section contains some conclusions and future work.

A standard reference for distributive lattices is [2] and for topology [10].



2 Notation and first observations

For any set X and Y ⊆ X we denote by −Y the complement of Y in X,
if no confusion can arise. If R is a binary relation on D, and x ∈ D, we let
R(x) = {y : xRy}, which is called the range of x with respect to R.

Distributive lattices

Throughout this paper, 〈D, 0, 1, +, ·〉 is a bounded distributive lattice; we usu-
ally denote algebras by their base set. The dual lattice Dop of D is the lattice
(D, 1, 0, ·, +) based on the reversed order of D. A sublattice D′ of D is called
dense (in D) iff for each element 0 6= a ∈ D there is an element 0 6= b ∈ D′ with
b ≤ a. A dually dense sublattice of D is a dense sublattice of Dop. Finally, we
call an embedding h : D′ → D dense iff the image h(D′) = {h(a) : a ∈ D′} of
D′ is dense in D.

We define two relations on D, which are of importance in things to come:

xOy ⇐⇒ x · y 6= 0, “overlap”,(2.1)
xUy ⇐⇒ x + y 6= 1, “underlap”.(2.2)

The proof of the following is straightforward:

Lemma 1. If a ≤ b, then O(a) ⊆ O(b) and U(b) ⊆ U(a).

O is called extensional if

(∀x, y)[O(x) = O(y) ⇒ x = y].(2.3)

Analogously, we say that U is extensional if

(∀a, b)[U(a) = U(b) ⇒ a = b].(2.4)

In [15] distributive lattices which satisfy (2.3) are called disjunctive lattices. If D
is a Boolean algebra, then, clearly, both O and U are extensional. Extensionality
of O and U has been considered earlier in the literature, and these results show
that such extensionalities can influence the underlying algebraic structure; in
particular, the following holds for a bounded distributive pseudocomplemented
lattice (i.e., a bounded distributive lattice equipped with an operation ∗ satisfy-
ing a ≤ b∗ iff a · b = 0):

Theorem 1. 1. Suppose that D is a bounded distributive pseudocomplemented
lattice. Then, D is a Boolean algebra if and only if O is extensional.

2. Suppose that D is a bounded distributive dually pseudocomplemented lattice.
Then, D is a Boolean algebra if and only if U is extensional.

Proof. 1. was shown in [9], and 2. follows by duality. ut



In particular, if D is finite and not a Boolean algebra, or if D is a chain,
then neither O nor U is extensional. Furthermore, if 0 is meet irreducible then
O is not extensional, and if 1 is join irreducible, then U is not extensional. For
example, the lattice of all cofinite subsets of ω together with ∅ is U -extensional,
but not O-extensional; dually, the set of all finite subsets of ω together with ω
is O-extensional, but not U -extensional.

In [3] further characterizations of disjunctive and dually disjunctive lattices
were given; these relate to dense sublattices of Boolean algebras:

Theorem 2. 1. O is extensional if and only if D is isomorphic to a dense
sublattice of a complete Boolean algebra.

2. U is extensional if and only if D is isomorphic to a dually dense sublattice
of a complete Boolean algebra.

3. O and U are both extensional if and only if the Dedekind completion of D is
a complete Boolean algebra.

Below, we will give additional conditions for O, respectively U , to be ex-
tensional. It is worthy of mention that each of these is strictly stronger than
extensionality in the case that D is not distributive [9].

Lemma 2. 1. O is extensional if and only if (∀a, b)[O(a) ⊆ O(b) ⇒ a ≤ b].
2. U is extensional if and only if (∀a, b)[U(b) ⊆ U(a) ⇒ a ≤ b].

Proof. 1. “⇒”: Suppose that O(a) ⊆ O(b). Then, O(b) = O(a) ∪ O(b) =
O(a + b). Extensionality of O implies that b = a + b, i.e. a ≤ b.
“⇐”: Let O(a) = O(b); then O(a) ⊆ O(b) and O(b) ⊆ O(a), and, by the
hypothesis, a ≤ b and b ≤ a, i.e., a = b.

2. is proved dually. ut

Later, we use extensionality in the equivalent form given by Lemma 2. If, for
instance, U is extensional then we will say that the lattice is U-extensional.

A subset F of a lattice D is called a filter if x, y ∈ F and z ∈ D implies
x ·y ∈ F and x+ z ∈ F . We call a filter F of D prime if x+y ∈ F implies x ∈ F
or y ∈ F . Prime(D) is the set of prime filters of D. For each x ∈ D we denote
by hPrime(x) = {F ∈ Prime(D) : x ∈ F}, the set of all prime filters containing
x. Stone’s well known representation theorem now states:

Theorem 3. [2, 12]

1. The mapping hPrime is a lattice embedding of D into the lattice 2Prime(D) of
all subsets of Prime(D).

2. The collection{hPrime(a) : a ∈ D} forms a basis for the closed sets of a
compact T0 topology τ on Prime(D) for which each set (Prime(D) \ h(a)) is
compact open. Furthermore, τ is a T1 topology if and only if D is relatively
complemented, and a T2 topology if and only if D is a Boolean algebra.

For later use we observe that hPrime(a) is not necessarily regular closed.



Contact relations and distributive contact lattices

A binary relation C on D is called a contact relation (CR) if it satisfies:

C0. (∀a)0(−C)a;
C1. (∀a)[a 6= 0 ⇒ aCa];
C2. (∀a)(∀b)[aCb ⇒ bCa];
C3. (∀a)(∀b)(∀c)[aCb and b ≤ c ⇒ aCc];
C4. (∀a)(∀b)(∀c)[aC(b + c) ⇒ (aCb or aCc)].

The pair 〈D, C〉 is called a distributive contact lattice (DCL). If D is a Boolean
algebra, then 〈D, C〉 is a Boolean contact algebra (BCA). Let C denote the set
of contact relations on D. The next lemma shows that C is not empty.

Lemma 3. O is the smallest contact relation on D.

Proof. Suppose that C ∈ C. If x · y 6= 0, then (x · y)C(x · y) by C1, and C3 now
implies that xCy. ut

An extensive investigation of lattices of contact relations on a Boolean algebra
is provided by [7].

In the next lemma we relate a contact relation to products of prime filters:

Lemma 4. If C ∈ C, then C =
⋃{F ×G : F, G ∈ Prime(D), F ×G ⊆ C}.

Proof. This was proved in [6] for Boolean contact lattices, and an analysis of the
proof shows that it also holds for distributive contact lattices. ut

A clan is a nonempty subset Γ of D which satisfies:

CL1. If x, y ∈ Γ then xCy;
CL2. If x + y ∈ Γ then x ∈ Γ or y ∈ Γ ;
CL3. If x ∈ Γ and x ≤ y, then y ∈ Γ .

Note that each prime filter is a clan. The set of all clans of D will be denoted
by Clan(D).

Corollary 1. aCb iff there exists a clan Γ such that {a, b} ⊆ Γ .

Proof. Suppose that aCb; by the previous Lemma, there are F,G ∈ Prime(D)
such that a ∈ F, b ∈ G, and F × G ⊆ C. Clearly, F ∪ G is a clan containing
both a and b. The converse follows from the definition of clan. ut

3 Topological models

First we want to recall some notions from topology. By a topological space
(X, C(X)) we mean a set X provided with a family C(X) of subsets, called closed
sets, which contains the empty set ∅ and the whole set X, and is closed with re-
spect to finite unions and arbitrary intersections. The system (C(X),∅, X,∩,∪)



is a distributive lattice, called the lattice of closed sets of X: ∅ is the zero ele-
ment and X is the unit element of the lattice and the set inclusion is the lattice
ordering. Fixing C(X) we say that X is endowed with a topology. A subset
a ⊆ X is called open if it is the complement of a closed set. The family Op(X) of
open sets of X is also a lattice with respect to the same operations. A family of
closed sets B(X) is called a closed basis of the topology if every closed set can be
represented as an intersection of sets from B(X). Consequently, X ∈ B(X) and
B(X) is closed under finite unions; hence, (B(X), X,∪) is an upper semi-lattice.
Finally, a family of closed sets B is called a (closed) sub-basis of the topology if
the set of finite unions of elements of B is a closed basis.

In every topological space one can define the following operations on subsets
a ⊆ X:

1. Cl(a) =
⋂{c ∈ C(X) : a ⊆ c} (the closure of a), i.e., the intersection of all

closed sets containing a.
2. Int(a) =

⋃{o ∈ Op(X) : a ⊆ o} (the interior of a), i.e., the union of all open
sets contained in a.

Cl and Int are interdefinable, i.e. Cl(a) = −Int(−a) and Int(a) = −Cl(−a). If
B(X) is a closed base of X, then obviously:

Cl(a) =
⋂
{b ∈ B(X) : a ⊆ b}.

The next two facts follows from above:

x ∈ Cl(a) iff (∀b ∈ B(X))(a ⊆ b → x ∈ b);
x ∈ Int(a) iff (∃b ∈ B(X))(a ⊆ b and x 6∈ b).

A subset a of X is called regular closed if Cl(Int(a)) = a, and, dually, reg-
ular open if Int(Cl(a)) = a (in this paper we will mainly work with regular
closed sets). We denote by RC(X) the family of regular closed sets of X. It is a
well known fact that RC(X) is a Boolean algebra with respect to the following
operations and constants:

0 = ∅, 1 = X, a + b = a ∪ b and a · b = Cl(Int(a ∩ b)).

RC(X) naturally provides a contact relation C defined by aCb iff a ∩ b 6= ∅. C
is called the standard (or Whiteheadean) contact relation on RC(X).

A topological space is called semi-regular if it has a closed base of regular
closed sets.

Every topological space X can be made semi-regular by defining a new topol-
ogy taking as a base, the set RC(X). It is a well known fact that this new
topology generates the same set of regular closed sets.

The following topological theorem gives necessary and sufficient conditions
for a closed base of a topology to be semi-regular.

Theorem 4. [Characterization theorem for semi-regularity]
Let X be a topological space and B(X) be a closed base for X. Suppose that ·
is a binary operation defined the set B(X) so that (B(X),∅, X,∪, ·) is a lattice
(not necessary distributive). Then we have:



1. The following conditions are equivalent:
(a) B(X) is U -extensional.
(b) B(X) ⊆ RC(X).
(c) For all a, b ∈ B(X), a · b = Cl(Int(a ∩ b)).
(d) (B(X),∅, X,∪, ·) is a dually dense sublattice of the Boolean algebra

RC(X).
2. If any of the (equivalent) conditions (a),(b),(c) or (d) of 1. is fulfilled then:

(a) (B(X),∅, X,∪, ·) is a U -extensional distributive lattice.
(b) X is a semi-regular space.

Proof. 1. (a) → (b). Let B(X) be U -extensional, i.e., for all a, b ∈ B(X) the
following holds:

(∀c ∈ B(X))(a ∪ c = X → b ∪ c = X) → a ⊆ b.

We must show that for every a ∈ B(X), a = Cl(Int(a)). This follows from
the following chain of equivalences:

x ∈ Cl(Int(a))
⇐⇒ (∀b ∈ B(X))(Int(a) ⊆ b → x ∈ b)
⇐⇒ (∀b ∈ B(X))((∀y)(y ∈ Int(a) → y ∈ b) → x ∈ a)
⇐⇒ (∀b ∈ B(X))((∀y)((∃c ∈ B(X))(a ∪ c = X ∧ y 6∈ c) → y ∈ b) → x ∈ b)
⇐⇒ (∀b ∈ B(X))((∀y)(∀c ∈ B(X)(a ∪ c = X → y ∈ c ∨ y ∈ b)) → x ∈ b)
⇐⇒ (∀b ∈ B(X))((∀c ∈ B(X))(a ∪ c = X → (∀y)(y ∈ c ∨ y ∈ b) → x ∈ b))
⇐⇒ (∀b ∈ B(X))((∀c ∈ B(X))(a ∪ c = X → b ∪ c = X) → x ∈ b)
⇐⇒ (∀b ∈ B(X))(a ⊆ b → x ∈ b)
⇐⇒ x ∈ Cl(a) = a.

(b) → (a). Let B(X) ⊆ RC(X). In order to show that B(X) is U -extensional
let a, b ∈ B(X) with a 6⊆ b and a ∪ c = X. We must show that b ∪ c 6= X.
The assumption (b) shows Cl(Int(a)) 6⊆ b, which implies that there is an
x ∈ Cl(Int(a)) with x 6∈ b. We obtain Int(a) ⊆ c implies x ∈ c for all
c ∈ B(X), and, hence, Int(a) 6⊆ b. This implies the existence of a y ∈ X
such that y ∈ Int(a) and y 6∈ b. Again, we obtain that there is c ∈ B(X)
such that a ∪ c = X and y 6∈ c, and, hence, b ∪ c 6= X.
(b) → (c). Let B(X) ⊆ RC(X). Then for any a · b ∈ B(X) we have a · b =
Cl(Int(a · b)). Since · is a lattice meet we obtain that a · b ⊆ a, a · b ⊆ b,
and, hence, a · b ⊆ a∩ b. We conclude a · b = Cl(Int(a · b)) ⊆ Cl(Int(a∩ b)).
For the converse inclusion, we have Cl(Int(a ∩ b)) ⊆ Cl(Int(a)) = a and
Cl(Int(a ∩ b)) ⊆ Cl(Int(b)) = b, and, hence, Cl(Int(a ∩ b)) ⊆ a · b.
(c) → (b). Let Cl(Int(a ∩ b)) = a · b. Then a = a · a = Cl(Int(a ∩ a)) =
Cl(Int(a)), which shows that B(X) ⊆ RC(X).
(b) → (d). Since (b) implies (c) we conclude that (B(X),∅, X,∪, ·) is in fact
a sublattice of the Boolean algebra RC(X). In order to show that B(X) is a
dually dense in RC(X), let a ∈ RC(X) where a 6= X. Since a = Cl(Int(a))



and B(X) is a basis of the closed sets, there exists c ∈ B(X) such that
Int(a) ⊆ c. Furthermore, a 6= X implies that there is an x 6∈ Cl(Int(a)), and,
hence, x 6∈ c, which implies c 6= X. We conclude a = Cl(Int(a)) ⊆ Cl(c) = c,
which proves the assertion.
(d) → (b). Obvious.

2. This follows immediately since all properties in 1. are equivalent and imply
(a) and (b). ut

We get the following corollary.

Corollary 2. Let X be a topological space, L = (L, 0, 1, +, ·) be a lattice and let
h be an embedding of the upper semi-lattice (L, 0, 1,+) into the lattice C(X) of
closed sets of X. Suppose that the set B = {h(a) : a ∈ L} forms a closed base
for the topology of X. Then we have:

1. The following conditions are equivalent:
(a) L is U -extensional.
(b) B ⊆ RC(X).
(c) For all a, b ∈ L, h(a · b) = Cl(Int(h(a) ∩ h(b))).
(d) h is a dually dense embedding of L into the Boolean algebra RC(X).

2. If any of the (equivalent) conditions (a),(b),(c) or (d) of 1. is fulfilled then:
(a) L is a U -extensional distributive lattice.
(b) X is a semi-regular space.

This corollary shows that if we require that a lattice L be embeddable into
the the Boolean algebra RC(X) of some topological space X with the properties
of Corollary 2, then the lattice must be both distributive and U-extensional.
In the next section we will show that this can be extended to U -extensional
distributive contact lattices.

4 Topological representation of distributive contact
lattices

The next theorem is the first main result of the paper.

Theorem 5. [Topological representation theorem for U-extensional dis-
tributive contact lattices]
Let D = (D, 0, 1,+, ·, C) be an U -extensional distributive contact lattice. Then
there exists a semi-regular T0-space and a dually dense embedding h of D into
the Boolean contact algebra RC(X) of the regular closed sets of X.

Proof. Let X = Clan(D) be the set of all clans of D and for a ∈ D, suppose
h(a) = {Γ ∈ X : a ∈ Γ}. Using the properties of clans one can easily check
that h(0) = ∅, h(1) = X and that h(a + b) = h(a) ∪ h(b). This shows that the
set B(X) = {h(a) : a ∈ D} is closed under finite unions and can be taken as a
closed basis for a topology of X.



In order to show that h is an embedding we must show that a ≤ b iff h(a) ⊆
h(b). From the left to the right this follows directly by the properties of clans.
Suppose that a 6≤ b. Then there exists a prime filter F such that a ∈ F and
b 6∈ F . Since prime filters are clans this shows that h(a) 6⊆ h(b). Consequently,
h is an embedding of the upper semi-lattice (L, 0, 1, +) into the lattice of closed
sets C(X) of the space X. By Corollary 2, X is a semi-regular space and h is a
dually dense embedding of D into the Boolean algebra RC(X).

Now, we want to show that X is a T0-space. Let Γ 6= ∆ be two different
points (clans) of X; we will show that there exists a closed set A containing
exactly one of them. Suppose Γ 6⊆ ∆. Then there exists a ∈ Γ with a 6∈ ∆, and,
hence, Γ ∈ h(a) and ∆ 6∈ h(a) so that the A = h(a) will work. In the case ∆ 6⊆ Γ
the assertion is shown analogously.

It remains to show that h preserves the contact relation C, this is a direct
consequence of Corollary 1. ut

Notice that Theorem 5 generalizes Theorem 5.1 from [4] to the distributive
case. As a cosequence of Theorem 5 we obtain the following corollary, which has
Theorem 2(2) as a special case. Recall that this theorem was already proved in
[3].

Corollary 3. [Topological representation theorem for U-extensional
distributive lattices]
Let D = (D, 0, 1,+, ·) be an U -extensional distributive lattice. Then there exists
a semi-regular T0-space and a dually dense embedding h of D into the Boolean
contact algebra RC(X) of the regular closed sets of X.

Proof. Since the overlap O is a contact relation on D the assertion follows im-
mediately from Theorem 5. ut

Due to Corollary 2 we already know that a representation in the sense of
Theorem 5 for distributive contact lattices that are not U -extensional is not
possible. As mentioned in the introduction we have to use weaker version of
property that the image h(D) of the embedding h generates (or determines) the
topology.

In order to prove such a representation theorem we consider “discrete” Boolean
contact algebras defined in [6] as follows. Let (W,R) be a relational system where
W 6= ∅, and R is a reflexive and symmetric relation in W . Subsets of W are
considered as (discrete) regions and contact between two subsets a, b ⊆ W is
defined by aĈb iff there is x ∈ a and y ∈ b such that xRy. Let D(W,R) denote
the distributive lattice of all subsets of W (which is, in fact, a Boolean algebra)
with a contact Ĉ defined by R. It was shown in [6] that D(W,R) is indeed a
Boolean and, hence, a distributive contact lattice. Since Boolean algebras are al-
ways U -extensional (and in addition, O-extensional) D(W,R) is a U -extensional
distributive contact lattice. It is proved in [6] (using another terminology) that
every Boolean contact algebra can be isomorphically embedded into an algebra
of the above type. Inspecting the proof given in [6] one can see that it can be
transferred easily to the distributive case.



Theorem 6. Each distributive contact lattice D = (D, 0, 1, +, ·, C) can be iso-
morphically embedded into a Boolean contact algebra of the form D(W,R).

Proof. Let W = Prime(D) be the set of prime filters of D, let F,G ∈ Prime(D)
and define R as FRG iff F × G ⊆ C; Consider the Stone embedding hPrime :
D → Prime(D). It remains to show that h preserves the contact relation. We
observe that

hPrime(x)ĈhPrime(y)
⇐⇒ (∃F, G ∈ Prime(D))[x ∈ F, y ∈ G, and F ×G ⊆ C]
⇐⇒ xCy. Lemma 4

This completes the proof. ut
The following corollary is a direct consequence of the last theorem.

Corollary 4. [Extension lemma for distributive contact lattices]
Each distributive contact lattice can be embedded into a (U -extensional) Boolean
contact algebra.

Now, we are ready to prove the second main result of this paper.

Theorem 7. [Topological representation theorem for distributive con-
tact lattices]
Let D = (D, 0, 1, +, ·, C) be distributive contact lattice. Then there exists a semi-
regular T0-space, an embedding h of D into the Boolean contact algebra RC(X)
of the regular closed sets of X and a embedding k of D into the Boolean algebra
RC(X)op so that {h(a) : a ∈ D} ∪ {k(a) : a ∈ D} is a sub-basis of the regular
closed sets of X.

Proof. The proof can be realized in two steps. First, by Corollary 4, D can
be embedded into a (U -extensional) Boolean contact algebra B. Let e1 be
the corresponding embedding. In the second step, we apply Theorem 5. Con-
sequently, we get an embedding e2 from B into a semi-regular T0-space X.
Now, let h = e2 ◦ e1, i.e. h(a) = e2(e1(a)) and k(a) = e2(e1(a)∗) (e1(a)∗ is the
complement (in B) of embedding of a). Then h is as required. Since the set
{e1(a) : a ∈ D} ∪ {e1(a)∗ : a ∈ D} generates the Boolean algebra B we get the
last assertion. ut

Next, we want to discuss the two representation theorems proved in this
paper in more detail.

Discussion. 1. Notice that there is a difference in the usage of topologies in
the topological representation Theorems 5 and 7, and in the Stone topological
representation theorems for distributive lattices and Boolean algebras. In Stone’s
theorem, topology is used to describe the image of the representation up to
isomorphism. In our case, the topology is used to obtain good images of the
elements of the lattice as regions, e.g., they should have a boundary, etc. For
that reason Theorems 5 and 7 are just embedding theorems. In this respect they



correspond much more to the embedding theorems for distributive lattices and
Boolean algebras in algebras of sets. In our case, sets are replaced by regular
closed sets.

2. If we consider contact structures as abstract “pointless” geometries, the
question is which notion of points is suitable. In distributive contact lattices we
may define two different kinds of points, i.e., prime filters and clans. Prime fil-
ters are in some sense “bad” points with respect to the contact structure. They
correspond to the lattice part of the structure and can provide a representation
by ordinary sets. It is possible to define a contact relation between those sets
by means of the contact relation between points. Such a representation is con-
structed, for instance, in Theorem 6. Clans are “good points” with respect to
the contact structure. They guarantee that the image h(a) of each element of
the lattice is a region, i.e., has a boundary, interior part, etc. The representation
constructed in the proof of Theorem 7 can be interpreted as follows. In a first
step we use “bad” points (prime filters) to represent the lattice as a lattice of
sets (“bad” regions) and lift the contact relation to that structure. As a positive
side-effect we end up with the property of U -extensionality. In the second step,
the “good points” (clans) and U -extensionality are used to construct a repre-
sentation with the intended topological properties. Since prime filters are clans
they are among the “good points” of the second step, but they just appear in
the interior part of the regions.

These informal explanations are reminiscent of considering prime filters and
clans as atoms and molecules – the real points of the real spatial bodies. Similar
ideas have been used in [5] for obtaining topological representation theorems for
discrete versions of region-based theories of space.

5 Conclusion and outlook

In this paper we have generalized the notion of Boolean contact algebras by
weakening the algebraic part to distributive lattices. This provided a deeper in-
sight into the interaction of several notions used in the representation theory.
As a result we obtained a characterization theorem for semi-regularity in topo-
logical spaces, which appeared as one of the main tools in the representation
theory. We have given two representation theorems of such lattices in algebras
of regular closed sets of some topological spaces, considered as standard models
for region-based theory of space. These theorems are direct generalizations of
some results from [6] and [4]. Because of the full duality of Boolean algebras,
representations in algebras of regular closed sets and regular open sets are dual
in that case. In fact, one can construct one representation in terms of the other
by duality. In the distributive case duality is preserved only for the lattice part.
Consequently, representations in algebras of regular open sets will need different
techniques, which we plan to investigate in the future. Kripke semantics and
associated reasoning mechanisms may also be developed (as in [1, 11]). Another
direction of research is to extend the vocabulary of distributive contact lattices
with other mereotopological relations such as the non-tangential part-of, ¿, and



dual contact, Č. Last but not least, an open problem is the representation theory
of a further generalization to non-distributive contact structures. First results of
this direction can be found in [9]. Some non-topological representation theorems
for non-distributive lattices may be found in [11]. The main problem here is that
it is not obvious what kind of structure we want to consider as a standard model
of a non-distributive contact lattice. Obviously, this question has to be resolved
before the corresponding representation theory can be developed.
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