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Abstract

Wediscusssomenew propertiesof thenaturalGaloisconnectionamongsetrelationalgebras,
permutationgroups,andfirst orderlogic. In particular, we exhibit infinitely many permutational
relation algebraswithout a Galois closedrepresentation,andwe also show that every relation
algebraonasetwith atmostsix elementsis Galoisclosedandessentiallyunique.Thus,weobtain
the surprisingresultthaton suchsets,logic with threevariablesis aspowerful in expressionas
full first orderlogic.
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0 Intr oduction and summary of results

Logicswith limited resourcesaswell asquestionsof expressibilityof relationalproperties-in partic-

ular on finite structures- have received considerableattentionin areaslike finite modeltheory, non

- classicallogics, anddescriptive complexity. The interestedreaderis invited to consult[9], [11],

[12], and[14] for moredetails.In thispaper, weshallinvestigateproblemsrelatingto automorphisms

(i.e. edgepreservingpermutations)of binaryrelations.Ourapproachwill bealgebraicusingTarski’s

relationalgebras.Roughlyspeaking,a relationalgebrais a descriptionof how variousrelationsmust

interactamongeachother. More concretely, given a set
�����

Ri : i � n � of binary relationson a

setU , we form the closureof this setunderthe Booleanoperations,compositionof relations,and

converse,andaddthe identity asan extra constant;the resultwill be an algebra� of binary rela-

tions(BRA). Sincetheoperationsusedarefirst orderdefinable,any automorphismof thefirst order

structure	 U 
 ��� will preserve all the relationsin � aswell. Suchanautomorphismwill becalleda

baseautomorphismof the algebra � (We usethe qualifiedterm to distinguishthemfrom the auto-

morphismsof thealgebra).A fundamentalresultby Tarskistatesthat � containsexactly thosebinary
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relationsonU which aredefinablein 	 U 
 ��� by first orderformulashaving at mostthreevariables.

Thus,theequationallogic of relationalgebrascorrespondsroughly to thethreevariablefragmentof

full first orderlogic. Conversely, givenarepresentation� of anabstractsimplerelationalgebra� (i.e.� is aBRA isomorphicto � ), thealgebraicstructureof � will tell ussomethingabouttheproperties

of andtheconnectionsamongtherelationsin � .

Weexhibit connectionsbetweenthestructureof BRAs andtheir groupsof baseautomorphisms.The

notionof Galoisclosurewill playa majorrole: A BRA on afinite setU is Galoisclosedif f its atoms

are the orbits of the action of its groupof baseautomorphismson U � U . The Galoisclosureof

a BRA � on U is the smallestGaloisclosedalgebracontaining � . It turnsout that the nonempty

subsetsdefinableby formulasof first orderlogic in themodel 	 U 
 R� R��� areexactly thedomainsof

theunionsof thoseatomsof theGaloisclosureof � which arebelow the identity - equivalently, the

unionsof orbits of the groupof baseautomorphismsof � . Furthermore,� is shown to be Galois

closediff � containsall relationsdefinablein themodel 	 U 
 R� R��� , andthat,whenever anedge 	 a 
 b�
of anatomRof � hasafirst orderproperty, thenall edgesof Rhave thisproperty. Wealsoshow that

thepropertyof a BRA to beGaloisclosedis a generalfirst orderpropertyfor finite models,andthat

its negationis not.

With regardto thequestionwhichpropertiesof concreterelationscanbeprescribedby thestructureof

anabstractrelationalgebra,weexhibit arelationalgebra� whichhasarepresentationwith atransitive

groupof baseautomorphisms,but no representationof � is Galoisclosed.Thisseemsaratherstrong

result:Thealgebraicstructureof � - which in generalreflectsonly logic with threevariables- tellsus

somethingaboutapropertyof all representationsof � which is notevengeneralfirst order.

Finally, we show thatevery BRA on a setwith at mostsix elementsis Galoisclosedandessentially

unique.Thus,weobtainthesurprisingresultthatonsuchsets,logic with threevariablesis aspowerful

in expressionasfull first orderlogic.

Computationalresultswereobtainedwith thehelpof CAYLEY, ([7]), NAUTY ([18], andRELALG

([8]).

1 Definitions and notation

Unlessotherwiseindicated,we shall supposethroughoutthat all structuresunderconsiderationare

finite, andthatU is anonemptyfinite set. �U � denotesthecardinalityof U . We identify
�
0 
�������
 n � 1 �

with the ordinal n, andemphasizethis by writing n. If no confusionis likely to arise,algebrasare

referredto by their respective carrierset.

A relationalgebra(RA) 	 A 
���
���
���
 0 
 1 
���
� 1 
 1! �
is astructureof type 	 2 
 2 
 1 
 0 
 0 
 2 
 1 
 0� whichsatisfies

1. 	 A 
���
���
���
 0 
 1� is a Booleanalgebra.
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2. 	 A 
���
  1 
 1! � is aninvolutedmonoid.

3. For all a 
 b 
 c " A thefollowing conditionsareequivalent:#
a � b$%� c � 0 
 # a 1 � c$&� b � 0 
 # c � b 1 $&� a � 0 �

The full algebra of binary relations 	 Rel
#
U $'
�()
�*)
��+
 /0 
 2U 
���
  1 
 1! � is a relation algebra,where

Rel
#
U $ is the set of all binary relationson U , *)
�()
�� are the usualset theoreticoperations,and

/0 
 2U are,respectively, theemptyandtheuniversalrelation, � is relationalcomposition, 1 therela-

tional inverse(i.e. P 1 �,� 	 x 
 y� : 	 y
 x� " P � ), and1! is the identity relationonU . We shallusually

useP
 Q 
 R
������ to denotebinary relationson U . A subsetA of Rel
#
U $ which is closedunderthe

distinguishedoperationsof Rel
#
U $ andcontainsthe distinguishedconstantsis calledan algebra of

binary relations(BRA) onU . It is asubalgebraof Rel
#
U $ , a factwhichwedenoteby A - Rel

#
U $ . If

A - Rel
#
U $ , thenAt

#
A$ denotesthesetof atomsof (theBooleanpartof) A. A completeandatomic

A is completelydeterminedby the relationcompositiontableof At
#
A$ . Whenwriting sucha table,

we usuallyomit columnandrow 1! , if 1! is anatomof A. If R0 
�������
 Rk " Rel
#
U $ , we denotetheBRA

generatedby R0 
�������
 Rk by 	 R0 
�������
 Rk
�
.

A relationalgebraA is called representableif it is isomorphicto a subalgebraof a productof full

algebrasof binaryrelations.

Thefollowing fundamentalresultis dueto A. Tarski[20]:

Proposition1.1. If R0 
�������
 Rk " Rel
#
U $ , then 	 R0 
������.
 Rk

�
is thesetof all binaryrelationsonU which

are definablein the relational structure 	 U 
 R0 
������.
 Rk
�

by first order formulasusingat most3 vari-

ables.

A - Rel
#
U $ is calledessentiallyuniqueonU if for every B - Rel

#
U $ which is isomorphicto A and

every RA - isomorphismh : A / B thereis a permutationφ of U suchthath
#
R$ � φ  1 � R � φ for all

R " A. Consequently, if A is essentiallyuniqueonU andB - Rel
#
U $ is isomorphicto A, thenA and

B areisomorphicasfirst orderrelationalstructuresonU – usuallyamuchstrongercondition.

For P
 Q " A - Rel
#
U $ andx 
 y
 z " U we usuallywrite xPy if 	 x 
 y� " P, andxPyQzmeansxPyand

yQz. Wealsoset

dom
#
P$ � �

x " U : Thereis somey " U suchthatxPy�0

ran

#
P$ � �

x " U : Thereis somey " U suchthatyPx�0

domP

#
x$ � �

y " U : yPx�0

ranP

#
x$ � �

y " U : xPy�0�
The set ranP

#
x$ is alsocalleda row of P. If � ranP

#
y$1� � � ranP

#
x$1� for all x 
 y " dom

#
P$ , thenP is

calledregular.

If A is any RA, thenx " A is calleda functionalelementif x 1 � x - 1! . A is calledintegral if, for all

x 
 y " A, x � y
�

0 impliesx
�

0 or y
�

0. A well known characterizationof integral RAs [17] is given

by
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Lemma 1.2. LetA bea relationalgebra. Then,thefollowingstatementsare equivalent:

1. A is integral.

2. 1! is an atomof A.

3. x � 1
�

1 for anynonzero x " A.

4. Everyfunctionalnonzero x " A is an atomof A.

5. If A is a BRAona finitesetU, thendom
#
R$ � ran

#
R$ � U for someatomRof A.

If M " A - Rel
#
U $ is anequivalencerelation,thesetB

�2�
R " A : R 3 M � becomesarelationalgebra

undertheoperations()
�*)
 /0 
���
  1 inheritedfrom A, with greatestelementM, identityelement
� 	 x 
 x� :

x " dom
#
M $.� , andcomplementationbeingrelative to M. Thisalgebrais calledtherelativealgebra of

A with respectto M. UnlessM
� 2U , B is notasubalgebraof A.

Supposethat theBRA A onU is not integral; then,thereareatomsEi 
 i � k, of A suchthatEi 4 1! .
For i 
 j � k, setUi

�
dom

#
Ei $ andUi j

�
Ui � U j . We observe thatUi j

�
Ei � 2U � E j , sothatUi j " A.

SinceeachUii is anequivalencerelationcontainedin A, wecanconsidertherelativealgebraof A with

respectto Uii , which we denoteby Ai. If R " Ai, thenR is anatomof Ai if andonly if R is anatomof

A. Consequently, eachAi is anintegral relationalgebra,and,in looseanalogyto permutationgroups,

we call thealgebraAi an integral constituentof A andUi its constituentset. Thefollowing technical

lemmawill beusefulin thesequel:

Lemma 1.3. LetA havetheintegral constituentsAi 
 i � k.

1. If P " At
#
A$ and � ranP

#
x$1� � 1 for somex " U, thenthisholdsfor all x " dom

#
P$ .

2. If P " At
#
A$'
 P 3 Ui j , thendom

#
P$ � Ui 
 ran

#
P$ � U j .

3. Supposethat i 
 j � k 
5�Ui ��- 3 
6�Ui ���7�U j �8
6�U j � is not a multiple of �Ui � , and that every R "
At
#
A j $ is regular. Then,Ui j " At

#
A$ .

Proof. 1. Supposethat ranP
#
x$ �9�

a� , andassumethat � ranP
#
y$1�;: 2 for somey " U . Let φ

#
x$ be

theformula #=<
y$ #?> z$A@ xPy B # xPz C y

�
z$ED=�

Thetruth setM of φ in themodel 	 U 
 P� is thesetof all thoseelementsof dom
#
P$ whoseP - range

consistsof exactlyoneelement.By ourassumptionwehave /0 4 M 4 dom
#
P$ , andby 1.1therelation

1! * 2M is anelementof 	 P� 3 A, sinceφ containsonly threevariables.This contradictsthefact that

P is anatomof A.

2. Assumethaty " Ui F dom
#
P$ ; then, 	 y
 y�6G" # P � P 1 $H* Ei, contradictingthatEi is anatomof A.

Theotherpartis shown analogously.

3. Assumethat for somei
G�

j thereis someP " At
#
A$ suchthatP 4 Ui j , andsetQ

�
Ui j F P. Let

y " U j ; if thereis exactly onex " Ui with xPy, thenP 1 is a function by the fact that it is an atom
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and1. above. Thus,theP-rangesof elementsof Ui partitionU j , andfrom the conditionon A j and

1.2 it follows that the classesof this partition have the samenumberof elements.This, however,

contradictsthat �U j � is notamultipleof �Ui � . Therefore,eachy " U j appearsin at leasttwo rowsof P,

andthesameargumentsapplyto Q. Hence,for eachy " U j wehave 2 -I� domP
#
y$1�J-I�Ui ��� 2, which

contradicts�Ui �J- 3.

We now turn to permutationgroups. The symmetricgroupon U is denotedby Sym
#
U $ . If G is a

subgroupof Sym
#
U $ - a factwhich we describeby G - Sym

#
U $ - , andif M 3 U , we denoteby MG

theset
�
φ
#
x$ : x " M 
 φ " G � ; for φ " Sym

#
U $ , Mφ is theset

�
φ
#
x$ : x " M � . A fixedblock of G is a

nonemptysubsetM of U suchthatM
�

MG; a minimal fixedblock is calledanorbit of G. If G has

only oneorbit, it is calledtransitive. M 3 U is asetof imprimitivity, if MG � M or MG * M
�

/0. The

emptyset,thesingletonsandU itself arecalledtrivial setsof imprimitivity. A transitive G is called

primitive if it hasno nontrivial setsof imprimitivity.

G is calledsemiregular if the identity is theonly elementof G that fixesa point, or, equivalently, if

for all φ 
 ψ " G thefactthatφ
#
x$ � ψ

#
x$ for somex " U impliesthatφ

�
ψ . If G is semiregularand

transitive it is calledregular.

If φ " Sym
#
U $ andx 
 y " U , thenwesetφ

# 	 x 
 y� $ � 	 φ # x$'
 φ # y$ � , andRφ �2� φ # 	 x 
 y� $ : 	 x 
 y� " R� ; note

thatRφ � φ  1 � R � φ. If Rφ � R, thenφ is calledabaseautomorphismof R. For A - Rel
#
U $ we set

Aρ �I� φ " Sym
#
U $ : Rφ � R for all R " A �0�

It is not hardto seethatAρ is a subgroupof Sym
#
U $ , calledthegroup of baseautomorphismsof A,

andthatφ " Aρ if andonly if φ commuteswith every atomof A.

Conversely, if G is asubgroupof Sym
#
U $ andx 
 y " U , we set

Gx K y �L� φ # 	 x 
 y� $ : φ " G �0

andlet Gσ be the BRA on U generatedby

�
GxK y : x 
 y " U � . Observe that the setsGxK y arejust the

orbitsof theactionof G on 2U , andhencea partitionof 2U . Indeed,eachGx K y is anatomof Gσ, and

every atomof Gσ hasthis form. Theassignmentsρ andσ form aGaloisconnection,andA - Rel
#
U $

is calledGaloisclosedif Aρσ � A; similarly, H - Sym
#
U $ is Galoisclosedif Hσρ � H (see[15]).

2 Groupsand relation algebras

It hasbeenof someinterestto investigatewhich propertiesof someG - Sym
#
U $ carryover in which

form to therelationalgebraGσ andviceversa.As anexample,we citea resultfrom [15]:

Proposition 2.1. If A - Rel
#
U $ , andeveryatomof A is functional,thenA is GaloisclosedandAρ is

semiregular. Conversely, if G - Sym
#
U $ is semiregular, thenG is Galoisclosedandeveryatomof Gσ

is functional.

Thefollowing connectionhasbeenknown for sometime:
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Proposition 2.2. 1. If G is transitive, thenGσ is integral.

2. If G is primitive, thenGσ doesnot containa nontrivial properequivalencerelation.

Proof. Theproof of 1. is straightforward,andaproofof 2. canbefoundin [21].

Thecorrespondingstatementsfor relationalgebrasarenot true:

Proposition 2.3. 1. There is an integral A - Rel
#
7$ such thatAρ is not transitive.

2. Thereisanintegral A - Rel
#
8$ whichdoesnotcontainanontrivial properequivalencerelation,

andfor which A is notprimitive.

Proof. 1. Let S
� 23 ( 2 # 7 F 3$ . S is thedisjoint unionof a K3 anda K4, andgeneratesan integral

relationalgebraA onU
�

7 with atomsS
 T 
 1! andthefollowing compositiontable:M S T

S N T T

T T N T

Since0 is anevennode,and1 is anoddnode,Aρ is not transitive. It will follow from a subsequent

resultthatthisexampleis thesmallestpossiblefor this situation.

2. Let φ " Sym
#
8$ bethecycle

#
0 ����� 7$ , andlet S

�
φ ( φ4 ( φ  1. SgeneratesanalgebraA - Rel

#
8$

with theatomsS
 T 
 1! andthefollowing compositiontable:M S T

S N S N 1O
T N 1O 2U

Aρ is generatedby thepermutations
#
17$ # 26$ # 35$ and

#
01$ # 27$ # 36$ # 45$ , andit has16elements.It is

transitive andnotprimitive; asystemof imprimitivity is givenby
�
0 
 4 �0
 � 1 
 5 �0
 � 2 
 6 �0
 � 3 
 7 � .

Thesituationis describedby

Proposition 2.4. LetA - Rel
#
U $ . Then,

1. Aρ is transitiveif andonly if Aρσ is integral.

2. Supposethat Aρ is transitive. Then,Aρ is primitive if and only if Aρσ doesnot containa non

trivial properequivalencerelation.

Proof. 1. " C " is just 2.2.1. Thus,setG
�

Aρ, andsupposethatGσ is integral. If x 
 y " U , then,by

theintegrality of Gσ, theatomGx K y of Gσ hasall of U asits domain.Thus,thereis somez " U such

that 	 y
 z� " GxK y; by thedefinitionof GxK y thereis someφ " G with φ
#
x$ � y, andhenceG is transitive.

2. " C " is 2.2.2. Thus,let G
�

Aρ, andsupposethat Gσ doesnot containa non trivial equivalence

relation. Assumethat thereis a subsetM of U suchthat1 �P�M �0�9�U � , andthatM is minimal with

respectto thepropertythatfor all φ " G, eitherMφ � M or M * Mφ � /0 . Definea relationP onU by

xPy if andonly if x 
 y " Mφ for someφ " G. Sincethefamily
�
Mφ : φ " G � is apartitionof U , P is an
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equivalencerelation,andby our assumptionon M, P is not trivial. Let xPy; then,GxK y * P
G�

/0 , and

wecanassumewithout lossof generalitythatx 
 y " M. If 	 u 
 v� " Gx K y with φ " G exhibiting this fact,

thenu
�

φ
#
x$Q" Mφ 
 v

�
φ
#
y$R" M, andthusuPv. It follows thatGxK y 3 P. SinceU is finite, P is a

unionof atomsof Aρσ, andthereforeP " Aρσ. Thiscontradictsourhypothesis.

Call an integral A - Rel
#
U $ c - permutationalif Aρ is transitive, i.e. for all u 
 v " U thereis a base

automorphismof A taking u to v. An integral abstractrelationalgebrais calledpermutational, if it

hasa c - permutationalrepresentation.Proposition2.3.1above givesanexampleof anintegral BRA

on 7 which is not c - permutational.A representationof A which is c - permutationalis availableon

a six elementset: Justlet S be the disjoint union of two K3’s. In [2] we have exhibited an integral

representablerelationalgebrawhich doesnot have a c - permutationalrepresentation.The algebra

of Proposition2.3.2is anexampleof a permutationalBRA A which is not Galoisclosed.However,

this A, regardedasan abstractrelationalgebra,hasa Galoisclosedrepresentationon a ten element

set: If G is the actionof Sym
#
5$ on the setof unorderedpairsof 5, thenG is the BRA generated

by the Petersengraph([6]) which is isomorphicto A. The remainingquestionwhetherthereis a

permutationalrelationalgebrawithout aGaloisclosedrepresentationis answeredbelow.

Proposition 2.5. There is a permutationalrelation algebra which doesnot havea Galois closed

representation.

Proof. Let S
 G " Sym
#
4$ bedefinedby

S
� #

01$ # 23$'

G

� #
02$ # 13$'


andR
 B " Rel
#
4$ by

ranR
#
0$ �

ranR
#
1$ � �

0 
 2 �0
 ranR
#
2$ �

ranR
#
3$ � �

1 
 3 �
ranB

#
0$ �

ranB
#
2$ � �

0 
 3 �0
 ranB
#
1$ �

ranR
#
3$ � �

1 
 2 �
For any positive naturalnumbern we setUn

�
n � 4, anddefine

s
� � 	�	 i 
 j � 
.	 i 
 S# j $ �S� : i � n 
 j � 4�

g
� � 	�	 i 
 j � 
.	 i 
 G # j $ �'� : i � n 
 j � 4 �

r
� � 	�	 i 
 j � 
.	 i � 1 
 k ��� : i � n 
T	 j 
 k � " R�

b
� � 	�	 i 
 j � 
.	 i � 2 
 k ��� : i � n 
T	 j 
 k � " B �

Here,asthroughoutthisproof,additionis modulon. Let An betheBRA generatedby s
 g
 r andb. To

facilitatenotation,we denotex � y by xy for x 
 y " An.

1. If n � 7, thenAn is not integral:

This is easyto check,e.g.if n
�

6, thendom
#
rb * # rb$  1 $ G� U , andif n

�
5, thendom

#
rb * b 1 $ G� U .

2. If n : 7, thenAn is integral with thefollowingn � 9 atoms:

sU g U sgU 1O U r U rsU b U bsU rb U rbsU r V 1 U sr V 1 U b N 1 U sbV 1 U bV 1r V 1 U sbV 1r V 1 U r4 U r5 U�WEW�W�U rn V 4 W
7



Theproof is straightforward, if somewhatcomputational,andis left to thereader.

3. If n : 8, thenAn hasnoGaloisclosedrepresentation:

We first show that, thoughAn is not essentiallyuniqueonU , all its representationsareon somen � 4
elementset,andthatall representationsarevery muchalike. Thus,let U ! bea set,A! " Rel

#
U ! $ , and

rep : An / A! beanRA - isomorphism;furthermore,sete
�

s � g � sg � 1! .
Fromss

�
gg
�

1! andsg
�

gsweobtainthatrep
#
e$ is anequivalencerelationonU ! with eachblock

containingexactly four elements.Sowe maysupposethatU ! � n ! � 4 for somen! , andthat

rep
#
s$ � � 	�	 i 
 j � 
.	 i 
 S# j $ �'� : i � n! 
 j � 4 �

rep
#
g$ � � 	�	 i 
 j � 
.	 i 
 G # j $ ��� : i � n! 
 j � 4 �

Let f
�

r � rsandset

Li
�P� 	�	 i 
 j � 
.	 i � 1 
 k ��� : j 
 k � 4 �

for i � n. By f
�

ef
�

f e
 f f  1 � eand f n � 1! 
 f k G� 1! for k � n, we have n
�

n! andalso

rep
#
f $ � � 	�	 i 
 j � 
.	 i � 1 
 k ��� : i � n 
 j 
 k � 4 �0


rep
#
s$ �

s
 rep
#
g$ � g�

Furthermore,from r
�

sr
�

rg 
 r * rs
�

r * gr
�

/0, andthesamefor r replacedby rs, weobtain

rep
#
r $X* Li

�
r * Li or rep

#
r $�* Li

�
rs * Li

for all i � n. By rep
#
s$ � swenow have

(*)
�
rep

#
r $X* Li 
 rep

#
rs$�* Li � �I� r * Li 
 rs * Li �0�

Usingacompletelyanalogousargument,we similarly obtain

(**)
�
rep

#
b$X* Li 
 rep

#
bs$X* Li � �I� b * Li 
 bs * Li �0�

Thus,A! is very similar to An.

Assumethat A! is Galoisclosed. Sincen : 8, r4 is an atomof A! ; hence,for each j � 4 thereis

a baseautomorphismtaking 	�	 0 
 0� 
.	 4 
 0�.� to 	�	 0 
 0� 
.	 4 
 j ��� . It follows that thereare at leastfour

baseautomorphismswhich fix 	 0 
 0� . However, we shall show that thereareat mosttwo suchbase

automorphisms,andconsequently, A! cannotbeGaloisclosed.

Assumethath 
 h! 
 h! ! arebaseautomorphismsof A! fixing 	 0 
 0� , i.e.

h
# 	 0 
 0� $ � h! # 	 0 
 0� $ � h! ! # 	 0 
 0� $ � 	 0 
 0� �

Sincebaseautomorphismspreserve the elementsof A! , h
#
e$ � e implies that h

# 	 1 
 0� $ � 	 1 
 j � for

some j � 4; furthermore,h
#
r $ � r 
 h

#
rs$ � rs show that j " � 0 
 2 � . As thesamehold for h! andh! ! ,

we infer thattwo of h 
 h! 
 h! ! agreeon 	 1 
 0� aswell. Thus,let w.l.o.g. h
# 	 1 
 0� $ � h! # 	 1 
 0� $ .
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Next, we show that if two baseautomorphismsof A! agreeon 	 0 
 0� and 	 1 
 0� , thenthey areequal:

Definetwo equivalencerelationson 4 by

γ
� 2 � 0 
 2 �Y( 2 � 1 
 3 �0


χ
� 2 � 0 
 3 �Y( 2 � 1 
 2 �0


andsupposethat

h
# 	 1 
 0� $ �

h! # 	 1 
 0� $ � 	 i 
 j � 

h
# 	 2 
 0� $ � 	 2 
 k � �

Then, 	�	 1 
 0� 
.	 2 
 0�.� " rep
#
r $X* rep

#
rs$

togetherwith (*) and the fact that h preserves r and rs, imply that k is in the sameγ - classas j.

Similarily, 	�	 0 
 0� 
.	 2 
 0�'� " rep
#
b$X* rep

#
bs$

togetherwith (**), andthefactthath preservesb andbs, imply thatk is in thesameχ - classas0.

Let h! # 	 2 
 0� $ � 	 2 
 k! � . By the sameargument,k! is in the sameγ - classas j andin the sameχ -

classas0. It follows thatk andk! arein thesameγ - classandin thesameχ - class.Now, it canbe

easilychecked that the intersectionof any γ - classwith any χ - classcontainsexactly oneelement,

andthereforek
�

k! . A completelyanalogousargumentestablishesthat in fact h
# 	 i 
 0� $ � h! # 	 i 
 0� $

for eachi � n. Again usingthath 
 h! arebaseautomorphisms– in particularthat they preserve s and

g – we obtainh
�

h! (Full detailsof thisargumentalongwith somecombinatorialbackgroundcanbe

foundin [2]). This establishesthatA’ is notGaloisclosed.

4. If n is a multipleof 7, thenAn is permutational:

This follows from the fact that the ”period” of the functionwe implicitly constructin thepreceding

paragraphis 7; moreon this canbe found in [2]. If e.g. n
�

14, thenonecancheckby hand(or

by CAYLEY) that the groupH of baseautomorphismsof A14 has112 elementsand is transitive.

Consequently, A is permutational.If we translate	 i 
 j � " U14 into i � 4 � j, thenH is generatedby the

permutations
φ

� #
4 6$ # 5 7$ # 8 11$ # 9 10$ # 12 15$ # 13 14$ # 16 17$ # 18 19$#
20 22$ # 21 23$ # 24 25$ # 26 27$ # 32 34$ # 36 39$ # 37 38$#
40 43$ # 41 42$ # 44 45$ # 46 47$ # 49 51$ # 52 53$ # 54 55$'


ψ
� #

0 52 4844 40 3632 28 2420 1612 8 4$#
1 53 4945 41 3733 29 2521 1713 9 5$#
2 54 5046 42 3834 30 2622 1814 10 6$#
3 55 5147 43 3935 31 2723 1915 11 7$'�

Thiscompletestheproof.
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Thus,A14 is thesmallestexampleof apermutationalBRA withoutGaloisclosedrepresentationwhich

canbeobtainedby this construction.It is unknown to uswhetherany smallerexamplesexist. It also

maybe interestingto notethatA14 is not grouprepresentablein thesenseof [19], sinceH doesnot

containa regularsubgroup.A similar statementholdsfor all representationsof A.

Eventhoughin theproofaboveweexhibitedinfinitely many permutationalRAswithoutGaloisclosed

representation,thesealgebrascannotbeusedto show thathaving aGaloisclosedrepresentationcan-

not beexpressedwith onefirst orderformularelative to theclassof permutationalRA’s. Thereason

for this is that any ultraproductof thesealgebrasis alsopermutationalanddoesnot have a Galois

closedrepresentation;this canbeseenusingthesameargumentsasin theproof of Proposition2.5.

However, by usingthe samekind of argumentin a moresophisticatedway, onecanconstructa se-

quenceAn 
 n � ω, of BRAs whereeachAn is permutationalwithout Galoisclosedrepresentation,

sothatanultraproductof theseremainspermutational,but hasa Galoisclosedrepresentation:In the

constructionof 2.5,replace4 by aprime p, sandg by suitablefunctions,andchoosenp largeenough

sothatAnp hasa ”big” atomandnp is divisible by theperiodof RandB.

Essentialuniquenesshasthefollowing not totally unexpectedconsequence:

Proposition 2.6. If A - Rel
#
U $ is essentiallyunique, and if B - Rel

#
U $ with A Z� B, then Aρ is

conjugateto Bρ

Proof. Let h : A / B beanisomorphism,G
�

Aρ 
 H
�

Bρ, andφ " Sym
#
U $ with h

#
R$ � Rφ for each

R " A. Furthermore,let ψ " G andP " B. Then,P
�

h
#
R$ � Rφ for someR " A. Now,[

φ V 1 M ψ V 1 M φ \ M P M [ φ V 1 M ψ V 1 M φ \�V 1 ] [
φ V 1 M ψ V 1 M φ \ M φ V 1 M R M φ M [ φ V 1 M ψ V 1 M φ \�V 1] φ V 1 M ψ V 1 M R M ψ M φ] φ V 1 M P M φ] RU

andhenceφ  1 � G � φ - H.

Conversely, if ψ " H, thenφ � ψ � φ  1 " G, andthusψ " φ  1 � G � φ.

The converseis not necessarilytrue: Therearetwo BRAs A 
 B on an 11 elementsetsuchthat A Z�
B 
 Aρ � Bρ �^� 1! � , andA (andhenceB) isnotessentiallyunique.Wehave,however, apartialconverse

whichwill beusedlater:

Proposition 2.7. Supposethat A 
 B " Rel
#
U $ are Galois closed,and that Aρ andBρ are conjugate.

Then,A Z� B andfor everyisomorphismh : A / B there is someφ " Sym
#
U $ such thath

#
R$ � Rφ for

anyR " A.

Proof. Let G
�

Aρ 
 H
�

Bρ, andH
�

ψ  1 � G � ψ for someψ " Sym
#
U $ . Recall that for eachφ "

Sym
#
U $ , theassignmentR / φ  1 � R � φ is anautomorphismof Rel

#
U $ . Now, set

h
#
GxK y $ � ψ  1 � Gx K y � ψ �

SinceB
�

Hσ, andH
�

ψ  1 � G � ψ , it is clearthat the imageof h is B, andthath
#
R$ � Rψ for any

R " A.
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Corollary 2.8. Supposethat all subalgebras of Rel
#
U $ are Galois closed,and that for all Galois

closedG 
 H - Sym
#
U $ , Gσ Z� Hσ implies that G and H are conjugate. Thenevery subalgebra of

Rel
#
U $ is essentiallyunique. _

Weclosethissectionwith someobservationsregardingnonintegral BRAs:

Proposition 2.9. LetA - Rel
#
U $ havetheintegral constituentsAi 
 i � k, andsetG

�
Aρ. Then,

1. EachUi is a fixedblock of G.

2. If M is a unionof constituentsets,B is therelativealgebra of A with respectto 2M, andφ " G,

thentherestrictionψ of φ to M is a baseautomorphismof B.

3. Supposethat

(a) M
�

U F Ui, B is therelativealgebra of A with respectto 2M,

(b) Ui j is an atomof A for all j � k 
 j
G�

i,

(c) φ " Aρ
i 
 ψ " Bρ.

Then,φ ( ψ " G.

4. If each Ai is GaloisclosedandUi j is anatomof A for all i 
 j � k 
 j
G�

i, thenA is Galoisclosed.

Proof. 1. Supposew.l.o.g. thatk ` 1, andassumethattherearei 
 j � k 
 i
G�

j 
 x " Ui 
 y " U j , and

someφ " G suchthatφ
#
x$ � y. Then, 	 x 
 x� " Ei, but 	 x 
 x�aG" φ � Ei � φ  1, contradictingthatφ is

abaseautomorphismof A.

2. First,notethatby 1.,M is afixedblockof G, sothatψ " Sym
#
M $ . If R " At

#
B$ , thenR " At

#
A$ ,

andtheconclusionfollows from φ " Aρ.

3. Setχ
�

φ ( ψ, andsupposethatR " At
#
A$ . If R " B or R " Ai, theconclusionfollows at once

from φ " Aρ
i andψ " Bρ.

Thus,let R
�

Ui j for somej � k 
 j
G�

i. Then,φ � R
�

R (sinceφ @Ui D � Ui by 1.),andranR
#
x$ �

U j for all x " Ui; similarly, R � ψ
�

R. So,we have

χ � R
�

φ � R
�

R
�

R � φ
�

R � χ �
4. SupposethatAρ

i
�

Hi andHσ
i
�

Ai for i � k. SinceeachAi is Galoisclosedandintegral, each

Hi is transitive. Let H " Sym
#
U $ be definedby φ " H bcC φi " Hi, P be an atomof A, and	 x 
 y� " P.

(a) x 
 y " Ui: SinceP is an atomof A, we have dom
#
P$ � ran

#
P$ � Ui, andP is in fact an

atomof Ai. SinceH d Ui
�

Gi, wehave Hx K y � Hix e y � P.

(b) x " Ui 
 y " U j 
 i
G�

j: Then,P
�

Ui � U j by thehypothesis.Let 	 u 
 v� " P. SinceHi and

H j aretransitive, thereareφ " Hi 
 ψ " H j with φ
#
x$ � u andψ

#
x$ � v. Setχ

�
φ ( ψ;

then,χ " H and 	 x 
 y�f� 	 u 
 v� , andit follows thatP 3 HxK y. The conversefollows from

P
�

Ui � U j .

11



It now follows from (a) and(b) thatHσ � A.

Thisfinishestheproof.

3 Logic of Galois closedrelation algebras

Throughoutthis sectionlet A be a finite simple completeand atomic relation algebrawith atoms

ai 
 i � k, anda j - 1! for j � m � k. TherepresentationlanguageLA of A is afirst orderlanguagewith

equalityandthebinaryrelationsymbolsRi 
 i � k; we sometimesomit thesubscriptif thecontext is

clear. For any languageL, we denotethesetof all L - formulaswith just onefreevariableby Lx; the

setof all Lx - formulaswhichcontainatmostn variablesaltogetheris denotedby Lx
n. ThesetsLxK y and

LxK y
n aredefinedanalogously. Thetruth setdef φ

#
x 
 y$ of φ " Lx K y in themodel 	 U 
 A� is therelation� 	 a 
 b� " 2U : 	 U 
 A� � � φ

#
a 
 b$.�0�

Similarly, we definedefφ
#
x$ for φ " Lx.

Westartwith anobservationon definablesets:

Proposition3.1. LetA - Rel
#
U $ andM 3 U benotempty. Then,M is definablein 	 U 
 A� if andonly

if M is a unionof orbits of Aρ.

Proof. " C : Supposethat φ
#
x$ is a first order formula in the languageof A with onefree variable

whichdefinesM in themodel 	 U 
 A� , andthatψ is abaseautomorphismof A. Then,A � � φ
#
a$ implies

thatA � � φ
#
ψ
#
a$�$ , andhenceM containstheorbit of eachof its elements.

" b ": SupposethatG
�

Aρ, M is anorbit of G, a " M 
 b " U . It is shown in [1], 4.(i) togetherwith

1.4.2. of [16] thateachelementof Aρσ is definableby a formulaψ
#
x 
 y$ in the languageof A. Now,

Ga K b is anatomof Aρσ with domainM, andhence,M is definable.

Let us recall a few factsfrom [3]: SupposethatB is a representationof A on U with representation

languageL.

1. A is integral if andonly if for any φ " Lx
3, thesentence

#=<
x$ φ # x$gC #?>

x$ φ # x$ holdsin 	 U 
 B� . In

otherwords,noproperandnonemptysubsetof U is definablein themodel 	 U 
 B� by aformula

with atmostthreevariables.

2. B is c - permutationalif andonly if 	 U 
 B� � � #=<
x$ φ # x$aC #?>

x$ φ # x$ for any φ " Lx. In this

case,no properandnonemptysubsetof U is definable,andall x " U have thesamefirst order

propertieswith respectto themodel 	 U 
 B� .
Every integral Galois closedrelation algebrais permutational,and we have shown above that the

converseis not true. Hence,beingGaloisclosedis strongerthanpermutational;below, we show the

logicalbackgroundof thisphenomenon.

Therepresentationtheoryof A, denotedby Th
#
A$ , is thecollectionof thefollowing LA-sentences:
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1.
#?>

x$ #?> y$ # xR0y hc������h xRk  1y$
2.
#?>

x$ #?> y$ # xRiy Cji xRjy$ for i 
 j � k andi
G�

j

3. For all i 
 j 
 m0 
�������
 mr  1 � k andai � a j
�

am0 �k������� amr l 1,#?>
x$ #?> y$A@ #=< z$ # xRiz B zRjy$mbmC #

xRm0y hc������h xRmr l 1y$ED
A is representableif andonly if Th

#
A$ hasa model.It wasremarkedin [4] thata representationof A

is essentiallyuniqueonU if Th
#
A$ is categoricalon �U � .

If ψ " LxK y andi � k, thenψi denotesthesentence#=<
x$ #=< y$ # xRiy B ψ

#
x 
 y$�$nC #?>

x$ #?> y$ # xRiy C ψ
#
x 
 y$�$'�

Intuitively, ψi saysthat if ψ canbesatisfiedon someedgeof theatomSi , thenit canbesatisfiedon

all edgesof Si ; in otherwords,all edgesof Si have thesamefirst orderproperties.

Proposition 3.2. If A has a Galois closedrepresentationon a finite set, then Th
#
A$o( � ψi : ψ "

LxK y andi � k � is consistent.Conversely, if 	 U 
 B� is a modelof Th
#
A$;( � ψi : ψ " LxK y andi � k � and

U is finite, thenB is Galoisclosed.

Proof. " C ": Let B bea Galoisclosedrepresentationof A on thefinite setU ; then, 	 U 
 B� is a model

of Th
#
A$ ; furthermore,supposethat Ri is interpretedby theatomSi of B, andlet Gσ � B. We first

observe thatfor all u 
 v " U 
 ψ
#
x 
 y$f" Lx K y, andall baseautomorphismsφ of B,	 U 
 B� � � ψ
#
u 
 v$ if andonly if 	 U 
 B� � � ψ

#
φ
#
u$'
 φ # v$�$'�

Supposethat i � k andu 
 v " U suchthat 	 U 
 B� � � uSiv B ψ
#
u 
 v$ . SinceSi is anatomof B, we have

Si
�

Gu K v. Now, if 	 u! 
 v! � " Gu K v, thenthereis someφ " G suchthatφ
#
u$ � u! andφ

#
v$ � v! . Since	 U 
 B� � � ψ

#
u 
 v$ , we alsohave 	 U 
 B� � � ψ

#
u! 
 v! $ by theobservationabove. Hence,	 U 
 B� � � ψi .

" b ": Conversely, supposethat 	 U 
 B� is a modelof Th
#
A$%( � ψi : ψ " Lx K y andi � k � on thefinite

setU . Let ψ
#
x 
 y$R" Lx K y, andsetQ

�
def ψ

#
x 
 y$ in themodel 	 U 
 B� . SupposethatSi * Q

G�
/0, i. e.

thattherearea 
 b " U suchthataSib andψ
#
a 
 b$ is truein 	 U 
 B� . Since 	 U 
 B� � � ψi , wehaveSi 3 Q.

Therefore,Q is aunionof atomsof B, andthus,B containseverybinaryrelationdefinableover 	 U 
 B� .
SinceU is finite, B is Galoisclosedby [1] 4.(i).

This impliesthatbeingGaloisclosedis ageneralfirst orderpropertyfor finite models,while onecan

usetechniquessimilar to thosementionedafter2.5to show thatits negationis not.

4 Clonesof operations

In this sectionwe alwayssupposethat theoperationsunderconsiderationarefinitary. Furthermore,

if e.g. R
� 	 R0 
������.
 Rn 1

� " nRel
#
U $ , andh is a function on Rel

#
U $ , thenwe assumethat h

#
R$ is

definedcomponentwise;a similar conventionholdsfor permutations.Furthermore,we shallusually

write φ 	 x 
 y� insteadof φ
# 	 x 
 y� $ .

A set p of operationson asetM is calledacloneonM if

13



1. p containsall projections,i.e. all operationspn
i : nM / M with

pn
i
#
m0 
�������
 mn  1 $ � mi 


for all n " ω andi � n.

2. p is closedundercomposition,i.e. if f "qp is an n-ary operationandg0 
�������
 gn  1 arem-ary

operations,thenthem-aryoperationh with

h
#
a0 
������.
 am 1 $ � f

#
g0
#
a0 
������.
 am 1 $'
�������
 gn  1

#
a0 
�������
 am 1 $�$

is anelementof p .

If O is asetof operationsonM, thenwe saythatO generatestheclone p , ifp �2r9�ts
:
s

is acloneonM andO 3 s �0�
Theclassicalclone p c is theclonegeneratedby thebasicoperationsandconstantsof Rel

#
U $ .

Let L beafirst orderlanguagewith equalitywhosepredicatesymbolsarebinary. If ψ " LxK y contains

exactly thepredicatevariablesP0 
�������
 Pn 1, thenψ definesann-aryoperationfψ on Rel
#
U $ by

fψ
#
R0 
�������
 Rn  1 $ � defψ

in themodel 	 U 
 R0 
�������
 Rn  1
�
, wherePi is interpretedby Ri for i � n. Thesetof all theoperationsof

this form is alsoacloneonRel
#
U $ whichwe shallcall the logical clone, anddenoteit by p l .

An n-aryoperationf onRel
#
U $ is calledinvariant if for all φ " Sym

#
U $ andall R0 
�������
 Rn  1 " Rel

#
U $

f
#
Rφ

0 
�������
 Rφ
n  1 $ � f

#
R0 
������.
 Rn 1 $ φ �

Thesetof all invariantoperationson Rel
#
U $ is alsoaclone,denotedby u i .

Let R " nU , anda 
 b " U . Defineann-ary operationFRK aK b onRel
#
U $ by

FRK a K b # S$ �L� 	 x 
 y� " 2U : 	 U 
 R
 a 
 b� Z� 	 U 
 S
 x 
 y� �0�
In otherwords,FRK a K b # S$ �I� φ 	 a 
 b� : φ " Sym

#
U $ andR

�
Sφ � .

Thefollowing basicresulton theseclonescanbefoundin [16]; there,U is notnecessarilyafinite set:

Proposition 4.1. 1. If U is notempty, then p c 3vp l 3vp i . If U is finite, then p l
� p i.

2. FRK a K b � FSK cK d iff 	 U 
 R
 a 
 b� Z� 	 U 
 S
 c 
 d � , otherwise, FRK a K b * FSK cK d � /0.

3. Then-ary operationsin p i forma completeandatomicBooleanalgebra with atomset
�
FRK a K b :

R " nRel
#
U $'
 a 
 b " U � . _
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It is well known that p l
G� p i if U is infinite: Transitiveclosureis anexampleof aninvariantoperation

which is not first order definableon an infinite set; consequently, thereis no global definition of

transitive closurein first orderlogic in thesensethat thereis no formula ψ of Lx K y suchthat for any

binary relationR on a finite setthe transitive closureof R is def ψ, seefor instance[16] for a proof.

It is of considerableinterestto find a logic not involving linearorderin whichexactly thepolynomial

time computableinvariantoperationsareexpressible,or to show that thereis no suchlogic (see[11]

and[13] for furtherdiscussionandreferences).

Givenaclone p onRel
#
U $ , thenotationA -v	 Rel

#
U $'
wp � meansthatA is asubalgebraof Rel

#
U $ with

respectto theoperationsin p . If p c 32p , thenA is a relationalgebra,andthustheconceptsof base

automorphismandGaloisclosureasdefinedabove apply.

WealsoconsiderthequinaryoperationQ on Rel
#
U $ which is definedby

xQ
#
R0 
�������
 R4 $ y bmC #=<

z$ #=< u$ # xR0zR1y B xR2uR3y B zR4u$'�
Thesituationthat 	 x 
 y� " Q

#
R0 
�������
 R4 $ is picturedbelow 1:

z

x

R0 x
y

R
1 y

u

R4 z R3
x

R
2

y
It is shown in [16] that Q

G"{p c if �U �;: 25, andit wasasked in the draft versionof [16] for which�U � the operationQ is a memberof the classicalcloneon U . To answerthis questionwas,indeed,

thestartingpoint of this paperfrom which it hasdevelopedthroughnumerousrevisions(andseveral

years)to its presentform.

Proposition 4.2. Q "|p c if andonly if �U �J- 6.

Proof. " C ": ConsiderthealgebraA - Rel
#
7$ introducedin 2.3.1There,

Q
#
S
 S
 S
 S
 S$ � 1! ( 2 � 3 
 4 
 5 
 6 �0


which is not an elementof A. More generally, for n : 7, setM0
�7�

0 
 1 
 2 �0
 M1
�7�

3 
 4 
������S
 n � 1 �
andlet A begeneratedby S

� 2M0 ( 2M1. Then,Q
#
S
 S
 S
 S
 S$ � 1! ( 2M1

G" A.

" b ": This will follow from thenext two results.

Therestof thepaperwill characterizethosesetsU , for which p c
� p i ; it will turn out that themagic

numberis 6. The proof will be donein two stages:We first give a conditionfor a clone p which

contains p c to be equalto p i, and then we shall show that p c fulfills this condition if and only if�U �}- 6.

1Thediagramwasdrawn usingPaulTaylor’s CommutativeDiagramsin TEX macropackage.
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As a preparationfor thefirst part,we needonemoreconcept:For a setD, the ternarydiscriminator

is anoperationτ onD whichsatisfies

τ
#
a 
 b 
 c$ ��~ c 
 if a

�
b

a 
 otherwise

Theclassicalclonecontainstheternarydiscriminatorvia

τ
#
P
 Q 
 R$ � @ # 2U � # P � Q$X� 2U $�* PD�(�@�� # 2U � # P � Q$�� 2U $X* RD=


where � denotessymmetricdifference.

Proposition 4.3. LetU bea finite set,and p bea cloneon Rel
#
U $ such that p c 3Lp�3Lp i . If every

subalgebra of 	 Rel
#
U $'
wp � is Galoisclosedandessentiallyunique, then p � p i.

Proof. By 4.1 it suffices to show that p containsthe operationsFRK a K b for eachn : 1, andall R "
nRel

#
U $'
 a 
 b " U . Since p c 3,p , and p c containsthe ternarydiscriminator, so does p . In other

words, p is quasi- primal in the terminologyof [10], p. 403, andby the characterizationof these

clonesgivenin [10], we needto prove that

1. EachFRK a K b preservessubalgebras,i.e. whenever S " nRel
#
U $ , thenFRK a K b # S$ is containedin the

subalgebraof 	 Rel
#
U $'
wp � generatedby

�
S0 
�������
 Sn  1 � .

2. EachFRK a K b preservesinternalisomorphisms,i.e. whenever A 
 B -2	 Rel
#
U $'
wp � andh : A / B is

a p -isomorphism,then,for all S " nA,

FRK a K b # h # S0 $'
�������
 h # Sn  1 $�$ � h
#
FRK a K b # S$�$'�

1. If 	 U 
 R� and 	 U 
 S� arenot isomorphicasfirst orderstructures,thenFRK a K b # S$ � /0, and1. is trivially

fulfilled. If, on theotherhand, 	 U 
 R� Z� 	 U 
 S� , thenthereis someφ " Sym
#
U $ suchthatRφ � S, and

by 4.1.2we have

FRK a K b # S$ � FSK φ � a�?K φ � b� # S$ �I� 	 π # φ # a$�$'
 πφ
#
b$ � : π "�	 S� σ �

which is theatomof theGaloisclosureof 	 S� whichcontains	 φ # a$'
 φ # b$ � . Since 	 S� is Galoisclosed

by thehypothesisit containsFRK a K b # S$ .
2. Let A 
 B -2	 Rel

#
U $'
wp � , andh : A / B bea p -isomorphism.SinceA is essentiallyunique,thereis

someψ " Sym
#
U $ suchthat

h
#
T $ � Tψ � ψ  1 � T � ψ

for all T " A. Let S " nA. Now,

FRK a K b # h # S$�$ �
FRK a K b # Sψ $� �
π 	 a 
 b� : π " Sym

#
U $'
 Rπ � Sψ �� �

ψψ  1π 	 a 
 b� : π " Sym
#
U $'
 Rπψ l 1 �

S�� �
ψδ 	 a 
 b� : δ " Sym

#
U $'
 Rδ � S�� #

FRK a K b # S$�$ ψ�
h
#
FRK a K b # S$�$'�
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Thiscompletestheproofof 4.3.

Wecannow prove themainresultof this section:

Proposition 4.4. p c
� p i if andonly if �U �}- 6.

Remark: Beforewe embarkon the long andsometimestediousproof we commenton the logical

consequencesof thisresult.Let L beafirst orderlanguagewith equalityandbinarypredicatesymbols

P0 
�������
 Pn  1, andlet 	 U 
 R0 
�������
 Rn  1
�

beamodelof L. Becauseof 1.1above,abinaryrelationS is in

theimageof anoperatorF "cp c with argumentsamongtheRi if andonly if Sis definableby aformula

of Lx K y with at mostthreevariables.On theotherhandif we chooseF "�p i
� p l , thentheresultswill

be the relationsdefinableby any finite numberof variables,andthe resultingrelationswill, in fact,

form theGaloisclosureof 	 R0 
�������
 Rn  1
�
. Thus,thepropositionimpliesthesurprisingfact thaton a

setU with at mostsix elements,relationalgebralogic (i.e. logic with threevariables)is aspowerful

asfirst orderlogic. It would be interestingto know, whetherthis resultcarriesover in someform to

largern, e.g.whethern � 3 or even � log2
#
n$��Y� 1 variablessufficeon ann-elementset.

Proof. " C ": This follows from (thealreadyprovenpartof) 4.2,sinceQ is first orderdefinable.

" b ": By 4.3 it sufficesto show that for �U ��- 6, every subalgebraof Rel
#
U $ is Galoisclosedand

essentiallyunique.For �U �}- 5 thiswasalreadyobtainedin [16]. Thus,let U
�I�

0 
������'
 5 � .
The lattice of subgroupsof Sym

#
U $ has56 conjugacy classes,andwe have checked that whenever

GaloisclosedG 
 H - Sym
#
U $ arenot conjugate,thenGσ is not isomorphicto Hσ. Thus,if all subal-

gebrasof Rel
#
U $ areGaloisclosed,thenthey will beessentiallyuniqueby 2.8.

First, let A - Rel
#
U $ beintegral. Thereareseveralcasesandsubcases:

1. A hassix atoms: Then,eachR " At
#
A$ is a permutationby 1.3,andhenceA is Galoisclosedby

2.1.

2. A cannothaveexactly five atoms: If A had five atoms,threeof thesewould be semiregular

permutationsbecauseA is integral. Any threesemiregular permutationsof U , however, generatean

algebrawith six atoms.

3. A hasexactlyfour atoms: Let At
#
A$ �I� 1! 
 R
 S
 T � ; at leastoneof theseis asemiregularpermuta-

tion, say, R.

3.1. R hasorder three: Then,Rconsistsof two cycles,say, R
� #

024$ # 135$ . WeseethatR generates
A, andA hasthefollowing relative compositiontable:M R S T

R S 1O T

S 1O R T

T T T N T

If G - Sym
#
U $ is generatedby thepermutations

#
042$'
 # 153$ , and

#
03$ # 12$ # 45$ , thenGσ � A.
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3.2. R has order two: Then, by 1.3.1 and the argumentusedin 2. above, we have � ranS
#
x$1� �� ranT

#
x$1� � 2 for all x " U , andthesameholdsfor thedomains.Furthermore,for P " � S
 T � ,#

R � P$�* P
� #

R � P$�* R
� #

P � R$X* R
�

/0 

sinceR

�
R 1. It follows thatS � R

�
Sor S � R

�
T.

3.2.1. S� R
�

S: Then,
#
S� R$}* T

�
/0, andhence

#
T � R$J* S

�
/0. It followsthatT � R

�
T. Therefore,

therangeof eachx " U in Sor T is acycleof R.

Supposethatthecyclesof R areD 
 E 
 F, andthatx " D with rans
#
x$ � E. AssumethatS

�
S 1, and

let y " E. Then,ySx, andthereforeranS
#
y$ � D. Hence,if z " F andzRu, thenu " F, contradicting

thatR * S
�

/0. Thus,S 1 � T, andtheS-rangesof cyclesof Rareacyclic permutationof thesecycles.

Let w.l.o.g. R
� #

01$ # 23$ # 45$ , andSbedefinedby

0 
 1 / 2 
 4
2 
 3 / 4 
 5
4 
 5 / 0 
 1

ThealgebraA generatedby R andShastherelative compositiontableM R S T

R 1O S T

S S T 1O�� R

T T 1O � R S

If G " Sym
#
U $ is generatedby

#
025$ # 134$ and

#
034$ # 125$ , thenGσ � A.

3.2.2. S � R
�

T: Then,for any x " U theS-rangeof x intersectsthosetwo cyclesof R which do not

containx, eachin exactly oneelement.Let w.l.o.g. R
� #

03$ # 12$ # 45$ , andranS
#
0$ �,�

1 
 5� ; then,

ranS
#
3$ �I� 2 
 4� .

AssumethatS 1 � T. Then,we have thefollowing partialmatrix for S:

0 � 1 U 5
1 � 3 U oneof 4 U 5
2 � 0 U oneof 4 U 5
3 � 2 U 4
4 � 0 U oneof 1 U 2
5 � 3 U oneof 1 U 2 W

It is routineto checkthat noneof thesepossibilitiesgeneratesan algebrawith exactly four atoms.
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Thus,SandT aresymmetric.We thenhave thefollowing partialmatrix for S:

0 � 1 U 5
1 � 0 U oneof 4 U 5
2 � 3 U oneof 4 U 5
3 � 2 U 4
4 � 3 U oneof 1 U 2
5 � 0 U oneof 1 U 2 W

Dependingon whether1S4 or 1S5, we obtainthe two isomorphicalgebrasA1 andA2, whosetables

of relative multiplicationaregivenby Table1 andTable2, respectively. If G - Sym
#
U $ is generated

Table1: A1 
�	 1 
 4� " SM R S T

R 1O T S

S T 1O�� T S � R

T S S � R 1O�� T

Table2: A2 
�	 1 
 5� " SM R S T

R 1O T S

S T 1Ow� S T � R

T S T � R 1O�� S

by
#
042$ # 135$'
 # 02$ # 13$ , and

#
01$ # 23$ # 45$ , then,Gσ � A1. If H - Sym

#
U $ is generatedby

#
01$ # 23$

and
#
03$ # 14$ # 25$ , thenHσ � A2. Observe thatG andH areconjugatevia

#
014$ # 253$ .

4. A hasexactlythreeatoms: Therearetwo possibletypes,bothof which areessentiallyunique(see

[4]). Let φ
� #

012345$ .
4.1. If A is generatedby φ ( φ3 ( φ5, thenA

�
Gσ, whereG is generatedby φ and

#
02$ .

4.2. If A is generatedby φ3, thenA
�

Gσ, whereG is generatedby φ and
#
01$ # 34$ .

Thiscoversthecaseof theintegral subalgebrasof Rel
#
U $ .

Now, supposethatA - Rel
#
U $ is not integral with constituentsetsUi 
 i � k. By 2.9 we cansuppose

thateachconstituentsetof A hasmorethanoneelement,andthatsomeUi j 
 i G� j is notanatomof A.

1. A hasthreeconstituentsets: Then,eachconstituentsethasexactly two elements.Supposethat

U0
�L�

0 
 1 �0
 U1
�L�

2 
 3 �0
 U2
�L�

4 
 5 � . If eachatomof A is functional,thenA is Galoisclosedby 2.1.

Otherwise,let w.l.o.g.
� 	 0 
 2� 
.	 1 
 3� �0
 U02 " At

#
A$ . Then,A

�
Gσ, whereG is generatedby

#
01$ # 23$

and
#
45$ .
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2. A hastwoconstituentsets: Therearetwo possibilities.

2.1. �U0 � � �U1 � � 3 
 U0
�,�

0 
 2 
 4 �0
 U1
�,�

1 
 3 
 5 � : If A1 or A2 hasthreeatoms,then– keepingin

mind thatU01 is notanatomby ourhypothesis– all atomsof A arefunctional,andA is Galoisclosed

by 2.1.

Otherwise,both A0 andA1 have two atoms,andA is generatedby a bijectionU0 / U1, say, R
�� 	 0 
 3� 
.	 2 
 1� 
.	 4 
 5� � . Then,A

�
Gσ, whereG is generatedby

#
01$ # 23$ and

#
45$ .

2.2. �U0 � � 4 
f�U1 � � 2 
 U0
�L�

0 
 1 
 2 
 3�0
 U1
�I�

4 
 5 � : SinceU01 is split, A0 cannothave exactly two

atoms;furthermore,U01 is split into exactly two atomsP andQ, eachof which is functional. There

arethreepossibilitiesfor A0, andeachof themdeterminesof U01 is split:

2.2.1. A0 is generatedby a cycle: Let w.l.o.g.
#
0123$ generateA0. Then,we musthave ranp

#
0$ �

ranP
#
1$ , andwe find thatA

�
Gσ, whereG is generatedby

#
0213$ # 45$ .

2.2.2. A0 is generated by two permutationsof order two: Supposew.l.o.g. that
#
02$ # 13$ and#

01$ # 23$ generateA0. Again, ranP
#
0$ � ranP

#
1$ , andA

�
Gσ, whereG is generatedby

#
01$ # 23$

and
#
03$ # 12$ # 45$ .

2.2.3. A0 isgeneratedbyonepermutationofordertwo: If A0 is generatedby
#
01$ # 23$ , thenranP

#
0$ �

ranP
#
1$ , andA

�
Gσ, whereG is generatedby

#
0213$ # 45$ and

#
23$ .

Thisconcludestheproof of 4.4.

Weshouldlike to closewith theobservationthattwo Galoisclosedalgebraswhichareisomorphicas

relationalgebrason the samebaseset,neednot be essentiallyunique: Consider �U � � n � m, where

3 - n 
 m, andn
G�

m. Let S be a disjoint union of n Km’s, andT be the disjoint union of m Kn’s. S

andT generateisomorphicandGaloisclosedsubalgebrasA andB of Rel
#
U $ , but they areclearly

not isomorphicasfirst orderstructures;addinginvariantoperationsto p c will eventuallydestroy the

isomorphism.It would beof interestto know whetherthereis a clone p with p c 3vp 4 p i suchthat

all subalgebrasof 	 U 
wp � areGaloisclosedandA is p -isomorphicto B.
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