A relation— algebraicapproacho the
region connectiorcalculus

Ivo Duntschf Hui Wang,Steve McCloskey
Schoolof InformationandSoftwareEngineering,
Universityof Ulster,

Newtownabbeg, BT 37 0QB, N.Ireland
{1.Duent sch, H. \ang, S. McCl oskey} @il st. ac. uk

Abstract

We explore the relation—algebrai@spectf the region connectioncalculus(RCC) of Randell
etal. (1992a). In particular we presenta refinementof the RCC8table which shows that the
axiomsprovide for morerelationsthanarelisted in the presenttable. We alsoshav that each
RCC modelleadsto a Booleanalgebra. Finally, we prove that a refinedversionof the RCC5
tablehasasmodelsall atomlesBooleanalgebrasB with the naturalorderingasthe “part — of”
relation,andthatthetableis closedunderfirst orderdefinablerelationsiff B is homogeneous.

1 Intr oduction

Qualitative reasoningQR) hasits originsin the explorationof propertiesof physicalsystemswyhen
numericalinformationis not suficient — or not present- to explain the situationat hand(Weld and
Kleer,1990).Furthermoreit is atool to representheabstractionsf researchershoareconstructing
numericalsystemsavhich modelthe physicalworld. Thus,it fills agapin datamodelingwhich often
leavesouttheresearcheasanactive componenin themodellingprocessl|f wefollow thedescription
of datamodellingpresentedy Gigerenze(1981)whichis picturedin Figurel, thenthetwo places
whereQR residesareat the level of the empiricalmodel,andin including the intentionsandactions
of theresearcheaspartof the process.ConceptuallyQR canbe calleda form of soft computing,in

particularrelatedto the philosophyof rough setdataanalysis(Pawlak, 1982,1991)as presentedn

DuntschandGediga(1997)(seealsoCohn,1997,p.1,footnotel, which pointsin thesamedirection).

A specialareaof QR, qualitative spatial reasoning(QSR), hasevolved in the last decadewhich
is concernedwith the qualitatve aspectf representing- andreasoningabout— spatialentitiesas
opposedo the earlieremphasi®n one—dimensionaituations.
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Fig. 1: Thedatamodelingprocess
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“The challengeof QSRthenis to provide calculi which allow a machineto represent
andreasonwith spatialentitiesof higherdimensionwithout resortingto the traditional
guantitatve techniquesprevalentin, for example, the computergraphicsor computer
vision communities. (Cohn,1997)

Applicationsof QSR can be found in geographicainformation systems(Worboys, 1998), spatial
gquerylanguagegClementinietal., 1994),naturallanguage¢AsherandVieu, 1995)andmary other
fields. EvidencehatQSRis now firmly establishedn Al arenumerougpresentationsyorkshopsand
tutorialswhich have beengivenatimportantAl conferencesnostrecentlyat COSIT'97,KR’98 and
ECAI'98. We invite the readerto consultCohn(1996)andits updatedversionCohn(1997)for an
introductionandan overvien of currenttrends. In the wider contect of formal ontology the special
edition of the International Journal of Human—ComputeBtudies43 (1995) exhibits the width and
depthof thearea.

Thebasisof QSRare“part — of” and“connection”,respectiely, “contact” relations.The formaliza-
tion of the“part—of” relationshipgoesbhackto themereologyof LeSnievski (1886—1939),developed
from 19150nwards.Oneof the main concernof LeSnievski wasto build a paradox—fredoundation
of Mathematicspnepillar of which wasmereologyor, asit wasoriginally called,the generakheory
of manifoldsor collective sets(LeSnievski, 1928).

Mereologywas subsequentlyaken up by Leonardand Goodman(1940) (though,for a somavhat
differentpurpose).Formally, LeSnievski’'s mereologyandthe calculusof Leonardand Goodman-
theclassicaimereology(CM) —arethe same.

Basedon classicalmereology andthe work of Whitehead1929)on the relation“z is extensionally
connectedvith y”, Clarke (1981)presentanaxiomsystemfor a“Calculusof individuals” basedon
a“connected-with” relationC. Theintendeddomainis suchthat

...we may interpretthe individual variablesasrangingover spatial-temporategions
andthe two—placeprimitive ‘z is connectedvith 3y’ asarenderingof ‘'z andy sharea
commonpoint’ (Clarke, 1981,p.205).



Supposehat M is anonemptysetof regions,andC abinaryrelationon R; welet Cz = {y € M :
zCy}. If X C M, andz € M, thenz is thefusionof X, if

(1.1) Cz = Cv.
yeX

Clarke assumesretwo mereologicabxioms:

A 1. C is reflexive andsymmetric,
A 2. If Cz = Cy,thenz =y,

andoneaxiomconcerninghefusion:
A 3. If X C M is nonemptythenthefusionof X existsin M. .

If aregion z is not connectedo every otherregion, thenthe complement-z of x is definedasthe
fusionof all regionsz which arenotconnectedo x. In otherwords,

(1.2) C(-a)= |J 0=
2(—C)z

BiacinoandGerla(1991)shav thatthedomainssatisfyingA 1 — A 3 areexactly thecompleteortho-

complementedatticesin which

(1.3) zCy <=z £ —y.

Here, < is thelattice ordering;the fusionis just the lattice join. It may be worthy to point out that,
althoughClarke calls his operations'quasi—Boolean”the modelsfor his calculusarenot necessarily
(quasi—-)Booleanalgebras.

Clarke (1985) addsanotheraxiom, the purposeof which is to definea ‘point’ within his calculus.
Unfortunately the full systemcollapsego classicalmereology as Biacino and Gerla (1991) show,
andthey suggesa modificationof Clarke’s systemcalculus:

“The new systemshouldstill admit as modelsthe classof the nonemptyregular open
setsof atopologicalspacé ...But in thesemodelsthe connectiorrelationshouldbe as
follows:

(1.4) 2Cy<—=zTNY#£)"

Here,z is thetopologicalclosureof z. Sucha systemthe “region connectioncalculus”’(RCC),was
presentedy Randellet al. (1992a,b),and hassincereceved prominencen spatialreasoning(see
Cohnetal., 1997,for anovervien). Thedifferencego Clarke’s systemarethatonly the existenceof
thefusionof finite setsis postulatedanddifferentnotionof “complement”.

Already in the early RCC presentatiorof Randellet al. (1992a),the importanceof relationaltran-
sitivity tablesfor qualitative reasoningaboutregionswasrecognizedyrecently Bennettetal. (1997)

Thesearethe modelsof classicaimereology



have raisedseveral questiongegardingthe expressienesof relationalreasoningin particularwith
respecto theRCC.

Relationalreasoningasalgebraicmanipulationof relationshasa long-standingradition,going back
to A. De Morgan, C.S. Peirce,and E. Schroder(cf. Anellis and Houser,1991). From the 1940s
onwards,A. Tarski (who, incidentally was LeSniavski’'s only doctoralstudent)and his colleagues
have continuedthe work on the calculusof relationswhich eventuallyled to analgebraizatiorof first
orderlogic via cylindric algebragHenkinetal., 1971,1985),andits finite fragmentsjn particular
first orderlogic with threevariablesvia relationalgebragcf. TarskiandGivant,1987). In this paper
weshallexploretherelation—algebraiaspect®f theRCCrelations andsuggessomemodifications.
We alsohopeto answersomeof the questiongaisedin Bennettetal. (1997).

The paperis structuredasfollows: We first introducethe necessarynachineryof relationalgebras;
basednthesewe will thendiscusssomeaspect®f Bennettetal. (1997)from arelation— algebraic
point of view. Section4 introduceghe RCC andlists someof its properties.We shawv thatthe alge-
braic partof the RCCleadsto quasi— Booleanoperationsandpresenta refined(weak) composition
tablewhich containsadditionaldefinablerelationswhich do not appeaiin the original RCC. Finally,
we investigatea reducedsetof RCCrelations(RCC5).

2 Relationsand their algebras

A relationalgebra(RA)
<Aa +1 T 07 13 o, V’ 1I>

is astructureof type (2, 2,1,0,0,2,1,0) whichsatisfiedor all a, b, c € A,
1. (A,+,-,—,0,1) isaBooleanalgebra(BA).
2. (A,0,",1") isaninvolutedmonoid,i.e.

(@) (A,0,1') isasemigroupwith identity 1/,
(b) a”" =a, (aob)” =b"oa”.

3. Thefollowing conditionsareequialent:

(2.1) (aob)-c=0,(a"0c)-b=0, (cob”)-a=0.

In thesequelwe will usuallyidentify algebraswith their baseset.

Thefull algebra of binaryrelationsis astructure{Rel (U), U, N, —, 0, U xU, o,”,1") onasetlU, where
Rel(U) isthesetof all binaryrelationsonU, N, U, — aretheusualsettheoreticoperations), U x U
are, respectiely, the empty andthe universalrelation, o is relationalcomposition,” the relational
corverse(i.e. P* = {(z,y) : (y,z) € P}), andl’ istheidentityrelationonU. A subset4 of Rel(U)
whichis closedunderthedistinguishedperation®f Rel(U') andcontainghedistinguishedonstants
is calledan algebra of binary relations(BRA) on U. It is a subalgebraf Rel(U), afactwhich we
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denoteby A < Rel(U). If {R; : i € I} C Rel(U), we denotethe BRA generatedy {R; : i € I}
by(R;:ie€I). If Se (R;:i¢€I), wesaythatS is RA—definableby {R; : i € I}. If thesetof
generatorss understoodye shallusuallyomit mentioningit, andjust saythat.S is RA definable.

A relationalgebraA is calledrepresentabldf it is isomorphicto a subalgebraof a productof full
algebraof binaryrelations.

Thelogic of RAs is a fragmentof first orderlogic, andthe following fundamentatesultis dueto A.
Tarski(seeTarskiandGivant,1987):

Proposition 2.1. If Ry,...,R; € Rel(U), then(Ry,..., Ry) is the setof all binary relationson
U which are definablein the (language of the) relational structue (U, Ry, ..., Ry) by first order
formulasusingat mostthreevariables.

An RA A is calledintegral, if 1’ is anatomof A. If A = (U, R;);cr is aBRA, then A is integral if
andonly if no propernonemptysubsedf U is definablein themodel(U, R;);cr by aformulawith at
mostthreevariables(seeAndrékaetal., 1995b).

Supposehat A < Rel(U). For P,Q € A andzx,y,z € U we usuallywrite zPy if (z,y) € P, and
zPyQz meanse Py andyQz. With somealuseof notation,welet Rz : = {y € U : zRy} bethe
range of z w.r.t. R

Let ¥y bethe symmetricgroupof U, andy € Zy; we will write ¢(z,y) insteadof (o(x), ¢(y)).
Theimageof R € A underyp is denotedby R¥, i.e.

(2.2) R? ={p(z,y) : (z,y) € R}.

If R = R, we call R invariantundery. The permutationy is calleda baseautomorphisnof A, if

every R € Aisinvariantundery. Thesetof all baseautomorphismsef A is denotedoy A”; it is easy
to seethat A” is a subgroupof X;. We call A permutationglif A” is transitve,i.e. forall z,y € U

thereis somey € A” suchthatyp(z) = y. If A is permutationalthenno propernonemptysubsebf

U isfirst orderdefinablein themodel(U, R) re 4.

Corverselyif G is asubgroupf Xy andz,y € U, we set

Gey = {0(z,y) : ¢ € G},

andlet G? betheBRA onU generatedy {G,, : =,y € U}. ObserethatthesetsG,, , arejustthe
orbitsof theactionof G on U?, andhencea partitionof UZ. Indeed eachG, , is anatomof G, and
every atomof G hasthis form. The assignmentpg ando form a Galoisconnectionand A is called
Galoisclosedif A??7 = A (seeJénsson]1984,BornerandPdschel1991,Andrékaetal., 1995a).

A BRA A onU is calledfirstorder closedif everyfirst orderdefinablebinaryrelationin thelanguage
of A isanelementof A. Thenext resultis mostlikely knowvn, andits easyproofis left to thereader:

Lemma2.2. If Aisintegral andfirstorderclosedthenA? is transitive

Thefollowing resultgivesa connectiorbetweerGaloisclosureandfirst orderclosure(Jonsson1991,
AndrékaandNémeti,1991):



Proposition 2.3. If A is finite, then
A = AP7 iff Aisclosedundereverypermutationinvariant opetion on binary relations.
We shallneedthis in our discussiorof RCC5in Section4.4.

Theconcepbf residuatiorwill beof importancen our laterconsiderationslt will turnoutthatmary
theorem®f themereologicapartof spatialrelationsareconsequences theresidualoperatorssince
the“part of” relationturnsoutto betheright residualof the “connectedo” relation.

Supposéhat A isanRA, andthata, b € A. Eventhoughtheequationsioxz = bandzoa = b donot
alwayshave a solution,therearealwayselements: \ b andb / a, called,respectiely, theright and
left residualof b by a suchthat

aor<b<=z<al\b,

zoa<b<=z<b/a.
Theresidualscanbe expresse@sRA termsin ¢ andb by
(2.3) a\b=—(a"0o-b),
(2.4) b/a=—(—boa").

If @ = b, we shall only speakof the right (left) residualof a. Theseresidualshave the following
properties:

Lemma2.4. 1. a\aeanda/ aarereflxiveandtransitive
2. If aisreflxive thena \ a < a.
3. If ais symmetricthena \ a < aif andonlyif (a \ a)” o (a\ a) < a.

Proof. A proofof 1. canbefoundin Pratt(1990). For 2., the monotoly of o andthereflexivity of a
imply that—a = 1" 0 —a < a0 —a. Thus,a \ a = —(a o —a) < a.

Supposéhata is symmetric.Then,oneline impliesthe next:
a\a<a
(a\a)o—a<ao—a
((a\a)o—a)-—(ao—a)=0
((a\a) o (a\a)) —a=0.

Corversely supposethat (a \ a)” o (a \ a) < a, andassumethat (a \ a)” - —a # 0. Then,
((a\a)”o1")-—a # 0,andhence(a \ a o —a) - 1’ # 0. Ontheotherhand,

(2.5) (a\a)"ca\a<a<=((a\a)"oca\a)-a=0<=(a\ao—a)-a\a=0.
Refleivity of a \ a impliesthat
(2.6) (a\ao—a)-1"<(a\ao—a)-a=0,

which provesour claim. O



If R,S € Rel(U), thentheresidualsaregivenby the conditions

z(R\ S)y < (Vz)(zRz — zSy),
z(S /| R)y < (Vz)(yRz — xSz),

(seee.g.Jonsson1991).We alsousethefollowing conditions(Jipsen1992):
Lemma2.5. Let A beanRAanda,b,c € A\ {0}. Then,

1. 1f1'<a”oa,andaob < c,thenb < a” o c. (Integral lemma)

2. If bisanatomanda < bo ¢, thenb < g o ¢”. (Atomlemma)

Supposehat A is a completeandatomicRA with atomsAt(A) = {a4,...,a,}. Then,relational
compositioncanbeinterpretedasamappingr : A x A — P(A) with 7(a,b) = {c € At(A) : ¢ <
a o b}. Indeed,t is suficientto look attherestrictionof 7 to At(A) x At(A).

The compositiontableof A is an (n,n)—matrixwhereentry (i, ) containsa list of all atomsbelow
a; o a;, anexampleis shavn in Tablel. A completeandatomicRA A is completelydeterminedy

Tablel: A compositiorntable

Lo » |p[o] d |
P P —0| o d
p” |pp 1" | p" | 0 |p.d
0 0 o |-ol| o
d p,d d o -0

the relationalcompositiontable of its setof atomsAt¢(A). Whenwriting sucha table,we will omit
columnandrow 1', if 1" is anatomof A.

In our constructionof RAs we have beenaidedby the RA Scratchpaddesignedandwritten by Pe-
ter Jipsen(1992). For otherpropertiesof relationsandtheir algebrasseeJonssor(1982,1991)and
Andrékaet al. (1998);we recommendsratzer(1978)asa referenceext for latticetheory andKop-
pelbeg (1989)for Booleanalgebras.

3 Weakcomposition

A moregeneraliew of compositioris takenin Randelletal. (1992a)andBennettetal. (1997);there,
acompositiortable(CT) is justamappingr : R x R — B(R), whereR is asetof relationalsymbols.
A modelof (R, ) is apair (U,v), whereU is asetandv : R — Rel(U) is a mappingsuchthat
{v(a) : a € R} isapartitionof U x U. Themodelis calledconsistentf

(3.2) c € 7(a,b) < (v(a) ov(b)) Nwv(c) # 0.



for all a, b, c € R. In thesequelwe will call suchatableaweakcomposition(table)to distinguishit
from the usualrelationalcomposition.

Bennettetal. (1997)call aweakcompositiortableextensionaglif

(3.2) v(a) ov(b) = U v(c).

ceT(a,b)
Then,they write

“One might. .. conjecturethat by refining relationsin a setRels one canalwaysarrive
at a setRels’ which is more expressie than Rels and whoseCT can be interpreted
extensionally

If (R,7) hasamodel(U,v) atall, then,in case{v(c) : ¢ € R} is closedundercorverse,andthe
identity is a union of elementof {v(c) : ¢ € R}, its elementsarethe atomsof arelationalgebraiff

thetableis extensionalseee.g.Jénsson]1984).Givena partition? of U x U, therelationsin P will

alwaysgenerata relationalgebrawhich hasanextensionatablein caseit is atomicandclosedunder
arbitraryunions.

A weakcompositiontableis calledcompletew.r.t. atheory® whoselanguagecontainsRels if,

“...wheneer a setof (ground)factsinvolving only relationsin Rels and constantds
inconsistentthis canbe detectedy referencedo thetable” (Bennettetal., 1997)

Bennettetal. thenconjecturethat

“...aCT is completew.r.t. atheory® iff © impliesall formulaecorrespondingo the
extensionalnterpretatiorof compositiori.

The following is a simple counter&ample: Considerthe RA with the two atoms1’ (identity) and
0" (diversity), andlet A beits representatiomn a threeelementset. Let © saythat therearefour
elementse.q.0 = {z;0'z; : 1,7 < 3, i # j}. Then,O is notsatisfiablen A, but eachtriangleis.

4 Theregionconnectioncalculus

The Region ConnectionCalculus(RCC) introducedin Randellet al. (1992a)is a systemsimilar to
the mereologicabndquasi—Booleampartof Clarke’s calculusof individuals,the differencebeingthe
definitionof complementationThe baserelationis aconnectionC, andfurtherrelationsareobtained



from C by therelationaloperatorsasin Clarke’s system:

P=C\C partof
PP=pPNn-1 properpartof
O=P oP overlap
PO=0nN—-(PUP) partially overlap
TPP =PPnN(ECoECQC) tangentialproperpart
NTPP =PPN-TPP non—tangentigbroperpart
EC=Cn-0 externally connected
DC =-C disconnected

4.1 RCC axioms

A modelfor the RCC consistsof a basesetU = R U N, whereR, N aredisjoint, a distinguished
u € R, aunaryoperation— : Ry — Ry, whereRy : = R\ {u}, abinaryoperation+ : R x R — R,
anotheminaryoperation : R x R — RU N, andabinaryrelationC on R.

Thereare8 axiomsfor the RCC:

RCC1.
RCC2.
RCC3.
RCCA4.

Vz € R)zCz
Vz,y € R)[zCy = yCx]
Vz € R)zCu
Vz € R,y € Ry),
(@) (z,—y) € C <= -~ zNTPPy
(b) (z,—y) € O <= —zPy
RCC5. (Vz,y,z € R)[(z,y + 2z) € C <= zCyorzCz
RCC6. (Vz,y,z € R)[(z,y - z) € C <= (Jw € R)(wPy andwPz andzCw)]
RCC7. (Vz,y € R)[z -y € R <= z0y)]
RCCS8. If zPy andyPz, thenz = y.

(
(
(
(

We have addedRCC 8, sincethis is whatis intended,but it doesnot seemto follow from the other
axioms.By thedefinitionof P, Lemma2.4.1,andRCC8, we seethat P is apartialorder Theoriginal
RCC systemcontainsanotheraxiom:

“...A ratherdeeptheoremof the theoryis given by the formula Vz3y[NTPP(y, z)]
which wasdemonstratethy informal agumentin Randell,Cohn,andCui (1992a).Be-
causewe have sofar not beenableto give afully formal proof of this theoremwe often
regardtheformulaasanadditionalaxiomof thetheory” (Cohnetal., 1997).

Below follows a simpleproof of this property:



Lemma4.l.

(4.1) (Vz € R)(3y € R)yNTPPx

Proof Assumethatthereis somez € R suchthatfor all y € R, -yNTPPx; By RCC 4a, this
impliesthatyC — z for all y € R. SinceP = C \ C-i.e. P is thelargestrelation S on R with
Co S < C-and(z,—z) ¢ P, weobtainthatC o {(z,—z)} £ C. Hence thereis somet € R such
(t,—z) ¢ C, acontradiction. O

Accordingto Randellet al. (1992a) the weakcompositiontablehasthe form givenin Tah 2. Since

thereareeightbaserelations the systemis calledRCCS8.

Table2: RCC8weakcompositiortable

| C
0
ow DR PP PP
DC | EC PO TPP NTPP PP NTPP
DC | 1 DR,PO,PP | DR,POPP | DRPOPP | DR,POPP | DC DC
EC || DRPOPP | 1'DR,PO, | DR,POPP | ECPO,PP | POPP DR DC
TPPTPP
PO || DR,POPP | DRPOPP | 1 PO,PP PO,PP DR,PO,PP | DR,POPP
TPP || DC DR DR,POPP | PP NTPP T DR,PO, | DR,POPP
TPRTPP”
NTPP || DC DC DR,POPP | NTPP NTPP DR,POPP | 1
TPP” || DR,POPP | ECPOPP | PO PP 1',PO, PO,PP PP NTPP
TPRTPP
NTPP || DR,POPP | POPP PO,PP PO,PP our NTPP NTPP

Recallthatthe weak compositiono,, is to beinterpretedas minimal inclusion,e.qg. DC o, EC =
DRUPOUPP meanghatDC o EC C DRUPOU PP,andDC o EC intersecteachrelationon
theright handside. Thetableis, in away, a minimal requirementt follows from the RCC axioms
thateachRCC modelmustsatisfythe conditiongivenin thetable.

Michael Winter haspointedout, that Table 2 hasan extensionalinterpretation,namely the closed
circle algebra introducedin Duntschetal. (1999b). There,the domainof regionsis the collectionof
closedcirclesin the Euclideanplane,andzCy <— z Ny # 0.

4.2 RCC modelsare Booleanalgebras

As in Clarke’s system the operationof the RCC axiomsarecalled“quasi—Boolean”.In contrastto
Clarke’s operations- which definethe more generalorthocomplementethttices—, our next result
shavs that RCC operationsndeeddefinea Booleanalgebra,if we extendthemandthe relation P
overthesetN = {0} in anaturalway’.

Proposition4.2. Suppos¢hat N = {0}, andlet R = R U {0}. Then,

B = <R+a +, —,O,U>

2The sameresulthasbeenindependentlpbtainedby JohnStell (1997).
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is an atomlesBooleanalgebra with natural order P.

Proof. We extend P in suchaway that0Pz for all z € R™; furthermorewe set—u = 0, —0 = u,
andalso,z -y = 0 &4 —xQy. Finally, we extend+ in the obviousway. It is clearthatall these
extensionsanbereverseduniquely sothatwe canalwaysreturnto the original structure.

Notethat (R, P) is atomlesdy Lemma4.1. Theclaim follows now from the statement®elow:
1. (Vx € R)zPu, andu is theonly elementwith this property
2. x + y isthesupremunof z andy w.r.t. P.
3. z - yistheinfimumof z andy w.r.t. P.
4. —z istheuniquecomplemenbf z.
5. Thelattice (R™, +, -, —, 0, u) is modular

1. Thefirst partfollows immediatelyfrom RCC 3 andthe definitionof P. Supposehatx Pv for all
z € R; then,in particulay uPv. SincevPu, we have u, = v by RCCS8.

2. Assumethat(z,z + y) ¢ P. Then,thereis somez € R suchthatzCz and(z,z + y) ¢ C. This
contradictsRCC5. Now, supposdhatz Pz andyPz, andthat(w,z + y) € C. By RCC5, we can
assumew.l.o.g. thatwCz. Now, wCzPz, andC o P C C implieswCz. The definition of P now
givesus(z +y,z) € P.

3. Supposew.l.o.gthatz -y € R. Let (z,z -y) € C. By RCCB®, thereis somew € R suchthat
wPzx, wPy, andzCw, andthus,(z, z), (z,y) € CoP C C. Thisshaws(z-y,z) € P, (z-y,y) € P.
Now, letz € R, zPzx, zPy, andwCz; we needto shaw that(w, z-y) € C. Thisfollowsimmediately
from RCC6.

4. If (z,—z) € O, then—zPz by RCC4, a contradiction. Thus,z - —z = 0 by RCC7. Let
z € R, andassumehat— 2C(z + —z). Then,by RCC5, = 2Cz, = 2C — z, andRCC 4 implies
thatzNT PPz andzNTPP — z. Now, NTPP" o NTPP C O, andit follows that(z, —z) € O, a
contradiction.

Next, we shav that—(—z) = z whichwill beneededor theuniquenesgroof. Since(—(—z), —z) ¢
O, we obtain—(—z) < z. For thecorverse,assumehatz £ —(—z). By definitionof P, thereis
somew € R suchthatwCz and-wC — (—z), i.e. wNTPP — z. Now, zEC — z, andthus
zEC o NTPP"z, however, EC o NTPP C DC, contradictingzCw.

It remainsto shaw that —z is theuniquecomplementf z. Supposédhatz +y = u, -y = 0. Then,
—-zQy by RCC7,andRCC4bimpliesthaty < —z. Assumethat—z £ y; then,againby RCC4b,
—z0 —y,i.e. —z - —y > 0. With (4.1) choosesomew € R suchthatwNTPP — z, wNTPP — y.
Sincez + y = u, letw.l.o.gwCz. By RCC4awe have (w, —z) ¢ NTPP, acontradiction.

We alsonotethatz < y implies—y < —z: Assumenot; then,thereis somez € R suchthatzC — y.
i.e. =zNTPPy,and—zC — z,i.e. zNTPPz. Sincex < yandNTPP o P C NTPP, weobtain
zNT P Py, acontradiction.
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It follows that — alsofulfills the De Morgancondition
—(@+y)=—z-—y:
“<" Sincex < z +yandy < z + y, wehave
—(z+y)<—zand — (z+y) < —v.

“>" Weshaw z +y < —(—z - —y). Assumew.l.0.g. thatz £ —(—z - —y); then,zO(—=zx - —y),
contradicting(z, —z) ¢ R.

5. To shaw modularity it is enoughto prove

(4.2 If zPz, thenz+ (z-y) =z - (y + 2),
seeGratzer(1978),Lemmal.4.12.

“<" Inary latticewe have

(4.3) z+z-y<(z+z) (2 +vy),
seeGratzer(1978),Lemmal.4.9. z < z impliesz + =z = z, andtheclaim follows.
“>" Wefirst shaw

(4.4) If t < —zandt <y+ z, thent <y.

Proof Assumenot;then,tO — y by RCC4b. By (4.1) andthe definitionof O thereis somew € R
suchthatwNT PPt andwNTPP — y. It follows that wCt, wDy, andwDz, the latter because
wNTTPt < —z. Ontheotherhand,sincet < y + z, we have sC'y or sCz for ary s with sCr, a
contradiction. O

Next, we need
(4.5) r-yt+zr-—y==z.

Proof. Sincez-y <z andz--y <z,wehaez-y+z--y<z.

Cornversely

zLr-y+a-—y<=20-(x-y+z--y)
= 20(—z + —y) - (—z +y)
< 20(—z + —y) andzO(—z + y).

Thus,if thisis true,theresomew suchthatwNT PPx andwNTPP(—z + —y), andfrom (4.4) we
obtainthatw < —y; it follows thatzO — y. Similarly, we seethatzOy, a contradiction. O

Now, assumehatz - (y + z) £ z+ z -y, andw.l.o.g.z - (y + z) € R. Then,by definitionof P, there
issomew € R suchthat
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1. wC(z - (y +2)), and

2. ~wC(z+z-y).
Thefirst conditionsayswith RCC6 thatthereis at € R suchthat
(4.6) t < z andt < y andtCw.
Thesecondconditiontells uswith RCC5, RCC4a,andRCC6 thatw NTTP — z, and
4.7 (Vs)[s < z ands < y imply = wCls].

Sets =t- —z. If s =0, then—-tCw, sincewNTPP — z, acontradiction.Otherwises € R, s < z,
ands < y, thelatterby (4.4). Now,

wCt <= wC(t-z+1t-—2) by (4.5)
<— wCt-zorwCt - —=z by RCC5
<— wCt-—z sincewNTPP — z,
< wC(C's
which contradictg4.7). O

4.3 Refining the RCC table

It is pointedoutin Bennettetal. (1997)thatthe RCCaxiomsdo not take into accounthatthelargest
regionw is definable Ournext taskwill beto refinetheRCCtableto take careof thisfact. SetU = R,
Uo = {u}, Uy = R\ {u}, andU;; = U; x U; for 4, j < 1, it is easyto checkthatfor all baserelations
S of theRCC (listedonp. 8),andi,j <1,

UingOI’UijﬂS:@.

U =1N-[(PPoPP*)N1,
1, =1"'N —Uo,

Uyp=1,00%01!,

Uo1 = Ugo 0 U? o Uyy,

Uro = Ur1 0 U? 0 Uy,

which shaws thatall U;; and1;, areRA definable. The equationwhich tells us that« is the largest
elementwith respecto P now is

(4.8) Uy C P.
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Thus, in the sequel,we shall restrictthe relationsto R \ {u}. In orderto shav that the defining
equationn p. 8 andtheaxiomsstill hold, it sufficesto prove it for O, T PP, andtheaxiomRCCS®6,
sinceall otherdefinitions,respectiely axioms,are universal,andthus carry over to substructures.
Thisis straightforvard, andis left to thereadernotethatcomplementatiownf relationsis restrictedto

R\ {u} x R\ {u}.

Let # betheincomparabilityrelation,i.e. # = —(PUP"). We extendtheoriginal RCC8by replacing
EC by

ECD = —(PPo PP”UPP" o PP),
ECN = ECN—-ECD,

and PO by

PON = #1n (PP o PP)N (PP o PP"),
POD = #n (PP” o PP)N—(PP o PP").

Then,

cECDy < x = —vy,

2ECNy < zECy andz + y # u,
rPONy <= z#y, x-y# 0, z +y # u,
2tPODy < z#y, z-y#0, x +y = u.

This givesus 10 baserelations,andwe call the resultingsystemRCC10.The extendedwveakcompo-
sition canbefoundin Table3 onthefollowing page.For cellscontaining=, theRCCaxiomstogether
with generalRA propertiessuchasLemma?2.4 or the equationg2.1) imply that strict composition
(i.e. equality) holds; for cells containing#, thereis a modelin which the compositionis strictly

smallerthanthe cell entry For cell entrieswhich canbe shavn to be belon the weakcomposition
we usethe superscripE. In this way, we indicatein which cellsthe compositionis extensional and
whenit neednotbe.

In computingthe table, we have usedthe RA scratchpadwhich in turn usesLemmaz2.5 andthe
equationg2.1); we are gratefulto Michael Winter who spottedand correctedseveral inaccuracies.
We have alsousedthe following propertieswhich maybeinterestingn their own right.

Lemma4.3. 1. zECNy <= xTPP —y.
2. If DCz, thenzTPP(z + z).
3. zNTPPz andyNTPPz < (z + y)NTPPz.

4, If tNTPPz,then—z - 2T PPz.
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Proof. 1: Supposehatx # —y, sothatz + y # u. Then,

rECNy<=x-y=0, zCy
=z < -y, zCy
<~z < —y, z(—NTPP) —y
& zTPP —y.
2: LetzDCz; then,z < —z andz(—C)z. SincezC — z, and—z = z + —(z + z), we have
zC — (z + z) by RCC5. Thus,z(—NTPP)(z + z) by RCC4a.

3. “=" LetzNTPPz, yNTPPz andassume- (z +y)NTPPz. Then,by RCC4a,(z +y)C=z*,
andRCC5 impliesthatw.l.0.g. zCz*. RCC4anow implies—z NT P Pz, acontradiction.

“«" Let(z +y)NTPPz, andassumeghat—-zNTPPz. Then,xzCz*, which, togethemwith —(z +
y)Cz* contradictdRCC5.

4: Thisfollows from z(—NT PP)x and3 by settingy = —z - 2. O

Thereis norelationalgebrawhich is amodelof the RCC10table.In the standardnodelof nonempty
properregularopensetsof aregularconnectedopologicalspacethereareatleast25 atomsDiintsch
etal. (1999a).

4.4 A reducedsetof RCC relations

The subset{1’, DR, PO, PP, PP "} of RCC relationshasreceved someattention,andis usually
called RCC5. It arisesfrom disrggardingthe split of C' into O and EC, and PP into TPP and
NTPP; in otherwords,oneaddsthe additionalaxiom C = O. If onetakesthe weakcomposition
inducedby the RCC8table,onearrivesat Table4.

Table4: RCC5weakcompositiortable

C=0
ow DR PO PP PP
DR 1 DR,PO,PP | DR, PO, PP DR
PO || DR,PO,PP" 1 PO,PP | DR,PO,PP"
PP DR DR, PO, PP PP 1
PP" | DR,PO,PP" | PO,PP" _DR PP*

If we take into consideratiorthatthe largestregion  is RA definableandwork within R \ {u}, then,
similarto theRCC10table,PO splitsinto PON andPOD, andDR splitsinto DN andDD, where
DD isthecomplementand DN = DR N —DD. The compositioninducedby the RCC10tableis
givenin Table5.

Thenext propositionshavs thatthe RCC7table— andthusRCC5- hasa very simpleinterpretation
(Duntschet al., 1998). Supposehat B is an atomlessBooleanalgebraandthat By = B\ {0,1};
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Table5: RCC7table

DR
° DN [ DD PON | POD PP PP

DN || -(PODUDD) | PP | DN,PON,PP PP —(P'ul) DN

DD PP T PON PP POD DN

PON || DN,PON,PP" | PON 1 PON,POD,PP| PON,POD,PP| DN,PON,PP*

POD PP PP* | PONPODPP" | OUY POD —(PPUT)
PP DN DN | DN,PON,PP | —(PPUT) PP —(POD U DD)
PP" | —(PPUY) | POD | PON,PODPP’ POD our PP”

also,let P = < bethenaturalorderon B, and PP = <. Furthermoregdefinethefollowing relations
on By:

O= (PP oPP)Nn -1 ={(z,2) :x# 2 z-2#0}

T = (PPoPP)n-1 ={(z,2) rx#z v+2z#1}
PON=0N#nNT ={{z,2) :ax#z, -2 #0, x + 2z # 1}
POD=0N#nN-T ={(z,2) :x#z, x-2#0, z+2z=1}

DN=-0NnT ={{z,2):z-2=0, s+ 2 #1}
DD =—-(0OuUTuUl) ={(z,2):2-2=0, z+2=1},

wherez, z € By. We now have

Proposition4.4. Let B bean atomlesdBooleanalgebra. Then therelations
1', PP, PP*, PON, POD, DN, DD

as definedabove are the atomsof the algebra G on By geneatedby P whosecompositiontable is
givenin Tah. 5.

Proof. Clearly theserelationspartition By x By. Thecomputationsarestraightforvard,if somevhat
tedious,andareleft to thereader O

In thealgebrag, therearetwo possibilitiesto definearelationC which satisfieqA 1) and(A 2): We
cantake eitherC = O U1 orC =0OUDDUY. InbothcasesP = C\ C. If theBA is complete,
then,thefirst case we have amodelof classicaimereology(if we remove 0).

This seemsa very generalresult: Wheneer a relationalmodelfor spatialreasoningassumesn un-
derlying atomlessBooleanalgebrawith the Booleanorderingasthe “part — of” relation, thenthe
relationsof G mustbe present. Indeed, every relationov on an atomlessBooleanalgebrawhich
satisfieClarke’s axiomsA 1 andA 2 on page3 with < = P, mustsatisfyO C ov by Lemma2.4.

It may beinterestingto notethat Table4 asan extensionaiinterpretatiorby the algebrageneratedby
therelation

(4.9) zCy <=z Ny # 0,
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definedon the collectionof all nonemptyproperregular opensetsof aregularconnectedopological
space.

Our final resultcharacterizethoseBooleanmodelsof G which are Galoisclosed. For this, we need

somepreparationlf B is aBooleanalgebraandz € B, thenB | z is the Booleanalgebrawith base

set{y € B : y < z}, meetandjoin inheritedfrom B, andcomplementatiomelatve to z. B is called

homaeneousif B | z = B for everyz € B,z > 0. Thefollowing characterisationf homogeneous
BAs canbefoundin Koppelbeg (1989),9.13:

Lemma 4.5. Let|B| # 4. Then,B is hom@eneousff for all z,y € B, 0 < z,y < 1 theris an
automorphisnof B takingx to y.

In otherwords,aninfinite B is homogeneougf the restrictionsof its automorphismso B \ {0, 1}
form atransitive group.

Lemma4.6. Let (B, <) bean atomlesBA andgG the RAgeneatedby <. Then,G” is theautomor
phismgroup of B.

Proof Sinceg is generatedby <, it sufficesto considerall permutationsgpy of B, for which
(4.10) T <y <= p(r) < py).

i.e. the orderisomorphismsof (By, <); it is well known that thesepermutationsare exactly the
automorphismef B. O

Proposition4.7. G is Galoisclosedif andonlyif B is homaeneous.

Proof. “=": If G is Galoisclosedthen,in particular its groupof baseautomorphismss transitive.
By the precedindemma,the automorphisngroupof B is transitve, whichis thecasgustwhenB is
homogeneouby Lemma4.5.

“ ”.

<" LetG = G*; we shav thatthe orbitsof G arejusttheatomsof G. SinceG is transitve, 1" is
anatom,andsinceevery automorphisnof B preserescomplementsand( is transitve, we seethat
DD is anorbitof G.

If0<a<b<1and0 < c<d< 1, thenhomogeneitympliesthat
BIb=ZB|d=B|-b=B|-b=B.

Thus,letg : B | b - B | —d, h : B | b - B | d beisomorphisms.Furthermore let
p: B | d— B | dbeanisomorphismsuchthatp(h(a)) = ¢, andsetqg = p o h. Then,by 9.13. of
Koppelbeg (1989),f : B — B definedby f(z) = g(x-b) + g(x - —b) is anautomorphisnof B such
that f (a,b) = (¢, d), andit follows that P and P~ areorbitsof G.

Next,leta-b=0,c-d=0,a+b< 1, c+d< 1 If p € G, theny preseresthesepropertiesand
henceG,p C DN. Notingthata < —b, andc < —d, we canusethe previous constructiorto find
anisomorphismf of B with f(a,b) = (c,d); henceG,, = DN.
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Leta,b andc,d beincomparableg -b # 0, ¢c-d # 0, a+b < 1, c+d < 1. As abore, these
propertiesarepresered by isomorphismsSince0 # a-b<a<a+b,and0 #c-d < c < c+d,

thereis anisomorphismf : B | (a +b) — B [ (¢ + d) suchthat f(a - b) = ¢- d andf(a) = ¢; now,

f(=a-(a+b)) =—c-(c+d)), sincef preserescomplementsFurthermore,

fb)=fla-b+—a-b)
fla-b+—a-(a+1D))
= fla-b) + f(-a-(a+1))
c-d+—c-(c+d)

d

Ifg: B| —(a+b) - B[ —(c+ d) isanisomorphismthenh : B — B, definedby h(z) =
f(z - (a+Db)) +g(z - —(a+0b)) is thedesiredisomorphism.If a + b = 1, ¢ +d = 1, thenwe
canjustuse f asdefinedabove. In thefirst casewe seethatG,, = PON, andin the secondthat
Gap = POD. O

To shaw that§ is Galoisclosedover the standardnodelof Euclidearregions,we first need

Lemma 4.8. (Birkhoff, 1948,p.177)
If X is a subspaceftheEuclideanspacewithoutisolatedpoints,thenthe Booleanalgebra of regular
opensetsof X is (isomorphicto) the completionof thefreecountableBooleanalgebra.

Proposition4.9. G is Galoisclosed(andhencefirst order closed)over the BA of regular opensetsof
a Euclideanspace

Proof. Thisfollowsfrom thepreviouslemmaandthefactsthatary infinite freeBA andits completion
arehomogeneous. O

We shouldlik e to closewith thefollowing obsenration: If A isanintegral BRA ontheBooleanalgebra
B, andA is obtainedrom amodelof RCC10,thenB mustbehomogeneoum orderfor A to befirst

orderclosed.This canbeseemasfollows: SinceG < A, we have A? < GP. If A isfirstorderclosed,
then A? is transitve by Lemma2.2,andthus,G” is transitive aswell. By Lemmas4.6and4.5, B is

homogeneous.

5 Summary and outlook

We have explored the propertiesof the connectionrelationin the RCC with the tools of relation
algebrasThefactthatthepart—of relationis theright residualof theconnectionrelationledto aneasy
proof thatthe densityaxiomof the RCCis redundantWe alsoshav thatthe RCC operationsndeed
definea Booleanalgebra.Takinginto accounthatthelargestregionis RA definablewe have refined
theRCC8tableto arrive at 10 baserelations poneof whichis complementationThe RCCb5relationsin
theirrefinedform RCC7leadto modelsof classicamereologybut alsoto a notionof connectedness,
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wherea region is connectedo its complement.We have alsoshavn that a representatiof RCC7
over aBooleanalgebrais Galoisclosedif andonly if B is homogeneous.

Anotherareawhich deseresto belooked atis the compleity of mereologicaRAs. The compleity
of Allen’sintenal algebrahasbeenstudiedby LadkinandMaddux(1994),andmoregeneraresults,
which maysene asa startingpoint, canbefoundin Hirsch (1997).
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