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Abstract

We discusssomenew propertief the naturalGaloisconnectioramongsetrelationalgebras,
permutatiorgroups,andfirst orderlogic. In particular we exhibit infinitely mary permutational
relation algebraswithout a Galois closedrepresentationand we also showv that every relation
algebraonasetwith atmostsix elementss Galoisclosedandessentiallyunique.Thus,we obtain
the surprisingresultthat on suchsets,logic with threevariablesis aspowerful in expressionas
full first orderlogic.
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O Intr oduction and summary of results

Logicswith limited resourcesswell asquestionf expressibilityof relationalproperties4in partic-
ular on finite structures have receved considerablattentionin areadike finite modeltheory non
- classicallogics, and descriptve compl«ity. The interestedreaderis invited to consult[9], [11],
[12], and[14] for moredetails.In this paperwe shallinvestigatgproblemsrelatingto automorphisms
(i.e. edgepreservingpermutationspf binaryrelations.Ourapproachwill bealgebraicusingTarski's
relationalgebrasRoughlyspeakingarelationalgebrais a descriptionof how variousrelationsmust
interactamongeachother More concretely givena set® = {R; : i < n} of binary relationson a
setU, we form the closureof this setunderthe Booleanoperationscompositionof relations,and
corverse,and add the identity as an extra constant;the resultwill be an algebra2l of binary rela-
tions (BRA). Sincethe operationausedarefirst orderdefinableany automorphisnof the first order
structure(U, R ) will presere all therelationsin 2 aswell. Suchanautomorphisnwill be calleda
baseautomorphisnof the algebra 20 (We usethe qualifiedtermto distinguishthemfrom the auto-
morphismsf thealgebra) A fundamentatesultby Tarskistateghat2( containsexactly thosebinary
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relationson U which aredefinablein (U, R) by first orderformulashaving at mostthreevariables.
Thus,the equationalogic of relationalgebrasorrespondsoughlyto the threevariablefragmentof
full first orderlogic. Corversely givenarepresentatiof8 of anabstracsimplerelationalgebra! (i.e.
9B is aBRA isomorphicto 21), the algebraicstructureof 2 will tell ussomethingaboutthe properties
of andthe connection@mongtherelationsin 2.

We exhibit connectiondetweerthe structureof BRAs andtheir groupsof baseautomorphismsThe
notion of Galoisclosurewill playamajorrole: A BRA onafinite setU is Galoisclosediff its atoms
are the orbits of the action of its group of baseautomorphism®n U x U. The Galois closureof
a BRA 2 onU is the smallestGalois closedalgebracontaining®l. It turnsout thatthe nonempty
subsetslefinableby formulasof first orderlogic in the model (U, R)reg areexactly the domainsof
the unionsof thoseatomsof the Galoisclosureof 2{ which arebelow the identity - equivalently the
unionsof orbits of the group of baseautomorphism®f 2. Furthermoreg( is shavn to be Galois
closediff 2 containsall relationsdefinablen themodel(U, R)req, andthat,wheneer anedge(a, b)
of anatomR of & hasafirst orderproperty thenall edgesof R have this property We alsoshav that
the propertyof a BRA to be Galoisclosedis a generafirst orderpropertyfor finite models,andthat
its nggationis not.

With regardto thequestionwhich propertieof concreterelationscanbe prescribedy the structureof
anabstractelationalgebrawe exhibit arelationalgebral which hasarepresentatiowith atransitive
groupof baseautomorphismsyut no representationf 2 is Galoisclosed.This seemsaratherstrong
result: Thealgebraicstructureof 2 - whichin generakeflectsonly logic with threevariables tellsus
somethingabouta propertyof all representationsf 24 whichis not evengenerafirst order

Finally, we shav thatevery BRA on a setwith at mostsix elementds Galoisclosedandessentially
unique.Thus,we obtainthesurprisingresultthaton suchsets Jogic with threevariabless aspowerful
in expressiorasfull first orderlogic.

Computationatesultswereobtainedwith the helpof CAYLEY, ([7]), NAUTY ([18], andRELALG
(I8

1 Definitions and notation

Unlessotherwiseindicated,we shall supposdahroughoutthat all structuresunderconsideratiorare
finite, andthatU is anonemptyfinite set.|U | denoteshecardinalityof U. Weidentify {0,...,n—1}
with the ordinal n, andemphasizehis by writing n. If no confusionis likely to arise,algebrasare
referredto by theirrespectie carrierset.

A relationalgebra(RA)
<Aa +50 = 07 17 o, _1’ 1I>

is astructureof type(2,2,1,0,0,2,1,0) which satisfies

1. (A,+,-,—,0,1)is aBooleanalgebra.



2. (A 0,71 1) is aninvolutedmonoid.
3. Forall a,b,c € Athefollowing conditionsareequialent:

(aob)-c=0, (aloc)-b=0, (cob 1)-a=0.

The full algebra of binary relations (Rel(U),u,n,—,0,°U,0,~1 1) is a relation algebra,where
Rel(U) is the setof all binary relationson U, N,U,— are the usual set theoreticoperations,and
0, °U are,respectiely, the emptyandthe universalrelation,o is relationalcomposition,~* therela-
tionalinverse(i.e. P2 = {(x,y) : {y,X) € P}), andl’ is theidentity relationon U. We shallusually
useP,Q,R,... to denotebinary relationson U. A subsetA of Rel(U) which is closedunderthe
distinguishedoperationsof Rel(U) and containsthe distinguishedconstantds calledan algebra of
binary relations(BRA) onU. It is asubalgebraf RellU ), afactwhich we denoteby A < Rel(U). If
A < Rel(U), thenAt(A) denoteghe setof atomsof (the Booleanpartof) A. A completeandatomic
A is completelydeterminedoy the relationcompositiontable of At(A). Whenwriting sucha table,
we usuallyomit columnandrow 1/, if 1’ isanatomof A. If Ry, ..., R« € Rel(U), we denotethe BRA
generatedby Ry, ..., R« by (Ro,...,R«).

A relationalgebraA is called representabldf it is isomorphicto a subalgebraf a productof full
algebraof binaryrelations.

Thefollowing fundamentatesultis dueto A. Tarski[20]:

Proposition1.1. If Ry,...,R¢ € RelU), then(Ry, ..., R) is thesetof all binaryrelationsonU which
are definablein the relational structue (U,Ry,...,Rx) by first order formulasusingat most3 vari-
ables.

A < Rel(U) is calledessentiallyuniqueonU if for every B < Rel(U) which is isomorphicto A and
every RA - isomorphismh : A — B thereis a permutationg of U suchthath(R) = ¢~ o Ro ¢ for all
R € A. Consequentlyjif A is essentiallyuniqgueonU andB < Rel(U) is isomorphicto A, thenA and
B areisomorphicasfirst orderrelationalstructuresonU — usuallya muchstrongercondition.

For P,Q € A< RellU) andx,y,z € U we usuallywrite xPyif (x,y) € P, andxPyQzmeansxPy and
yQz We alsoset

domP) = {xeU: Thereissomey € U suchthatxPy},
ran(P) = {x€U : Thereis somey € U suchthatyPx},
domp(x) = {yeU:yPx,

ranp(x) = {yeU :xPy}.

The setranp(X) is alsocalleda row of P. If [ranp(y)| = |[rane(X)| for all x,y € dom(P), thenP is
calledregular.

If Aisary RA, thenx € Ais calledafunctionalelemenif x 1ox < 1. Ais calledintegral if, for all
X,y € A, xoy =0impliesx =0 ory = 0. A well known characterizatiownf integral RAs [17] is given
by



Lemmal.2. LetA bearelationalgebra. Then thefollowing statementsre equivalent:

1. Aisintggral.

2. 1"isanatomof A.

3. xo1l=1foranynonzeo x € A.

4. Everyfunctionalnonzeio x € Ais anatomof A.

5. If Aisa BRAona finite setU, thendom(R) = ran(R) = U for someatomR of A.

If M € A<Rel(U) isanequivalencerelation,thesetB = {Re€ A: RC M} becomesirelationalgebra
underthe operationsJ, N, 0,0, inheritedfrom A, with greateselementM, identity element{(x, x)

x € dom(M)}, andcomplementatiobeingrelative to M. This algebras calledtherelativealgebra of

A with respecto M. UnlessM = 2U, B is nota subalgebraf A.

Supposedhatthe BRA A onU is notintegral; then,thereareatomsE;,i < k, of A suchthatE; C 1.
Fori, j <k, setU; = dom(E;) andU;; = U; x U;. We obsere thatU;j = E; 02U o Ej, sothatU;; € A.
SinceeachUj; is anequialencerelationcontainedn A, we canconsidertherelative algebraof A with
respecto Ujj, whichwe denoteby A;. If Re A, thenRis anatomof A if andonly if Ris anatomof
A. ConsequentlyeachA; is anintegral relationalgebraand,in looseanalogyto permutatiorgroups,
we call thealgebraA; anintegral constituenof A andU; its constituentset The following technical
lemmawill beusefulin thesequel:

Lemma 1.3. Let A havetheintegral constituentsy;,i < k.
1. If P € At(A) and|ranes(x)| = 1 for somex € U, thenthis holdsfor all x € dom(P).
2. If Pe At(A), P CUjj, thendom(P) = U;, ran(P) = U;.
3. Supposehati, j <k, |Ui| < 3, |Uj| < |Uj|, |Uj| is nota multiple of |Ui|, andthat everyR €
At(A)) isregular. ThenU;; € At(A).

Proof. 1. Supposehatrans(x) = {a}, andassumehat |ranp(y)| > 2 for somey € U. Let ¢(x) be
theformula
(3y)(V2)[XPyA (XPz=y = Z)].

Thetruth setM of @ in themodel(U, P) is the setof all thoseelementof dom(P) whoseP - range
consistf exactly oneelement By ourassumptiorwe have 0 C M C dom(P), andby 1.1therelation
1'N2M is anelementof (P) C A, since@ containsonly threevariables.This contradictsthe factthat
Pis anatomof A.

2. Assumethaty € U; \ dom(P); then,(y,y) ¢ (Po P~1) N E, contradictingthatE; is anatomof A.
Theotherpartis shovn analogously

3. Assumethatfor somei # j thereis someP € At(A) suchthatP C Ujj, andsetQ = U;; \ P. Let
y € Uj; if thereis exactly onex € U;j with xPy, thenP 1 is a function by the factthatit is anatom
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andl. above. Thus,the P-rangesof elementof U; partitionU;, andfrom the conditionon A; and
1.2t follows that the classef this partition have the samenumberof elements. This, however,
contradictghat|U;| is notamultiple of |U;|. Thereforegachy € U; appearsn atleasttwo rows of P,
andthesameargumentsapplyto Q. Hencefor eachy € Uj we have 2 < |[domp(y)| < |U;j| — 2, which
contradictgU;| < 3. O

We now turn to permutationgroups. The symmetricgroupon U is denotedby SymU). If Gis a
subgroupof Sym(U) - afactwhich we describeby G < Sym(U) -, andif M C U, we denoteby M©
theset{@(x) : xe M, 9 € G}; for pe SymU), M?is theset{@(x) : x € M}. A fixedblok of G is a
nonemptysubseM of U suchthatM = M®; a minimal fixedblock is calledanorbit of G. If G has
only oneorbit, it is calledtransitive M C U is asetof imprimitivity, if M® =M orM®NM = 0. The
emptyset,the singletonsandU itself are calledtrivial setsof imprimitivity. A transitve G is called
primitive if it hasno nontrivial setsof imprimitivity.

G is calledsemiegular if the identity is the only elementof G thatfixesa point, or, equivalently if
for all @, Y € G thefactthat@(x) = Y(x) for somex € U impliesthate= Y . If G is semirgularand
transitive it is calledregular.

If e Sym(U) andx,y € U, thenwe set@((x,y)) = (®(x), ®(y)), andR? = {p({x,y)) : {(X,y) € R}; note
thatR® = ¢ 1o Ro @. If R? = R, thengis calleda baseautomorphisnof R. For A < Rel(U) we set

AP ={pe ymU) : R?=Rfor all R€ A}.

It is not hardto seethat A? is a subgroupof Sym(U), calledthe group of baseautomorphism®f A,
andthat@ € AP if andonly if @ commuteswith every atomof A.

Corversely if Gis asubgroupf SymU) andx,y € U, we set

Gxy = {0((x,)) : € G},

andlet G° bethe BRA onU generatedy {Gyy : X,y € U}. Obsere thatthe setsGyy arejustthe
orbits of the actionof G on?U, andhencea partitionof U. Indeed,eachGy, is anatomof G°, and
every atomof G hasthis form. Theassignmentp ando form a GaloisconnectionandA < Rel(U)
is calledGaloisclosedif AP® = A; similarly, H < Sym(U) is Galoisclosedif H°? = H (see[15]).

2 Groupsand relation algebras

It hasbeenof someinterestto investigatenhich propertiesf someG < Sym(U) carryoverin which
form to therelationalgebraG® andvice versa.As anexample,we cite aresultfrom [15]:

Proposition 2.1. If A < Rel(U), andeveryatomof A is functional,thenA is Galoisclosedand A° is
semiegular. Corversely if G < Sym(U) is semiegular, thenG is Galoisclosedand everyatomof G°
is functional.

Thefollowing connectiorhasbeenknown for sometime:



Proposition2.2. 1. If Gistransitive thenG° is integral.
2. If Gis primitive, thenG° doesnot containa nontrivial properequivalenceaelation.
Proof Theproofof 1. is straightforvard, anda proof of 2. canbefoundin [21]. O
Thecorrespondingtatementsor relationalgebrasarenottrue:
Proposition2.3. 1. Theris anintegral A < Rel(7) suc that A° is nottransitive

2. Therisanintegral A < Rel(8) which doesnotcontaina nontrivial properequivalenceelation,
andfor which A is not primitive.

Proof. 1. LetS=23U?(7\3). Sis thedisjoint unionof a K3 anda K4, andgeneratesn integral
relationalgebraA onU = 7 with atomsS, T, 1’ andthefollowing compositiortable:

o| S T
S| -T| T
T| T |-T

Since0 is anevennode,and1 is anoddnode,AP is not transitive. It will follow from a subsequent
resultthatthis exampleis the smallestpossiblefor this situation.

2. Let @€ Sym(8) bethecycle (0...7), andlet S= U ¢* U ¢L. SgeneratesinalgebraA < Rel(8)
with theatomsS T, 1’ andthefollowing compositiortable:

o S T
S| -s|-1
T|-1|2U

AP is generatedby the permutationg17)(26)(35) and(01)(27)(36)(45), andit has16 elementslt is
transitve andnot primitive; a systemof imprimitivity is givenby {0,4}, {1,5},{2,6},{3,7}. O

Thesituationis describedy
Proposition2.4. LetA < Rel(U). Then,
1. AP istransitiveif andonlyif AP9 is integral.

2. Supposehat AP is transitive Then, AP is primitive if and only if AP® doesnot containa non
trivial properequivalenceelation.

Proof 1. "="isjust2.2.1. Thus,setG = AP, andsupposéhatGP° is integral. If x,y € U, then,by
theintegrality of G°, theatomGyy of G° hasall of U asits domain. Thus,thereis somez € U such
that(y,z) € Gyy; by thedefinitionof Gy thereis somegp € G with ¢(x) =y, andhenceG is transitie.

2. "="is2.2.2. Thus,let G = AP, andsupposehat G° doesnot containa nontrivial equivalence
relation. Assumethatthereis a subsetM of U suchthatl < |[M| < |U|, andthatM is minimal with
respecto the propertythatfor all ¢ € G, eitherM® =M or MNM? = 0. DefinearelationP onU by
xPyif andonly if x,y € M?® for someg € G. Sincethefamily {M?: ¢ € G} is apartitionof U, Pis an
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equialencerelation,andby our assumptioron M, P is nottrivial. Let xPy; then,G,,NP # 0, and
we canassumavithoutlossof generalitythatx,y € M. If (u,v) € Gy with @ € G exhibiting thisfact,
thenu = @(x) € M?, v= @(y) € M, andthusuPv. It follows thatG,y C P. SinceU is finite, P is a
unionof atomsof AP9, andthereforeP € AP°. This contradictsour hypothesis. O

Call anintegral A < Rel(U) c - permutationalif AP is transitive, i.e. for all u,v € U thereis a base
automorphisnof A takingu to v. An integral abstractelationalgebrais called permutational if it
hasa c - permutationalepresentationProposition2.3.1above givesanexampleof anintegral BRA
on 7 whichis not ¢ - permutational A representationf A whichis ¢ - permutationals availableon
a six elementset: Justlet S be the disjoint union of two K3's. In [2] we have exhibited an integral
representableelationalgebrawhich doesnot have a ¢ - permutationarepresentationThe algebra
of Proposition2.3.2is an exampleof a permutationaBRA A which is not Galoisclosed. However,
this A, regardedasan abstractrelationalgebrahasa Galois closedrepresentatioon a ten element
set: If G is the actionof Sym(5) on the setof unorderedpairsof 5, thenG is the BRA generated
by the Petersergraph ([6]) which is isomorphicto A. The remainingquestionwhetherthereis a
permutationatelationalgebrawithout a Galoisclosedrepresentatiors answeredelow.

Proposition 2.5. Thee is a permutationalrelation algebra which doesnot havea Galois closed
representation.

Proof. Let S G € Sym(4) bedefinedby

andR,B € Rel(4) by

rang(0) = ramk(l) = {0,2}, ramr(2) = ra(3) = {1,3}
rang(0) = ram(2) = {0,3}, rang(l) = ra(3) = {1,2}

For ary positive naturalnumbem we setU,, = n x 4, anddefine

s = {((LD), @S i<n, j<4

{{i, 1)+
g = {006 T<n <4}
ro= {({i,i),{+1,K):i<n (j,k €R}
b = {({i,i),{i+2k):i<n, (j,k €B}

Here,asthroughouthis proof, additionis modulon. Let A, bethe BRA generatedby s,g,r andb. To
facilitatenotation,we denotexo y by xy for X,y € A.

1. If n< 7, thenA, is notintegral:
Thisis easyto checke.qg.if n=6,thendom(rbn (rb)~1) # U, andif n=5,thendomrbnb=1) #U.
2. If n> 7, thenA, is integral with thefollowingn+ 9 atoms

-1 .4

s,0,591',r,rs,b,bsrb,rbsr=t st b—1,sb7t b~rt sbir=t ¢4 ¢S, rn4



Theproofis straightforvard, if somavhatcomputationalandis left to thereader
3. If n> 8, thenA, hasno Galoisclosedrepresentation

We first shaw that, thoughA, is not essentiallyuniqueon U, all its representationareon somen- 4
elementset,andthatall representationarevery muchalike. Thus,letU’ beaset,A’ € Rel(U’), and
rep: A, — A beanRA - isomorphismfurthermoresete= s+ g+sg+1'.

Fromss= gg = 1' andsg= gswe obtainthatrep(e) is anequialencerelationonU’ with eachblock
containingexactly four elementsSowe maysupposehatU’ = n’ x 4 for somen’, andthat

rep(s) = {{{i,]), (L, S(0)) si<n’, j<4}
rep(g) = {((i,)),(i,G(}))) :i <, j<4}

Let f =r +rsandset
I—i = {<<|,J>a<| +1,k>> : jak< 4}

fori<n By f=ef=fe ff-l=eandf"=1, fK=£ 1 fork < n, wehaven=n' andalso
rep(f) = {((,)),(i+1,k):i<n, jk<4},
rep(s) = s rep(g) =g
Furthermorefromr = sr=rg, rnrs=rnNgr = 0, andthesamefor r replacedy rs, we obtain
rep(r)NLi=rNLjorrep(r)NL; =rsnL;
foralli < n. By rep(s) = swenow have
(*) {rep(r)NLj,rep(rs)nLi} = {rNLj,rsnL;}.
Usinga completelyanalogousrgumentwe similarly obtain
(**) {rep(b)NLj,rep(bs) NL;i} ={bNLj,bsnL;}.

Thus,A’ is very similarto A,.

Assumethat A’ is Galois closed. Sincen > 8, r# is an atomof A’; hence,for eachj < 4 thereis
a baseautomorphistaking ((0,0), (4,0)) to ((0,0),(4, j)). It follows thatthereare at leastfour
baseautomorphismsvhich fix (0,0). However, we shall shav thatthereareat mosttwo suchbase
automorphismsandconsequentlyA’ cannotbe Galoisclosed.

Assumethath, i, h" arebaseautomorphismsef A’ fixing (0,0), i.e.
h({0,0)) = W'({0,0)) = h"({0,0)) = (0,0).

Sincebaseautomorphismpresere the elementsof A, h(e) = e implies thath({1,0)) = (1, j) for
somej < 4; furthermoreh(r) =r, h(rs) = rsshawv that j € {0,2}. As the samehold for h andh’,
we infer thattwo of h,h', ' agreeon (1,0) aswell. Thus,letw.l.o.g. h({1,0)) = h'({(1,0)).
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Next, we shaw thatif two baseautomorphismef A’ agreeon (0,0) and(1,0), thenthey areequal:
Definetwo equvalencerelationson 4 by

?{0,2yU?{1,3},
= 2{0,3}uU*{1,2},

andsupposédhat

h((1,0) = H({1,0) =),
h(2,0) = (2,k).

Then,
((1,0),(2,0)) € rep(r) Nrep(rs)

togetherwith (*) andthe factthath preseresr andrs, imply thatk is in the samey - classas j.
Similarily,
((0,0),(2,0)) € rep(b) Nrep(bs)

togethemwith (**), andthefactthath preseresb andbs imply thatk is in thesamey - classasO.

Let h'({(2,0)) = (2,K'). By the sameamgument,k’ is in the samey - classas j andin the samey -

classasO. It follows thatk andk’ arein the samey - classandin the samey - class.Now, it canbe
easilychecled thatthe intersectionof ary y - classwith ary x - classcontainsexactly oneelement,
andthereforek = k'. A completelyanalogousagumentestablisheshatin facth((i,0)) = h'({i,0))

for eachi < n. Againusingthath,h’ arebaseautomorphisms-in particularthatthey presere s and
g—we obtainh = I (Full detailsof this amgumentalongwith somecombinatoriabackgroundccanbe
foundin [2]). This establisheshatA’ is not Galoisclosed.

4. If nis a multipleof 7, thenA, is permutational

This follows from the fact thatthe "period” of the function we implicitly constructin the preceding
paragraphs 7; more on this canbe foundin [2]. If e.g. n = 14, thenone cancheckby hand(or
by CAYLEY) thatthe groupH of baseautomorphism®f A;4 has112 elementsandis transitve.
ConsequentlyA is permutationallf we translate(i, j) € Ui4 intoi-4+ j, thenH is generatedy the
permutations
® = (46)(57)(811)(910)(1215)(1314)(1617)(1819)
(2022)(2123)(24 25)(26 27)(32 34) (36 39)(37 38)
(4043)(4142)(44 45)(46 47)(4951)(52 53)(54 55),

Y = (0524844403632282420161284)
(1534945413733292521171395)
(25450464238343026221814106)
(35551474339353127231915117).

This completeghe proof. O



Thus,A14is thesmallesiexampleof a permutationaBRA without Galoisclosedrepresentatiomhich
canbe obtainedby this construction It is unknavn to uswhetherary smallerexamplesexist. It also
may beinterestingto notethat A14 is not grouprepresentablé the senseof [19], sinceH doesnhot
containaregularsubgroup A similar statemenholdsfor all representationsf A.

Eventhoughin theproofabore we exhibitedinfinitely mary permutationaRAswithout Galoisclosed
representatiorthesealgebrasannotbe usedto shav thathaving a Galoisclosedrepresentatiogan-
not be expressedvith onefirst orderformularelative to the classof permutationaRA's. Thereason
for this is that ary ultraproductof thesealgebrass also permutationabind doesnot have a Galois
closedrepresentatiorthis canbe seenusingthe samearmgumentsasin the proof of Proposition2.5.
However, by usingthe samekind of agumentin a more sophisticatedvay, one canconstructa se-
quenceA,, n < w, of BRAs whereeachA, is permutationalwithout Galois closedrepresentation,
sothatan ultraproduciof theseremainspermutationalbut hasa Galoisclosedrepresentationtn the
constructiorof 2.5, replace4 by aprime p, sandg by suitablefunctions,andchoosen,, large enough
sothatA,, hasa”big” atomandny is divisible by the periodof R andB.

Essentialiniquenessasthefollowing nottotally unexpectedconsequence:

Proposition 2.6. If A < Rel(U) is essentiallyunique and if B < Rel(U) with A= B, then AP is
conjugateto BP

Proof. Leth: A— BbeanisomorphismG = AP, H = BP, andp e Sym(U) with h(R) = R? for each
R € A. Furthermorelet € G andP € B. Then,P = h(R) = R? for someR € A. Now,

(@ toy o oPo(gtoytog™ = (¢ loytogogtoRogo (g oy tog) Tt
— (p_loLlj_loRoLlJo(p

= (p_lo Pog
- R
andhencep o Go@< H.
Converselyif Y € H, thengo o @ ! € G, andthusy € ¢ 1o Goq. O

The corverseis not necessarilytrue: Therearetwo BRAs A,B on an 11 elementsetsuchthat A =
B, A? =BP ={1'}, andA (andhenceB) is notessentialljunique.We have, however, apartialcorverse
whichwill beusedlater:

Proposition 2.7. Supposehat A,B € Rel(U) are Galois closed,and that A° and BP are conjugate
Then,A= B andfor everyisomorphisnh : A — B there is somep € Sym(U) sud thath(R) = R® for
anyRe A.

Proof LetG = AP, H =BP, andH = 1o Go s for somey € Sym(U). Recallthatfor eachg €
ymU), theassignmenR — @1 o Ro @is anautomorphisnof Rel(U). Now, set

h(Gx,y) = qu o Gx,y oly.

SinceB = HY andH = 1o Goy, it is clearthattheimageof h is B, andthath(R) = R¥ for ary
ReA. ]
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Corollary 2.8. Supposehat all subalgbras of Rel(U) are Galois closed,and that for all Galois
closedG,H < SymU), G° = H impliesthat G and H are conjugate Thenevery subalgbra of
Rel(U) is essentiallyjunique O

We closethis sectionwith someobsenrationsregardingnonintegral BRAS:
Proposition2.9. LetA < Rel(U) havetheintegral constituent#\;,i < k, andsetG = AP. Then,
1. EachY; is afixedblodk of G.

2. If M is aunionof constituensets,B is therelativealgebra of A with respecto 2M, and peG,
thentherestrictiony of @to M is a baseautomorphisnof B.

3. Supposehat

(@ M =U\U;, Bistherelativealgebra of A with respecto ?M,
(b) Ujj isanatomof Aforall j <k, j#i,
() 9 A?, Y€ BP,
Then,puy € G.
4. If eadh A is GaloisclosedandU;j is anatomof Afor all i, j <k, j #1i, thenAis Galoisclosed.

Proof 1. Supposev.l.o.g.thatk > 1, andassumehattherearei, j <k, i # j, xe U;, ye Uj, and
someg € G suchthat@(x) =y. Then,(x,X) € E;, but (x,X) & @o Ej o @1, contradictinghateis
abaseautomorphisnof A.

2. First,notethatby 1., M is afixedblockof G, sothaty € Sym(M). If Re€ At(B), thenR € At(A),
andthe conclusiorfollows from @ € AP.

3. Setx = U Y, andsupposeahatR € At(A). If Re€ B or R € A;, the conclusionfollows at once
from @€ A? andy € BP.
Thus,letR=U;; for somej <k, j #i. Then,po R= R (sinceqU;] = U; by 1.), andrang(x) =
Uj for all x € U;; similarly, Ro ) = R. So,we have

XoR=@poR=R=Ro@=Ro¥.

4, SupposethatA,-p = H; andH? = A for i < k. SinceeachA is Galoisclosedandintegral, each
H; is transitve. LetH € SymU) bedefinedby g€ H <= @ € H;, P beanatomof A, and
(x,y) € P.

(@) x,y € U;: SinceP is anatomof A, we have dom(P) = ran(P) = U;, andP is in factan
atomof A;. SinceH [ U; = G;, wehave Hyy = Hi,, = P.

(b) xe Ui, ye Uj, i # j: Then,P =U; x U; by thehypothesisLet (u,v) € P. SinceH; and
H; aretransitve, thereare @ € H;, ¢ € H; with @(x) = uand(x) =v. Setx = QU j;
then,x € H and(x,y) = (u,v), andit follows thatP C H,,. The corversefollows from
P= Ui X Uj.

11



It now follows from (a) and(b) thatH® = A.
Thisfinishesthe proof. O

3 Logic of Galois closedrelation algebras

Throughoutthis sectionlet A be a finite simple completeand atomic relation algebrawith atoms
a;,i <k, anda; <1’ for j < m< k. Therepresentatiotanguagéd., of A is afirst orderlanguagewith

equalityandthe binaryrelationsymbolsR;, i < k; we sometime®mit the subscriptif the context is

clear For ary languagd., we denotethe setof all L - formulaswith just onefreevariableby L*; the
setof all L* - formulaswhich containat mostn variablesaltogetheiis denotedy L3. ThesetsL*Y and
LY aredefinedanalogously Thetruth setdef @(x,y) of @ € L*Y in themodel(U,A) is therelation

{(a,b) €U : (U,A) = ¢@(a,b)}.

Similarly, we definedef @(x) for @ € L*.

We startwith anobsenration on definablesets:

Proposition3.1. LetA < Rel(U) andM C U benotempty Then,M is definablein (U, A) if andonly
if M is a unionof orbits of AP.

Proof. "=: Supposehat @(x) is a first orderformulain the languageof A with onefree variable
whichdefinesM in themodel(U, A), andthaty is abaseautomorphisnof A. Then,A |= ¢(a) implies
thatA = @((a)), andhenceM containgthe orbit of eachof its elements.

"«<" SupposdhatG = AP, M isanorbitof G,ae M, b € U. It isshavn in [1], 4.(i) togethemwith
1.4.2. of [16] thateachelementof AP° is definableby a formulay(x,y) in thelanguageof A. Now,
Gap is anatomof AP with domainM, andhenceM is definable. O

Let usrecallafew factsfrom [3]: SupposdhatB is a representatiomf A onU with representation
languagd..

1. Aisintegralif andonly if for ary @ € L, thesentencg3x)@(x) = (VX)@(x) holdsin (U, B). In
otherwords,no properandnonemptysubsebf U is definablein themodel(U, B) by aformula
with atmostthreevariables.

2. B is ¢ - permutationaif andonly if (U,B) = (3x)@(x) = (VX)@(x) for ary @ € L*. In this
caseno properandnonemptysubsebf U is definableandall x € U have the samefirst order
propertieswith respecto themodel(U, B).

Every integral Galois closedrelation algebrais permutationaland we have shavn above that the
converseis nottrue. Hence beingGaloisclosedis strongerthanpermutationalpelov, we shav the
logical backgroundf this phenomenon.

Therepresentatiotheoryof A, denotedoy Th(A), is the collectionof thefollowing La-sentences:
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1. (V%) (VY) (XRoy V ... V XRe-1y)
2. (VX)(VY)(xRy = -~ xRyy) fori, j < kandi # j
3. Foralli, j,my,...,m_1 < kandaca; = am,+...+am ,,
(V) (VW) [(F) (XRzAZRY) <= (XRupY V... VXRn_,Y)]
A isrepresentablé andonly if Th(A) hasamodel.It wasremarledin [4] thatarepresentatioof A
is essentiallyuniqueonU if Th(A) is categyoricalon |U .

If ¢ € L*Y andi < k, thenys; denoteshe sentence

(3X) EY) (XRYAW(XY)) = (VX)(VY) (XRy = W(x,Y))-

Intuitively, Y; saysthatif @ canbe satisfiedon someedgeof theatom§, thenit canbe satisfiedon
all edgeof S; in otherwords,all edgesf § have the samefirst orderproperties.

Proposition 3.2. If A hasa Galois closedrepresentationon a finite set, then Th(A) U {Wyj; : Y €
LY andi < k} is consistentConversely if (U, B) isamodelof Th(A) U {y; : ¢ € LY andi < k} and
U isfinite, thenB is Galoisclosed.

Proof "=": LetB bea Galoisclosedrepresentationf A onthefinite setU; then,(U,B) is amodel
of Th(A); furthermore supposehatR; is interpretecby theatom§ of B, andlet G° = B. We first
obsere thatfor all u,v € U, Y(x,y) € LY, andall baseautomorphismg of B,

(U,B) = Y(u,v) if andonlyif (U,B) = w(e(u), e(v)).

Supposéhati < k andu,v € U suchthat(U,B) = uSvA y(u,v). Since§ is anatomof B, we have
S = Gyy. Now, if (U,V) € Gy, thenthereis someg € G suchthatg(u) = u and@(v) = V. Since
(U,B) = W(u,v), wealsohave (U,B) = w(U,V) by theobserationabave. Hence (U, B) = ;.

"«<": Corversely supposehat(U,B) is a modelof Th(A) U {W; : Y € L*Y andi < k} on thefinite
setU. Let Y(x,y) € L*Y, andsetQ = defy(x,y) in themodel(U,B). SupposeghatSNQ # 0, i. e.
thattherearea, b € U suchthataSb andy(a,b) is truein (U, B). Since(U,B) = y;, wehave S C Q.
ThereforeQ is aunionof atomsof B, andthus,B containsevery binaryrelationdefinableover (U, B).
SinceU is finite, B is Galoisclosedby [1] 4.(i). O

ThisimpliesthatbeingGaloisclosedis a generafirst orderpropertyfor finite models while onecan
usetechniquesimilar to thosementionedafter2.5to shav thatits negationis not.

4 Clonesof operations

In this sectionwe always supposedhatthe operationsunderconsideratiorarefinitary. Furthermore,
if e.9. R=(Ro,...,Rn—1) € "Rel(U), andh is a function on Rel(U), thenwe assumehat h(R) is

definedcomponentwisea similar conventionholdsfor permutations Furthermorewe shallusually
write @(x,y) insteadof @((x,y)).

A set( of operationonasetM is calledacloneonM if
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1. C containsall projectionsj.e. all operations! : "M — M with
pln(rnoa "arnﬂ—l) =m,
forallne wandi < n.

2. C is closedundercomposition,i.e. if f € C is ann-ary operationandgp,-..,d,_1 arem-ary
operationsthenthe m-ary operatiorh with

h(ag,--.,am-1) = f(do(ao,---,a8m-1),---,0n-1(20,---,a8m-1))
is anelementof C.
If Ois asetof operationn M, thenwe saythatO geneatestheclone’, if
C=({¥ :FisacloneonM andO C 7}.

Theclassicalclone ¢ is the clonegeneratedby the basicoperationsandconstantof Rel(U ).

Let L beafirst orderlanguagewith equalitywhosepredicatesymbolsarebinary If ¢ € L*Y contains
exactly thepredicatevariablesP, ..., P._1, theny definesann-ary operationfy, onRel(U) by

fy(Ro,...,Rn—1) = defy

in themodel(U, Ry, ...,R,_1), whereR, is interpretedby R; for i < n. Thesetof all the operationof
thisform is alsoa cloneon Rel(U ) which we shallcall thelogical clone anddenotet by .

An n-ary operationf onRel(U) is calledinvariantif for all g€ SymU) andall Ry, ...,R,_1 € Rel(U)
f(RS,...,R? |) = f(Ro,...,Rn_1)".
Thesetof all invariantoperation®n Rel(U) is alsoa clone,denoteddy 4.
LetRe "U, anda,b € U. Defineann-ary operationFr 5, onRel(U ) by
FRab(S) = {{xy) €U : (U,R a,b) = (U,Sx)}.
In otherwords,Frap(S) = {®{a,b) : e SymU) andR = S}.
Thefollowing basicresultontheseclonescanbefoundin [16]; there U is notnecessarilafinite set:
Proposition4.1. 1. If U isnotemptythen. C G C G. If U isfinite, thenG = G.
2. FRap = Fsca iff (U,R,a,b) = (U, S c,d), otherwise FrapNFscd = 0.

3. Then-ary opemtionsin ¢ forma completeand atomicBooleanalgebra with atomset{Frap :
Re"RelU), a,becU}. O
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It iswell knovnthat( # G if U isinfinite: Transitive closureis anexampleof aninvariantoperation
which is not first order definableon an infinite set; consequentlythereis no global definition of

transitive closurein first orderlogic in the sensethatthereis no formula  of L*Y suchthatfor ary

binaryrelationR on a finite setthe transitive closureof R is def, seefor instance[16] for a proof.

It is of considerablénterestto find alogic notinvolving linearorderin which exactly the polynomial
time computabldénvariantoperationsareexpressiblepr to shav thatthereis no suchlogic (see[11]

and[13] for furtherdiscussiorandreferences).

Givenaclone(C onRel(U), thenotationA < (Rel(U), C) meanghatAis asubalgebraf Rel(U) with
respecto the operationsn C. If G C C, thenAis arelationalgebraandthusthe conceptf base
automorphisnandGaloisclosureasdefinedabore apply

We alsoconsiderthe quinaryoperationQ on Rel(U) whichis definedby
XQ(Ro, .-, Ra)y <= (32)(3u) (XRozRY A XReURsy A ZRyu).

Thesituationthat (x,y) € Q(Ro,...,Ry) is picturedbelawv *:
z
&

Q.’b

y

.
N

4

It is shavn in [16] thatQ ¢ (¢ if |U| > 25, andit wasaslked in the draft versionof [16] for which
|U| the operationQ is a memberof the classicalcloneonU. To answerthis questionwas, indeed,
the startingpoint of this paperfrom which it hasdevelopedthroughnumerougevisions(andseveral
years)to its presenform.

Proposition4.2. Q € (¢ if andonlyif |U| <6.

Proof. "=": ConsiderthealgebraA < Rel(7) introducedn 2.3.1There,

Q(SSSS S =1U?%3,4,5,6},

which is not an elementof A. More generally for n > 7, setMg = {0,1,2}, M1 = {3,4,...,n—1}
andlet A begeneratedy S=2MoU?M;. Then,Q(S SSSS) =1 U?M; € A.

"«": Thiswill follow from the next two results. O

Therestof the paperwill characterizéhosesetsU, for which ¢, = G; it will turn outthatthe magic
numberis 6. The proof will be donein two stages:We first give a conditionfor a clone ¢ which
contains(; to be equalto ¢, andthenwe shall shav that ¢ fulfills this conditionif andonly if
U] <6.

1Thediagramwasdravn usingPaul Taylor's CommutativeDiagramsin TeX macropackage.
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As a preparatiorfor thefirst part, we needonemoreconcept:For a setD, theternary discriminator
is anoperatiort on D which satisfies
c, ifa=b
t(@b.c) = { a, otherwise
Theclassicaklonecontaingheternarydiscriminatorvia
1(PQR) =[(*Uo(P®Q)o?U)NPIU[- (Vo (P®Q)o™U)NR,
where® denotesymmetricdifference.

Proposition 4.3. LetU bea finite set,and C bea cloneonRel(U) sud that & C C C G. If every
subalgbra of (Rel(U), C) is Galoisclosedandessentiallyunique thenC = G.

Proof. By 4.1it sufficesto shov that C containsthe operationsFg 5, for eachn > 1, andall R €

"Rel(U), a,b € U. Since C C, and (¢ containsthe ternarydiscriminator so doesC. In other
words, C is quasi- primal in the terminologyof [10], p. 403, andby the characterizatiorof these
clonesgivenin [10], we needto prove that

1. EachFrqp preseressubalgebrad,e. wheneer Sc "Rel(U), thenFr o p(S) is containedn the
subalgebraf (Rel(U), C) generatedy {S, ..., S-1}-

2. EachFga, preseresinternalisomorphismsi.e. whenerer A,B < (Rel(U), C) andh: A— Bis
a C-isomorphismthen,for all Se€ "A,

Fran(h(S),---;h(S-1)) = h(Frab(9))-

1. If (U,R) and(U, S) arenotisomorphicasfirst orderstructuresthenFr o n(S) = 0, and1. istrivially
fulfilled. If, ontheotherhand,(U,R) = (U, S), thenthereis somep € Sym(U) suchthatR? =S and
by 4.1.2we have

Frab(S) = Fsga,ob) (S = {(T(@(@)), Tp(b)) : e (97}
whichis theatomof the Galoisclosureof (S) which contains(g(a), ¢(b)). Since(S) is Galoisclosed

by the hypothesist containsFr ap(S).

2. LetA,B< (RelU), ), andh: A— B bea C-isomorphism.SinceA is essentialljunique thereis
somey € Sym(U) suchthat
h(T)=TY=y toToy

forall T € A. Let Se "A. Now,
Frab(N(S) = Fran(S")
= {m{a,b) : me ymMU), "= ¥}
= {Wy 'mab) e ymU), RV =g}
= {W3(ab):3e ymU), R =5}
= (Frap(9)¥
= h(Frap(9)-
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This completeghe proofof 4.3. O
We cannow prove themainresultof this section:
Proposition4.4. (¢ = G if andonlyif [U| < 6.

Remark Beforewe embarkon the long and sometimegediousproof we commenton the logical
consequenced thisresult.Let L beafirst orderlanguagevith equalityandbinary predicatesymbols
Po,...,P1, andlet (U,Ry,...,R,_1) beamodelof L. Becausef 1.1aboe,abinaryrelationSisin
theimageof anoperatof- € (. with agumentsamongtheR; if andonly if Sis definableby aformula
of L*Y with at mostthreevariables.On the otherhandif we chooseF € G = @, thentheresultswill
be the relationsdefinableby ary finite numberof variables,andthe resultingrelationswill, in fact,
form the Galoisclosureof (Ry,...,R.-1). Thus,the propositionimpliesthe surprisingfactthaton a
setU with at mostsix elementsrelationalgebralogic (i.e. logic with threevariables)is aspowerful
asfirst orderlogic. It would beinterestingto know, whetherthis resultcarriesoverin someform to
largern, e.g.whethem — 3 or even [log,(n) ] + 1 variablessufiice on ann-elementset.

Proof "=": Thisfollows from (thealreadyprovenpartof) 4.2,sinceQ is first orderdefinable.

"«<": By 4.3it sufficesto shaw thatfor |U| < 6, every subalgebraf Rel(U) is Galoisclosedand
essentiallyunique.For |U | < 5 thiswasalreadyobtainedn [16]. Thus,letU = {0,...,5}.

The lattice of subgroupf SymU) has56 conjugag classesandwe have checled that wheneer
GaloisclosedG,H < Sym(U) arenot conjugatethenG? is notisomorphicto H°. Thus,if all subal-
gebraof Rel(U) areGaloisclosed thenthey will be essentiallyjuniqueby 2.8.

First,let A < Rel(U) beintegral. Thereareseveral casesaindsubcases:

1. Ahassixatoms Then,eachR € At(A) is a permutatiorby 1.3, andhenceA is Galoisclosedby
2.1.

2. A cannothaveexactly five atoms If A hadfive atoms,three of thesewould be semirgular
permutationdecausé is integral. Any threesemirgular permutationsof U, however, generatean
algebrawith six atoms.

3. Ahasexactlyfour atoms Let At(A) = {1',R,S T}; atleastoneof theseis a semirgularpermuta-
tion, say R.

3.1. Rhasorderthree Then,R consistf two cycles,say R= (024)(135). We seethatR generates
A, andA hasthefollowing relative compositiortable:

[o[R[S[T |
R[S[1]T
S[Y[R[ T
T[T][T]-T

If G < Sym(U) is generatedby the permutationg042), (153), and(03)(12)(45), thenG°® = A.
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3.2. Rhasorder two: Then, by 1.3.1andthe amgumentusedin 2. abore, we have |[rans(x)| =
[rant (x)| = 2 for all x € U, andthe sameholdsfor thedomains.Furthermorefor P € {S T},

(RoP)NP=(RoP)NR= (PoR)NR=0,

sinceR= R 1. It followsthatSocR= SorScR=T.

3.2.1. SoR=S Then,(SeR)NT =0, andhencegT ocR)NS= 0. It followsthatT oR=T. Therefore,
therangeof eachx € U in Sor T isacycle of R.

Supposéhatthe cyclesof RareD, E,F, andthatx € D with rang(x) = E. AssumethatS= S!, and
lety € E. Then,y, andthereforerans(y) = D. Hence,if z€ F andzRy thenu € F, contradicting
thatRNS= 0. Thus,S ! = T, andthe Srangesf cyclesof Rareacyclic permutatiorof thesecycles.

Letw.l.o.g.R= (01)(23)(45), andShedefinedby

0,1 —» 24
2,3 — 45
45 — 0,1

ThealgebraA generatedy R andS hastherelatve compositiontable

[o[RI s [ T |
R[] s | T
s|s| T |Tur
T|[T|[VUR| s

If Ge SymU) is generatedby (025)(134) and(034)(125), thenG° = A.

3.2.2. SoR=T: Then,for ary x € U the Srangeof x intersectghosetwo cyclesof R which do not
containx, eachin exactly oneelement.Let w.l.o.g. R= (03)(12)(45), andrans(0) = {1,5}; then,

rans(3) = {2,4}.
AssumethatS—! = T. Then,we have thefollowing partialmatrix for S

15
3, oneof 4,5
0, oneof 4,5
2,4
0, oneof 1,2
3, oneof 1,2.

a »r W N P O
L1141 14

It is routineto checkthat noneof thesepossibilitiesgeneratesn algebrawith exactly four atoms.
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Thus,SandT aresymmetric.We thenhave thefollowing partialmatrix for S

- 15
0, oneof 4,5
3, oneof 4,5
2,4
3, oneof 1,2
0, oneof 1,2.

g A W N B O
+ 114l

Dependingon whetherl$4 or 1S5, we obtainthe two isomorphicalgebrash; andA,, whosetables
of relative multiplicationaregivenby Table1 andTable2, respectrely. If G < SymU) is generated

Tablel: A;, (1,4) €S

[o[R[ S | T ]
R|1| T S
S| T|1TuT| SUR
T|S| SUR|2UT

Table2: Ay, (1,5) €S

[o[R[ s [ T |
R{1| T S
S| T|TUS|TUR
T|S|TuR|1US

by (042)(135), (02)(13), and(01)(23)(45), then,G° = Ay. If H < Sym(U) is generatedby (01)(23)
and(03)(14)(25), thenH® = A,. ObsenrethatG andH areconjugatevia (014)(253).

4. Ahasexactlythreeatoms Therearetwo possibletypes,both of which areessentiallyunique(see
[4]). Let o= (012345.

4.1. If Ais generatedy QU @*U @, thenA = G°, whereG is generatedby @ and(02).
4.2. If Ais generatedy @, thenA = G°, whereG is generatedby @ and(01)(34).
This coversthe caseof theintegral subalgebrasf Rel(U ).

Now, supposédhatA < Rel(U) is notintegral with constituensetsU;,i < k. By 2.9 we cansuppose
thateachconstituensetof A hasmorethanoneelementandthatsomeU;;, i # j is notanatomof A.

1. A hasthreeconstituentsets Then,eachconstituentsethasexactly two elements.Supposehat
Uo={0,1}, U1 ={2,3}, U, = {4,5}. If eachatomof Ais functional,thenA is Galoisclosedby 2.1.
Otherwiseletw.l.0.9.{(0,2),(1,3)}, Up2 € At(A). Then,A= G, whereG is generatedby (01)(23)
and(45).

19



2. Ahastwo constituensets Therearetwo possibilities.

2.1. |Uo| = |Uq| =3, Up = {0,2,4}, U; = {1,3,5}: If A; or Ay hasthreeatoms,then— keepingin
mind thatUp; is notanatomby our hypothesis- all atomsof A arefunctional,andA is Galoisclosed
by 2.1.

Otherwise,both Ag and A; have two atoms,and A is generatedy a bijectionUg — U;, say R=
{(0,3),(2,1),(4,5) }. Then,A= G°, whereG is generatedby (01)(23) and(45).

2.2. |Up| =4, U] =2, Up=1{0,1,2,3}, U; = {4,5}: SinceUp; is split, Ap cannothave exactly two
atoms;furthermoreUg1 is split into exactly two atomsP andQ, eachof whichiis functional. There
arethreepossibilitiesfor Ag, andeachof themdetermine®f Up; is split:

2.2.1. Aqis geneatedby a cycle Letw.l.o.g. (0123 generateédy. Then,we musthave ran,(0) =
ranp(1), andwe find thatA = G°, whereG is generatedby (0213 (45).

2.2.2. Ay is genenated by two permutationsof order two: Supposew.l.o.g. that (02)(13) and
(01)(23) generate”y. Again, ranp(0) = ranp(1), andA = G°, whereG is generatedy (01)(23)
and(03)(12)(45).

2.2.3. Apis genemtedbyonepermutatiorof ordertwo: If Ag is generatedby (01)(23), thenrane(0) =
ranp(1), andA = G°, whereG is generatedby (0213 (45) and(23).

This concludegheproofof 4.4. O

We shouldlik e to closewith the obserationthattwo Galoisclosedalgebrasvhich areisomorphicas
relationalgebrason the samebaseset, neednot be essentiallyunique: Consider|U| = n- m, where
3 < n,m andn## m. Let Sbea disjoint union of n Ky's,and T bethe disjoint unionof mKy's. S
andT generatasomorphicand Galois closedsubalgebrag\ and B of Rel(U), but they areclearly
notisomorphicasfirst orderstructuresaddinginvariantoperationgo ¢ will eventuallydestry the
isomorphism.It would be of interestto know whetherthereis a clone C with ¢ C € C G suchthat
all subalgebrasf (U, C) areGaloisclosedandA is C-isomorphicto B.
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