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Abstract

We explore the relation–algebraicaspectsof the region connectioncalculus(RCC) of Randell
et al. (1992a). In particular, we presenta refinementof the RCC8tablewhich shows that the
axiomsprovide for morerelationsthanare listed in the presenttable. We alsoshow that each
RCC model leadsto a Booleanalgebra. Finally, we prove that a refinedversionof the RCC5
tablehasasmodelsall atomlessBooleanalgebras

�
with thenaturalorderingasthe“part – of”

relation,andthatthetableis closedunderfirst orderdefinablerelationsif f
�

is homogeneous.

1 Intr oduction

Qualitative reasoning(QR) hasits origins in theexplorationof propertiesof physicalsystemswhen

numericalinformationis not sufficient – or not present– to explain thesituationat hand(Weld and

Kleer,1990).Furthermore,it is atool to representtheabstractionsof researcherswhoareconstructing

numericalsystemswhich modelthephysicalworld. Thus,it fills a gapin datamodelingwhich often

leavesouttheresearcherasanactivecomponentin themodellingprocess.If wefollow thedescription

of datamodellingpresentedby Gigerenzer(1981)which is picturedin Figure1, thenthetwo places

whereQR residesareat thelevel of theempiricalmodel,andin includingtheintentionsandactions

of theresearcheraspartof theprocess.Conceptually, QR canbecalleda form of soft computing,in

particularrelatedto the philosophyof roughsetdataanalysis(Pawlak, 1982,1991)aspresentedin

DüntschandGediga(1997)(seealsoCohn,1997,p.1,footnote1,whichpointsin thesamedirection).

A specialareaof QR, qualitative spatial reasoning(QSR), hasevolved in the last decadewhich

is concernedwith the qualitative aspectsof representing– andreasoningabout– spatialentitiesas

opposedto theearlieremphasison one–dimensionalsituations.�
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Fig. 1: Thedatamodelingprocess
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“The challengeof QSRthen is to provide calculi which allow a machineto represent

andreasonwith spatialentitiesof higherdimension,without resortingto the traditional

quantitative techniquesprevalent in, for example, the computergraphicsor computer

visioncommunities.” (Cohn,1997)

Applicationsof QSR can be found in geographicalinformation systems(Worboys, 1998), spatial

querylanguages(Clementiniet al., 1994),naturallanguages(AsherandVieu,1995)andmany other

fields.EvidencethatQSRis now firmly establishedin AI arenumerouspresentations,workshopsand

tutorialswhichhave beengivenat importantAI conferences,mostrecentlyatCOSIT’97,KR’98 and

ECAI’98. We invite the readerto consultCohn(1996)andits updatedversionCohn(1997)for an

introductionandanoverview of currenttrends.In thewider context of formal ontology, thespecial

edition of the InternationalJournal of Human–ComputerStudies43 (1995)exhibits the width and

depthof thearea.

Thebasisof QSRare“part – of” and“connection”,respectively, “contact” relations.Theformaliza-

tion of the“part –of” relationshipgoesbackto themereologyof Leśniewski (1886– 1939),developed

from 1915onwards.Oneof themainconcernsof Leśniewski wasto build aparadox–freefoundation

of Mathematics,onepillar of whichwasmereology, or, asit wasoriginally called,thegeneraltheory

of manifoldsor collective sets(Leśniewski, 1928).

Mereologywassubsequentlytaken up by LeonardandGoodman(1940) (though,for a somewhat

differentpurpose).Formally, Leśniewski’s mereologyandthecalculusof LeonardandGoodman–

theclassicalmereology(CM) – arethesame.

Basedon classicalmereology, andthework of Whitehead(1929)on the relation“ ! is extensionally

connectedwith " ”, Clarke (1981)presentsanaxiomsystemfor a “Calculusof individuals” basedon

a “connected– with” relation # . Theintendeddomainis suchthat

“ . . .we may interpretthe individual variablesasrangingover spatial–temporalregions

andthe two–placeprimitive ‘ ! is connectedwith " ’ asa renderingof ‘ ! and " sharea

commonpoint.” (Clarke,1981,p.205).
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Supposethat $ is a nonemptysetof regions,and # a binaryrelationon % ; we let #&!('*)+"-,-$ .!/#0"21 . If 3546$ , and !7,8$ , then ! is the fusionof 3 , if

#0!9';:<�=�> #&"	?(1.1)

Clarke assumesaretwo mereologicalaxioms:

A 1. # is reflexive andsymmetric,

A 2. If #0!9'@#&" , then !A'B" ,
andoneaxiomconcerningthefusion:

A 3. If 3C46$ is nonempty, thenthefusionof 3 existsin $ . .

If a region ! is not connectedto every otherregion, thenthecomplementDE! of ! is definedasthe

fusionof all regions F whicharenot connectedto ! . In otherwords,

#HG
DI!/JK' :L�MONQPSRUT #VFW?(1.2)

BiacinoandGerla(1991)show thatthedomainssatisfyingA 1 – A 3 areexactly thecompleteortho-

complementedlatticesin which

!/#0"YXHZ5!\[] DE"	?(1.3)

Here,
]

is the latticeordering;the fusion is just the lattice join. It maybeworthy to point out that,

althoughClarke callshis operations“quasi–Boolean”,themodelsfor his calculusarenot necessarily

(quasi–)Booleanalgebras.

Clarke (1985)addsanotheraxiom, the purposeof which is to definea ‘point’ within his calculus.

Unfortunately, the full systemcollapsesto classicalmereology, asBiacino andGerla (1991)show,

andthey suggestamodificationof Clarke’s systemcalculus:

“The new systemshouldstill admit asmodelsthe classof the nonemptyregular open

setsof a topologicalspace1 . . .But in thesemodelstheconnectionrelationshouldbeas

follows:

!S#&"HXHZ !Y^ "7['`_ .”(1.4)

Here, ! is thetopologicalclosureof ! . Sucha system,the“region connectioncalculus”(RCC),was

presentedby Randellet al. (1992a,b),andhassincereceived prominencein spatialreasoning(see

Cohnet al., 1997,for anoverview). Thedifferencesto Clarke’s systemarethatonly theexistenceof

thefusionof finite setsis postulated,anddifferentnotionof “complement”.

Already in the early RCC presentationof Randellet al. (1992a),the importanceof relationaltran-

sitivity tablesfor qualitative reasoningaboutregionswasrecognized;recently, Bennettet al. (1997)

1Thesearethemodelsof classicalmereology.
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have raisedseveralquestionsregardingtheexpressivenessof relationalreasoning,in particularwith

respectto theRCC.

Relationalreasoningasalgebraicmanipulationof relationshasa long-standingtradition,goingback

to A. De Morgan, C.S. Peirce,and E. Schröder(cf. Anellis and Houser,1991). From the 1940s

onwards,A. Tarski (who, incidentally, wasLeśniewski’s only doctoralstudent)andhis colleagues

have continuedthework on thecalculusof relationswhicheventuallyled to analgebraizationof first

orderlogic via cylindric algebras(Henkin et al., 1971,1985),andits finite fragments,in particular,

first orderlogic with threevariablesvia relationalgebras(cf. TarskiandGivant,1987). In this paper

weshallexploretherelation– algebraicaspectsof theRCCrelations,andsuggestsomemodifications.

Wealsohopeto answersomeof thequestionsraisedin Bennettetal. (1997).

Thepaperis structuredasfollows: We first introducethenecessarymachineryof relationalgebras;

basedon these,we will thendiscusssomeaspectsof Bennettet al. (1997)from a relation– algebraic

point of view. Section4 introducestheRCCandlists someof its properties.We show that thealge-

braicpartof theRCCleadsto quasi– Booleanoperations,andpresenta refined(weak)composition

tablewhich containsadditionaldefinablerelationswhich do not appearin theoriginal RCC.Finally,

we investigatea reducedsetof RCCrelations(RCC5).

2 Relationsand their algebras

A relationalgebra(RA) acbed�fgdihUd D dkjld+mnd�opd�qrd+m�sut
is astructureof type

awvrdxvrd+mndkjldkjldxvrd+mndkjpt
whichsatisfiesfor all y dxz�dk{ , b ,

1.

acb|d�fgdihUd D dkjld+m�t is aBooleanalgebra(BA).

2.

acb|d�opd�q}d+m s t
is aninvolutedmonoid,i.e.

(a)

acb|d�opd+m s t
is asemigroupwith identity

m s
,

(b) y q~q '�y d Gcy oIz J q ' znq�o y q .
3. Thefollowing conditionsareequivalent:

Gcy o�z J h+{ ' jld Gcy q�o�{ J h�z ' jld G {�oEznq J h yH' j ?(2.1)

In thesequel,we will usuallyidentify algebraswith theirbaseset.

Thefull algebra of binaryrelationsis astructure

a %V�+��G��VJ d���d ^ d D d _ d �(��� d�opd�q�d+m s t onaset � , where%V�+��G��VJ is thesetof all binaryrelationson � , ^ d���d D aretheusualsettheoreticoperations,_ d �����
are, respectively, the emptyandthe universalrelation,

o
is relationalcomposition,

q
the relational

converse(i.e. � q '�) a ! d " t . a " d ! t ,��Y1 ), and

m s
is theidentityrelationon � . A subset

b
of %V���
G��VJ

whichis closedunderthedistinguishedoperationsof %V���
G��VJ andcontainsthedistinguishedconstants

is calledanalgebra of binary relations(BRA) on � . It is a subalgebraof %V�+��G��VJ , a fact which we
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denoteby

b ] %V�+��G��VJ . If )�%���.���,���194@%V����G��0J , we denotetheBRA generatedby )�%���.���,���1
by

a % � .Q��,�� t . If ��, a % � .��&,�� t , we saythat � is RA– definableby )�% � .��&,��W1 . If thesetof

generatorsis understood,we shallusuallyomit mentioningit, andjust saythat � is RA definable.

A relationalgebra

b
is called representableif it is isomorphicto a subalgebraof a productof full

algebrasof binaryrelations.

Thelogic of RAs is a fragmentof first orderlogic, andthefollowing fundamentalresultis dueto A.

Tarski(seeTarskiandGivant,1987):

Proposition 2.1. If %&� d ?i?i? d %&��,�%V�+��G��VJ , then

a %�� d ?i?i? d %�� t is the setof all binary relationson� which are definablein the (language of the) relational structure

a � d %&� d ?i?i? d %&� t by first order

formulasusingat mostthreevariables.

An RA

b
is calledintegral, if

m s
is anatomof

b
. If

b ' a � d %�� t � =�� is a BRA, then

b
is integral if

andonly if no propernonemptysubsetof � is definablein themodel

a � d %�� t � =�� by a formulawith at

mostthreevariables(seeAndrékaet al., 1995b).

Supposethat

b ] %V���
G��VJ . For � d�� , b and ! d " d F8,�� we usuallywrite !Q�0" if

a ! d " t ,�� , and!Q�V" � F means!Q�0" and " � F . With someabuseof notation,we let %&!5.	'�)+" ,¡�¢.�!	%&"21 bethe

range of ! w.r.t. R.

Let £I¤ be the symmetricgroupof � , and ¥�,B£I¤ ; we will write ¥ a ! d " t insteadof

a ¥�G¦!/J d ¥�G¦"�J t .
Theimageof %§, b under ¥ is denotedby %V¨ , i.e.

% ¨ '�)�¥ a ! d " t . a ! d " t ,©%g1~?(2.2)

If %V¨©'ª% , we call % invariant under ¥ . Thepermutation¥ is calleda baseautomorphismof

b
, if

every %§, b is invariantunder¥ . Thesetof all baseautomorphismsof

b
is denotedby

b¬«
; it is easy

to seethat

b�«
is a subgroupof £ ¤ . We call

b
permutational, if

b�«
is transitive, i.e. for all ! d "8,\�

thereis some¥�, b�« suchthat ¥�G¦!/J�'�" . If

b
is permutational,thenno propernonemptysubsetof� is first orderdefinablein themodel

a � d % t
­ =�® .

Conversely, if ¯ is a subgroupof £¬¤ and ! d "�,-� , we set

¯ Tn° < '�)�¥�G¦! d "WJE.r¥\,(¯|1 d
andlet ¯&± betheBRA on � generatedby )�¯ Tn° < .r! d "©,��e1 . Observe thatthesets̄ Tn° < arejust the

orbitsof theactionof ¯ on �&² , andhenceapartitionof ��² . Indeed,each̄ Tn° < is anatomof ¯&± , and

every atomof ¯&± hasthis form. Theassignments³ and ´ form a Galoisconnection,and

b
is called

Galoisclosedif

b¬« ±µ' b (seeJónsson,1984,BörnerandPöschel,1991,Andrékaetal., 1995a).

A BRA

b
on � is calledfirstorderclosedif everyfirst orderdefinablebinaryrelationin thelanguage

of

b
is anelementof

b
. Thenext resultis mostlikely known, andits easyproof is left to thereader:

Lemma 2.2. If

b
is integral andfirst orderclosed,then

b�«
is transitive.

Thefollowing resultgivesaconnectionbetweenGaloisclosureandfirst orderclosure(Jónsson,1991,

AndrékaandNémeti,1991):
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Proposition 2.3. If

b
is finite, thenb ' b « ± iff

b
is closedundereverypermutationinvariant operation onbinary relations.

Weshallneedthis in ourdiscussionof RCC5in Section4.4.

Theconceptof residuationwill beof importancein our laterconsiderations.It will turnout thatmany

theoremsof themereologicalpartof spatialrelationsareconsequencesof theresidualoperators,since

the“part of” relationturnsout to betheright residualof the“connectedto” relation.

Supposethat

b
is anRA, andthat y dxz , b . Eventhoughtheequationsy o !©' z and ! o y¶' z donot

alwayshave a solution,therearealwayselementsy|· z and

z¬¸ y , called,respectively, the right and

left residualof

z
by y suchthat

y o ! ] z XHZC! ] y&· z�d! o y ] z XHZC! ] z¹¸ y2?
TheresidualscanbeexpressedasRA termsin y and

z
by

y0· z 'ºDeGcy q�o D z J d(2.3) z¹¸ yµ'ºDeG
D zKo y q J�?(2.4)

If y�' z
, we shall only speakof the right (left) residualof y . Theseresidualshave the following

properties:

Lemma 2.4. 1. y0·�y and y ¸ y are reflexiveandtransitive.

2. If y is reflexive, then y0·�y ] y .
3. If y is symmetric,then y&·�y ] y if andonly if GcyV·�yWJ q�o Gcy0·�yWJ ] y .

Proof. A proof of 1. canbefoundin Pratt(1990).For 2., themonotony of

o
andthereflexivity of y

imply that DIyµ' m s o DIy ] y o D¬y . Thus, yV·�yµ'§DeGcy o DIylJ ] y .
Supposethat y is symmetric.Then,oneline impliesthenext:

yV·�y ] yGcyV·�yWJ o DIy ] y o DIyG�GcyV·�yWJ o DIyWJ h DeGcy o DIyWJ»' jG�Gcy0·�yWJ q�o GcyV·�yWJ�J h DIyµ' j ?
Conversely, supposethat Gcy©·gyWJ q o Gcy�·YyWJ ] y , and assumethat Gcy©·gyWJ q\h DIy¼[' j

. Then,G�GcyV·�yWJ q�o�m s J h DIy7[' j , andhence,GcyV·�y o DIyWJ h~m s [' j . On theotherhand,

Gcy&·�yWJ q�o y0·�y ] yµXHZ½G�GcyV·�yWJ q�o y0·�ylJ h yY' j XHZ;GcyV·�y o DIylJ h yV·�yH' j ?(2.5)

Reflexivity of y0·�y impliesthat

Gcy0·�y o DIylJ hpm s ] GcyV·�y o DIyWJ h yH' jld(2.6)

whichprovesourclaim.
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If % d �¡,�%V�+��G��VJ , thentheresidualsaregivenby theconditions

!¾Gc%6·I��J�"µXHZ¿G�À	FpJ�GcF~%&!©Á5Fp�¾"�J d!¾G�� ¸ %eJ�"µXHZ¿G�À	FpJ�G¦"l%0FgÁC!S�ÂFpJ d
(seee.g.Jónsson,1991).Wealsousethefollowing conditions(Jipsen,1992):

Lemma 2.5. Let

b
bean RAand y dxz�dk{ , b ·�) j 1 . Then,

1. If

m s ] y q»o y , and y o�z ] { , then

z ] y q�o�{ . (Integral lemma)

2. If

z
is anatomand y ] zKo�{ , then

z ] y o�{Ãq . (Atomlemma)

Supposethat

b
is a completeandatomicRA with atoms

b�Ä G b JY'Å)�y�Æ d ?i?i? d y}ÇQ1 . Then,relational

compositioncanbeinterpretedasa mappingÈ7. b � b ÁÊÉ8G b J with ÈËGcy dxz JE'Ì) { , b�Ä G b J�. { ]y oEz 1 . Indeed,it is sufficient to look at therestrictionof È to

b¬Ä G b J�� b�Ä G b J .
Thecompositiontableof

b
is an G¦Í d ÍÎJ –matrixwhereentry G¦� d�Ï J containsa list of all atomsbelowy � o ynÐ ; anexampleis shown in Table1. A completeandatomicRA

b
is completelydeterminedby

Table1: A compositiontableo Ñ Ñ¾q Ò ÓÑ Ñ D Ò Ò ÓÑ¾q ÑÔdcÑÂq�d+m s Ñ¾q Ò Ñ¾q�dkÓÒ Ò Ò D Ò ÒÓ ÑÔdkÓ Ó Ò D Ò
the relationalcompositiontableof its setof atoms

b�Ä G b J . Whenwriting sucha table,we will omit

columnandrow

m s
, if

m s
is anatomof

b
.

In our constructionof RAs we have beenaidedby theRA Scratchpad,designedandwritten by Pe-

ter Jipsen(1992). For otherpropertiesof relationsandtheir algebrasseeJónsson(1982,1991)and

Andrékaet al. (1998);we recommendGrätzer(1978)asa referencetext for latticetheory, andKop-

pelberg (1989)for Booleanalgebras.

3 Weakcomposition

A moregeneralview of compositionis takenin Randelletal. (1992a)andBennettetal. (1997);there,

acompositiontable(CT) is justamappingÈA.2ÕA�©Õ�ÁCÉ8G
ÕËJ , where Õ is asetof relationalsymbols.

A modelof

a Õ d È t is a pair

a � d�Ölt , where � is a setand

Ö .IÕ@Á %V���
G��VJ is a mappingsuchthat) Ö GcyWJ�.~yA, ÕÎ1 is apartitionof ���-� . Themodelis calledconsistentif{ ,©ÈËGcy dxz J�XHZ½G Ö GcyWJ o�Ö G z J�JË^ Ö G { JV['`_r?(3.1)
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for all y dxz�dk{ ,×Õ . In thesequel,we will call sucha tablea weakcomposition(table)to distinguishit

from theusualrelationalcomposition.

Bennettetal. (1997)call aweakcompositiontableextensional, ifÖ GcyWJ o�Ö G z J�' :Ø
=�Ù�MÛÚi° Ü�R
Ö G { J�?(3.2)

Then,they write

“One might . . . conjecturethatby refining relationsin a setRels onecanalwaysarrive

at a set Rels’ which is more expressive than Rels and whoseCT can be interpreted

extensionally.”

If

a Õ d È t hasa model

a � d�Ölt at all, then, in case ) Ö G { J�. { ,§ÕÎ1 is closedunderconverse,andthe

identity is a unionof elementsof ) Ö G { J0. { ,6ÕÎ1 , its elementsaretheatomsof a relationalgebraiff

thetableis extensional(seee.g.Jónsson,1984).Givenapartition Ý of �@�8� , therelationsin Ý will

alwaysgeneratearelationalgebrawhichhasanextensionaltablein caseit is atomicandclosedunder

arbitraryunions.

A weakcompositiontableis calledcompletew.r.t. a theory Þ whoselanguagecontainsÕ	ßnà á if,

“. . .whenever a set of (ground)facts involving only relationsin Õ/ßnà á and constantsis

inconsistent,this canbedetectedby referenceto thetable.” (Bennettet al., 1997)

Bennettetal. thenconjecturethat

“. . . a CT is completew.r.t. a theory Þ if f Þ implies all formulaecorrespondingto the

extensionalinterpretationof composition.”

The following is a simplecounterexample: Considerthe RA with the two atoms

m s
(identity) andj s

(diversity), and let

b
be its representationon a threeelementset. Let Þ saythat thereare four

elements,e.g. Þ@'�)+!2� j s ! Ð .~� d�Ï ]6â d �¬[' Ï 1 . Then, Þ is not satisfiablein

b
, but eachtriangleis.

4 The regionconnectioncalculus

The Region ConnectionCalculus(RCC) introducedin Randellet al. (1992a)is a systemsimilar to

themereologicalandquasi–Booleanpartof Clarke’s calculusof individuals,thedifferencebeingthe

definitionof complementation.Thebaserelationis aconnection# , andfurtherrelationsareobtained
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from # by therelationaloperatorsasin Clarke’s system:

��'@#6·E# partof�V��'���^-D m s properpartofã '�� q�o � overlap� ã ' ã ^-D|Gc� � � q J partially overlapä �V��'��V��^ GcåY# o åY#eJ tangentialproperpartæ ä �V��'��V��^-D ä �V� non–tangentialproperpartåg#�'@#6^-D ã externallyconnectedç #�'ºD�# disconnected?
4.1 RCC axioms

A modelfor the RCC consistsof a baseset �è'é% � æ , where % d æ aredisjoint, a distinguishedê ,©% , aunaryoperationD`.}%&�¬Á5%&� , where%&�&.r'�%6·¬) ê 1 , abinaryoperation

f .}%§�©%�Áë% ,

anotherbinaryoperation

h .~%§�8%�Á5% � æ , andabinaryrelation # on % .

Thereare8 axiomsfor theRCC:

RCC1. G�À	!(,©%eJ�!S#&!
RCC2. G�À	! d "�,�%eJ�ì !/#0"µZC"�#&!2í
RCC3. G�À	!(,©%eJ�!S# ê
RCC4. G�À	!(,©% d "A,©%&��J ,

(a)

a ! d DE" t ,(#�X¶Zëî�! æ ä �V�0"
(b)

a ! d DE" t , ã X¶Zëî�!	�0"
RCC5. G�À	! d " d F¶,©%eJ�ì a ! d " f F t ,(#�XHZï!/#0" or !S#0F
RCC6. G�À	! d " d F¶,©%eJ�ì a ! d " h F t ,8#�X¶Z½G�ðrñº,©%eJ�G¦ñ��0" and ñ��VF and !/#0ñ&J�í
RCC7. G�À	! d "�,�%eJ�ì ! h "A,©%�XHZ5! ã "pí
RCC8. If !	�0" and "r�0! , then !A'B" .

We have addedRCC 8, sincethis is what is intended,but it doesnot seemto follow from theother

axioms.By thedefinitionof � , Lemma2.4.1,andRCC8,weseethat � is apartialorder. Theoriginal

RCCsystemcontainsanotheraxiom:

“. . .A ratherdeeptheoremof the theory is given by the formula ÀQ!Sðr"/ì æ ä �V�òG¦" d !SJ�í
which wasdemonstratedby informal argumentin Randell,Cohn,andCui (1992a).Be-

causewe have sofar not beenableto give a fully formal proof of this theoremwe often

regardtheformulaasanadditionalaxiomof thetheory” (Cohnetal., 1997).

Below follows asimpleproof of thisproperty:
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Lemma 4.1.

G�ÀQ!7,©%eJ�G�ðr"A,©%eJ�" æ ä �V�V!(4.1)

Proof. Assumethat thereis some !§,�% suchthat for all "@,�% , îÂ" æ ä �V�0! ; By RCC 4a, this

implies that "W#ªD¡! for all "�,�% . Since �ó'ô#�·V# – i.e. � is the largestrelation � on R with# o � ] # –, and

a ! d DE! t [,©� , we obtainthat # o ) a ! d DE! t 19[] # . Hence,thereis some

Ä ,8% sucha¦Ä�d DE! t [,7# , acontradiction.

Accordingto Randellet al. (1992a),theweakcompositiontablehastheform given in Tab. 2. Since

thereareeightbaserelations,thesystemis calledRCC8.

Table2: RCC8weakcompositiontable
C

Oõ
ö DR
PP PP÷

DC EC PO TPP NTPP TPP÷ NTPP÷
DC 1 DR,PO,PP DR,PO,PP DR,PO,PP DR,PO,PP DC DC

EC DR,PO,PP÷ 1’,DR,PO,
TPPTPP÷ DR,PO,PP EC,PO,PP PO,PP DR DC

PO DR,PO,PP÷ DR,PO,PP÷ 1 PO,PP PO,PP DR,PO,PP÷ DR,PO,PP÷
TPP DC DR DR,PO,PP PP NTPP 1’,DR,PO,

TPP,TPP÷ DR,PO,PP÷
NTPP DC DC DR,PO,PP NTPP NTPP DR,PO,PP 1

TPP÷ DR,PO,PP÷ EC,PO,PP÷ PO,PP÷ 1’,PO,
TPP,TPP÷ PO,PP PP÷ NTPP÷

NTPP÷ DR,PO,PP÷ PO,PP÷ PO,PP÷ PO,PP÷ O ø 1’ NTPP÷ NTPP÷
Recall that the weakcomposition

o�ù
is to be interpretedasminimal inclusion,e.g.

ç # o�ù åg#ú'ç % � � ã � �V� meansthat
ç # o åg#ª4 ç % � � ã � �V� , and

ç # o åY# intersectseachrelationon

the right handside. The tableis, in a way, a minimal requirement:It follows from theRCCaxioms

thateachRCCmodelmustsatisfytheconditiongivenin thetable.

Michael Winter haspointedout, that Table2 hasan extensionalinterpretation,namely, the closed

circle algebra introducedin Düntschet al. (1999b).There,thedomainof regionsis thecollectionof

closedcirclesin theEuclideanplane,and !/#0"YXHZ !µ^9"7['@_ .
4.2 RCC modelsareBooleanalgebras

As in Clarke’s system,theoperationsof theRCCaxiomsarecalled“quasi–Boolean”.In contrastto

Clarke’s operations– which definethe moregeneralorthocomplementedlattices–, our next result

shows that RCC operationsindeeddefinea Booleanalgebra,if we extendthemandthe relation �
over theset

æ '�) j 1 in anaturalway2.

Proposition 4.2. Supposethat
æ '�) j 1 , andlet %Vû '�% � ) j 1 . Then,ü ' a % û d�fgdihUd D dkjld ê t

2Thesameresulthasbeenindependentlyobtainedby JohnStell (1997).
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is an atomlessBooleanalgebra with natural order � .

Proof. We extend � in sucha way that

j �0! for all !�, %Vû ; furthermore,we set D ê ' jld D j ' ê ,

andalso, ! h " ' jþý�ÿ��XHZ î¾! ã " . Finally, we extend

f
in theobvious way. It is clearthatall these

extensionscanbereverseduniquely, sothatwe canalwaysreturnto theoriginal structure.

Notethat

a % d � t is atomlessby Lemma4.1. Theclaim follows now from thestatementsbelow:

1. G�À	!(,©%eJ�!	� ê , and ê is theonly elementwith thisproperty.

2. ! f " is thesupremumof ! and " w.r.t. � .

3. ! h " is theinfimum of ! and " w.r.t. � .

4. DI! is theuniquecomplementof ! .

5. Thelattice

a % û d�fgdihUd D dkjld ê t is modular.

1. Thefirst part follows immediatelyfrom RCC3 andthedefinitionof � . Supposethat !Q� Ö for all!(,8% ; then,in particular, ê � Ö . Since

Ö � ê , we have ê ' Ö by RCC8.

2. Assumethat

a ! d ! f " t [,7� . Then,thereis someF9,7% suchthat Fp#0! and

a F d ! f " t [,-# . This

contradictsRCC5. Now, supposethat !	�VF and "r�eF , andthat

a ñ d ! f " t ,¡# . By RCC5, we can

assumew.l.o.g. that ñ0#&! . Now, ñ0#&!	�VF , and # o �ô4§# implies ñ0#0F . Thedefinitionof � now

givesus

a ! f " d F t ,©� .

3. Supposew.l.o.g that ! h "\,¡% . Let

a F d ! h " t ,6# . By RCC 6, thereis someñ¼,¡% suchthatñ��V! d ñ��V" , and Fp#&ñ , andthus,

a F d ! t�d¹a F d " t ,(# o �*46# . Thisshows

a ! h " d ! t ,�� ,

a ! h " d " t ,©� .

Now, let F¶,©% d F~�V! d F~�V" , and ñ0#0F ; weneedto show that

a ñ d ! h " t ,(# . This follows immediately

from RCC6.

4. If

a ! d DE! t , ã , then î¾!Q�0! by RCC 4, a contradiction. Thus, ! h DI!�' j
by RCC 7. LetF�,6% , andassumethat î\Fp#HG¦! f DI!/J . Then,by RCC 5, î�Fr#&! , î\Fp#ºD�! , andRCC 4 implies

that F æ ä �V�0! and F æ ä �V�@D�! . Now,
æ ä �V� q»o æ ä �V�*4 ã , andit follows that

a ! d DI! t , ã , a

contradiction.

Next, weshow that D|G
DE!/JK'B! whichwill beneededfor theuniquenessproof. Since

a DeG
DI!/J d DE! t [,ã
, we obtain DeG
DI!/J ] ! . For theconverse,assumethat !�[] DeG
DI!/J . By definitionof � , thereis

some ñ½, % suchthat ñ&#&! and î¾ñ&# DºG
DI!/J , i.e. ñ æ ä �V� D�! . Now, !	åg#¢DB! , and thus!QåY# o æ ä �V� q F ; however, åY# o æ ä �V�ª4 ç # , contradicting!/#0ñ .

It remainsto show that DE! is theuniquecomplementof ! . Supposethat ! f "µ' ê d ! h "H' j . Then,î¾! ã " by RCC7, andRCC4b implies that " ] DI! . Assumethat DE!B[] " ; then,againby RCC4b,DE! ã D(" , i.e. DE! h DE"�� j . With (4.1)choosesomeñº,©% suchthat ñ æ ä �V�`D7! d ñ æ ä �V��D7" .
Since! f "µ' ê , let w.l.o.g ñ&#0! . By RCC4awehave

a ñ d DE! t [, æ ä �V� , acontradiction.

Wealsonotethat ! ] " implies DI" ] DE! : Assumenot; then,thereis someF¶,8% suchthat Fp#�D7" .
i.e. îÂF æ ä �V�0" , and îKFp#@D�! , i.e. F æ ä �e�0! . Since! ] " and

æ ä �e� o �¢4 æ ä �V� , we obtainF æ ä �V�0" , acontradiction.

11



It follows that D alsofulfills theDe Morgancondition

D|G¦! f "�J»'ºDE! h DE"9.
“
]

”: Since! ] ! f " and " ] ! f " , wehave

D|G¦! f "�J ] DE! and D6G¦! f "�J ] DE"	?
“ � ”: We show ! f " ] DeG
DE! h DI"WJ . Assumew.l.o.g. that !B[] DeG
DE! h DE"WJ ; then, ! ã G
DE! h DE"WJ ,
contradicting

a ! d DE! t [,©% .

5. To show modularity, it is enoughto prove

If F}�0! d then F f G¦! h "WJK'�! h G¦" f FpJ d(4.2)

seeGrätzer(1978),LemmaI.4.12.

“
]

”: In any latticewehave

F f ! h " ] GcF f !/J h GcF f "�J d(4.3)

seeGrätzer(1978),LemmaI.4.9. F ] ! implies F f !A'�! , andtheclaim follows.

“ � ”: Wefirst show

If

Ä ] DIF and

Ä ] " f F d then

Ä ] "Q?(4.4)

Proof. Assumenot; then,

Ä ã D\" by RCC4b. By (4.1)andthedefinitionof
ã

thereis someñÌ,-%
suchthat ñ æ ä �V� Ä and ñ æ ä �e� D�" . It follows that ñ&# Ä , ñ ç " , and ñ ç F , the latter becauseñ æ äIä � Ä ] DIF . On theotherhand,since

Ä ] " f F , we have ��#0" or �n#0F for any � with �n#�� , a

contradiction.

Next, we need

! h " f ! h DE"H'B!Î?(4.5)

Proof. Since! h " ] ! and ! h DI" ] ! , wehave ! h " f ! h DE" ] ! .

Conversely,

��	
 ����
���������
�������������� �!
"�����#��
%$
���������&�����'��
%$(���&�����)
%$
���������&�����'��
%$ and �����&������
%$+*

Thus,if this is true,theresomeñ suchthat ñ æ ä �V�0! and ñ æ ä �V�¶G
DI! f DE"�J , andfrom (4.4)we

obtainthat ñ ] DE" ; it follows that ! ã D " . Similarly, weseethat ! ã " , acontradiction.

Now, assumethat ! h G¦" f FpJ0[] F f ! h " , andw.l.o.g. ! h G¦" f FpJ�,©% . Then,by definitionof � , there

is someñ�,©% suchthat

12



1. ñ0#HG¦! h G¦" f FpJ�J , and

2. î8ñ0#HGcF f ! h "�J .
Thefirst conditionsayswith RCC6 thatthereis a

Ä ,©% suchthatÄ ] ! and

Ä ] " and

Ä #&ñe?(4.6)

Thesecondconditiontells uswith RCC5, RCC4a,andRCC6 that ñ æ äIä ��D�F , and

G�À,�nJ�ì-� ] ! and � ] " imply î8ñ&# �ií�?(4.7)

Set ��' ÄÎh D¬F . If ��' j , then î Ä #0ñ , sinceñ æ ä �V��D�F , acontradiction.Otherwise,�e,8% d � ] ! ,

and � ] " , thelatterby (4.4). Now,

ñ&# Ä X¶Zïñ&#HG ÄÂh F f×ÄÎh D¬FpJ by (4.5)X¶Zïñ&# ÄÂh F or ñ&# Ä¾h DIF by RCC5X¶Zïñ&# ÄÂh DIF sinceñ æ ä �V��D�F dX¶Zïñ&#��
whichcontradicts(4.7).

4.3 Refining the RCC table

It is pointedout in Bennettetal. (1997)thattheRCCaxiomsdo not take into accountthatthelargest

region ê is definable.Ournext taskwill beto refinetheRCCtableto takecareof this fact.Set �@'`% ,�¾�¬'�) ê 1 d �¹Æ¹'�%(·¾) ê 1 , and �¾� Ð '��Î���¶� Ð for � d�Ï ] m ; it is easyto checkthatfor all baserelations� of theRCC(listedonp. 8), and � d�Ï ] m ,
�¾� Ð 4�� or �Î� Ð ^��\'`_r?

Now,

�¾���¬' m s ^-DeìUGc�V� o �V� q JS^ m s í dm s
. ' m s ^-D&�Â��� d��Æ�Æ�' m�s. o � ² o&m�s. d�¾��Æ�'��Â��� o � ² o ��Æ�Æ d� Æ�� '�� Æ�Æ o � ² o � ��� d

which shows thatall �¾� Ð and

m s. areRA definable.The equationwhich tells us that ê is the largest

elementwith respectto � now is

��Æ��046�E?(4.8)
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Thus, in the sequel,we shall restrict the relationsto %§·Y) ê 1 . In order to show that the defining

equationsonp. 8 andtheaxiomsstill hold, it sufficesto prove it for
ã d ä �V� , andtheaxiomRCC6,

sinceall otherdefinitions,respectively axioms,areuniversal,and thuscarry over to substructures.

This is straightforward,andis left to thereader;notethatcomplementationof relationsis restrictedto%6·�) ê 1|�©%6·¬) ê 1 .
Let / betheincomparabilityrelation,i.e. /ª'ºDeGc� � � q J . WeextendtheoriginalRCC8by replacingåg# by

åY# ç 'ºDeGc�V� o �V� q»� �V� q�o �V�|J dåY# æ '�åg#�^7DIåg# ç d
and � ã by

� ã æ '0/@^-Gc�V� q¹o �V�|JË^-Gc�e� o �V� q J d� ã ç '0/@^-Gc�V� q¹o �V�|JË^7D|Gc�V� o �V� q J�?
Then,

!QåY# ç "µXHZ5!A'ºDE" d!QåY# æ "µXHZ5!Qåg#0" and ! f "-[' ê d!Q� ã æ "µXHZ5!,/g" d ! h "7[' jld ! f "-[' ê d!Q� ã ç "µXHZ5!,/g" d ! h "7[' jld ! f "H' ê ?
This givesus10 baserelations,andwe call theresultingsystemRCC10.Theextendedweakcompo-

sitioncanbefoundin Table3 onthefollowing page.For cellscontaining' , theRCCaxiomstogether

with generalRA propertiessuchasLemma2.4 or the equations(2.1) imply that strict composition

(i.e. equality) holds; for cells containing [' , thereis a model in which the compositionis strictly

smallerthanthe cell entry. For cell entrieswhich canbe shown to be below the weakcomposition

we usethesuperscript1 . In this way, we indicatein which cells thecompositionis extensional,and

whenit neednotbe.

In computingthe table, we have usedthe RA scratchpad,which in turn usesLemma2.5 and the

equations(2.1); we aregrateful to Michael Winter who spottedandcorrectedseveral inaccuracies.

Wehave alsousedthefollowing properties,whichmaybeinterestingin theirown right.

Lemma 4.3. 1. !	åg# æ "HXHZC! ä �V�`D " .
2. If ! ç #VF , then ! ä �V�òG¦! f FpJ .
3. ! æ ä �V�VF and " æ ä �V�VFgXHZ½G¦! f "WJ æ ä �V�VF .
4. If ! æ ä �e�VF , then DE! h F ä �V�VF .
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Proof. 1: Supposethat !�['ºDE" , sothat ! f "7[' ê . Then,

!	åg# æ "HXHZï! h "µ' jld !S#&"XHZï!�9@DE" d !/#0"XHZï!�9@DE" d !¾G
D æ ä �e�|JÂD-"XHZï! ä �V�@D "	?
2: Let ! ç #0F ; then, F:9CDE! and !¾G
D�#|J F . Since !/#*D6! , and DE!�'óF f DeG¦! f FpJ , we have!/#@D6G¦! f FpJ by RCC5. Thus, !¾G
D æ ä �V�gJ�G¦! f FrJ by RCC4a.

3: “ Z ”: Let ! æ ä �V�VF d " æ ä �V�VF andassumeî�G¦! f "�J æ ä �V�VF . Then,by RCC4a, G¦! f "�J�#0F � ,
andRCC5 impliesthatw.l.o.g. !S#0F � . RCC4anow implies îÂ! æ ä �V�VF , acontradiction.

“ X ”: Let G¦! f "�J æ ä �e�VF , andassumethat î¾! æ ä �V�VF . Then, !/#VF � , which, togetherwith îEG¦! f"�J�#0F � contradictsRCC5.

4: This follows from !¾G
D æ ä �V�gJ�! and3 by setting"µ'ºDI! h F .
Thereis norelationalgebrawhich is amodelof theRCC10table.In thestandardmodelof nonempty

properregularopensetsof a regularconnectedtopologicalspace,thereareat least25atomsDüntsch

etal. (1999a).

4.4 A reducedsetof RCC relations

The subset) m s d ç % d � ã d �V� d �V� q 1 of RCC relationshasreceived someattention,and is usually

called RCC5. It arisesfrom disregardingthe split of # into
ã

and åg# , and �e� into
ä �V� andæ ä �V� ; in otherwords,oneaddstheadditionalaxiom #¢' ã . If onetakestheweakcomposition

inducedby theRCC8table,onearrivesatTable4.

Table4: RCC5weakcompositiontable
C = O

o�ù
DR

PO PP PP

q
DR 1 DR,PO,PP DR,PO,PP DR

PO DR,PO,PP

q
1 PO,PP DR,PO,PP

q
PP DR DR,PO,PP PP 1

PP

q
DR,PO,PP

q
PO,PP

q D ç % PP

q

If we take into considerationthatthelargestregion ê is RA definableandwork within %6·¬) ê 1 , then,

similar to theRCC10table, � ã splitsinto � ã æ and � ã ç , and
ç % splitsinto

çòæ
and

çòç
, whereç9ç

is thecomplement,and
çòæ ' ç %`^�D çòç . Thecompositioninducedby theRCC10tableis

givenin Table5.

Thenext propositionshows that theRCC7table– andthusRCC5– hasa very simpleinterpretation

(Düntschet al., 1998). Supposethat
ü

is an atomlessBooleanalgebra,andthat
ü �¶' ü ·e) jld+m 1 ;
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Table5: RCC7table
DR O;

DN DD <�=�> <�=�? PP PP@
DN ACB�<�=�?�DE?�?GF PP DN,PON,PP PP ACB�<H@ID JLKMF DN

DD PP@ 1’ PON PP POD DN

PON DN, PON,PP@ PON 1 PON,POD,PP PON,POD,PP DN,PON,PP@
POD PP@ PP@ PON,POD,PP@ =ND�JLK POD ACB�<�<OD�JLKPF
PP DN DN DN, PON,PP ACB�<�<OD�J K F PP ACB�<�=�?QDR?�?GF
PP@ ACB�<�<OD�J K F POD PON,POD,PP@ POD =ND�J K PP@

also,let �§' ] bethenaturalorderon
ü

, and �V��'S9 . Furthermore,definethefollowing relations

on
ü � : ã '§Gc�e� q�o �V�gJS^-D m s '�) a ! d F t .}!\['�F d ! h F©[' j 1ä '§Gc�e� o �V� q JS^-D m s '�) a ! d F t .}!\['�F d ! f F8[' m 1� ã æ ' ã ^�/@^ ä '�) a ! d F t .}!,/YF d ! h F([' jld ! f F8[' m 1� ã ç ' ã ^�/@^-D ä '�) a ! d F t .}!,/YF d ! h F([' jld ! f Fg' m 1ç9æ 'ºD ã ^ ä '�) a ! d F t .}! h Fg' jld ! f F8[' m 1ç9ç 'ºD|G ã � ä � m s J '�) a ! d F t .}! h Fg' jld ! f Fg' m 1 d

where! d Fò, ü � . Wenow have

Proposition 4.4. Let
ü

bean atomlessBooleanalgebra. Then,therelationsm�sOd �V� d �V� q�d � ã æ d � ã ç d çòæ d ç9ç
as definedabove are the atomsof the algebra T on

ü � generatedby � whosecompositiontable is

givenin Tab. 5.

Proof. Clearly, theserelationspartition
ü �I� ü � . Thecomputationsarestraightforward,if somewhat

tedious,andareleft to thereader.

In thealgebraT , therearetwo possibilitiesto definea relation # whichsatisfies(A 1) and(A 2): We

cantake either #�' ã � m s or #º' ã � ç9ç � m s . In bothcases,�§'�#B·I# . If theBA is complete,

then,thefirst case,we have amodelof classicalmereology(if we remove

j
).

This seemsa very generalresult: Whenever a relationalmodelfor spatialreasoningassumesanun-

derlying atomlessBooleanalgebrawith the Booleanorderingas the “part – of” relation, then the

relationsof T must be present. Indeed,every relation U�V on an atomlessBooleanalgebrawhich

satisfiesClarke’s axiomsA 1 andA 2 on page3 with
] '`� , mustsatisfy

ã 4WU�V by Lemma2.4.

It maybeinterestingto notethatTable4 asanextensionalinterpretationby thealgebrageneratedby

therelation

!S#&"µXHZC!H^ò"7['`_ d(4.9)
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definedon thecollectionof all nonemptyproperregularopensetsof a regularconnectedtopological

space.

Our final resultcharacterizesthoseBooleanmodelsof T which areGaloisclosed.For this, we need

somepreparation.If
ü

is a Booleanalgebraand ! , ü , then
üYX ! is theBooleanalgebrawith base

set )+"�, ü .}" ] !Ô1 , meetandjoin inheritedfrom
ü

, andcomplementationrelative to ! .
ü

is called

homogeneous, if
üZX !)[' ü for every !-, ü d !�� j . Thefollowing characterisationof homogeneous

BAs canbefoundin Koppelberg (1989),9.13:

Lemma 4.5. Let \ ü \¹['^] . Then,
ü

is homogeneousiff for all ! d "�, ü d�j`_ ! d " _ m there is an

automorphismof
ü

taking ! to " .
In otherwords,an infinite

ü
is homogeneousiff the restrictionsof its automorphismsto

ü ·V) jld+m 1
form a transitive group.

Lemma 4.6. Let

a ü d ] t
bean atomlessBA and T theRAgeneratedby

]
. Then, T

«
is theautomor-

phismgroupof
ü

.

Proof. Since T is generatedby
]

, it sufficesto considerall permutations¥ of
ü � for which

! ] "µXHZ ¥¹G¦!SJ ] ¥�G¦"�J�?(4.10)

i.e. the order isomorphismsof

a ü � d ] t ; it is well known that thesepermutationsare exactly the

automorphismsof
ü

.

Proposition 4.7. T is Galoisclosedif andonly if
ü

is homogeneous.

Proof. “ Z ”: If T is Galoisclosed,then,in particular, its groupof baseautomorphismsis transitive.

By theprecedinglemma,theautomorphismgroupof
ü

is transitive,which is thecasejustwhen
ü

is

homogeneousby Lemma4.5.

“ X ”: Let ¯*'aT « ; we show that theorbitsof ¯ arejust theatomsof T . Since ¯ is transitive,

m s
is

anatom,andsinceevery automorphismof
ü

preservescomplements,and ¯ is transitive,we seethatç9ç
is anorbit of ¯ .

If

j
9�yN9 z 9 m and

j
9
{
9
Ó
9
m
, thenhomogeneityimpliesthatüZX z [' üZX Ó [' übX D z [' üZX D z [' ü ?

Thus, let cª. ü X D z Á ü X D Ó�ded . ü X z Á ü X Ó
be isomorphisms.Furthermore,letÑ . üfX Ó Á ügX Ó

bean isomorphismsuchthat

Ñ G d GcylJ�J�' { , andset hH' ÑHoEd . Then,by 9.13. of

Koppelberg (1989), i(. ü Á ü
definedby iKG¦!SJK'jhWG¦! hkz J f c/G¦! h D z J is anautomorphismof

ü
such

that iKGcy dxz J»' ac{�dkÓlt , andit follows that � and � q areorbitsof ¯ .

Next, let y h+z ' jldÂ{¹hiÓ ' jld y f×z 9 mndÂ{Âf×Ó 9 m . If ¥×,(¯ , then ¥ preservestheseproperties,and

hence,̄ Ú+° Ü 4 ç9æ . Noting that y`9ªD z , and

{
9ÌD Ó , we canusethepreviousconstructionto find

anisomorphismi of
ü

with iKGcy dxz J»' ac{�dkÓrt ; hence,̄ Úi° Ü ' çòæ .
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Let y dxz and

{�dkÓ
be incomparable,y h}z [' jldI{&hpÓ [' jld y f@z 9 mndI{¬f�Ó

9
m
. As above, these

propertiesarepreservedby isomorphisms.Since

j ['�y h�z 9�y)9By f6z , and

j [' {Eh�Ó 9 { 9 {�f¡Ó ,
thereis anisomorphismi(. ükX Gcy f�z J»Á üZX G {�f×Ó J suchthat iKGcy h�z JK' {�h+Ó and iKGcyWJ»' { ; now,

iKG
DIy h Gcy f¡z J�J»'ºD {�h G {�f�Ó J�J , since i preservescomplements.Furthermore,

iKG z J»':iKGcy h�zKf DIy h�z J':iKGcy h�zKf DIy h Gcy f¡z J�J':iKGcy h�z J f iKG
DIy h Gcy f¡z J�J' {�h�Ó&f D {�h G {�f×Ó J' Ó ?
If c6. ü X DeGcy f`z JYÁ ü X DeG {¬f@Ó J is an isomorphism,then

d . ü Á ü
, definedby

d G¦!SJµ'
iKG¦! h Gcy f`z J�J f c	G¦! h D|Gcy f�z J�J is the desiredisomorphism.If y f�z ' mnd�{�f�Ó ' m

, thenwe

canjust use i asdefinedabove. In the first casewe seethat ¯ Úi° Ü ' � ã æ , andin the secondthat¯ Ú+° Ü '�� ã ç .

To show that T is Galoisclosedover thestandardmodelof Euclideanregions,we first need

Lemma 4.8. (Birkhoff, 1948,p.177)

If 3 is a subspaceof theEuclideanspacewithoutisolatedpoints,thentheBooleanalgebra of regular

opensetsof 3 is (isomorphicto) thecompletionof thefreecountableBooleanalgebra.

Proposition4.9. T is Galoisclosed(andhencefirst orderclosed)over theBA of regular opensetsof

a Euclideanspace.

Proof. Thisfollowsfrom thepreviouslemmaandthefactsthatany infinite freeBA andits completion

arehomogeneous.

Weshouldliketo closewith thefollowing observation: If

b
is anintegralBRA ontheBooleanalgebraü

, and

b
is obtainedfrom amodelof RCC10,then

ü
mustbehomogeneousin orderfor

b
to befirst

orderclosed.Thiscanbeseemasfollows: Since T ] b , wehave

b « ] T « . If

b
is first orderclosed,

then

b «
is transitive by Lemma2.2,andthus, T

«
is transitive aswell. By Lemmas4.6and4.5,

ü
is

homogeneous.

5 Summary and outlook

We have explored the propertiesof the connectionrelation in the RCC with the tools of relation

algebras.Thefactthatthepart–of relationis theright residualof theconnectionrelationledtoaneasy

proof that thedensityaxiomof theRCCis redundant.We alsoshow thattheRCCoperationsindeed

defineaBooleanalgebra.Takinginto accountthatthelargestregion is RA definable,wehave refined

theRCC8tableto arriveat10baserelations,oneof whichis complementation.TheRCC5relationsin

their refinedform RCC7leadto modelsof classicalmereology, but alsoto anotionof connectedness,
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wherea region is connectedto its complement.We have alsoshown thata representationof RCC7

over aBooleanalgebrais Galoisclosedif andonly if
ü

is homogeneous.

Anotherareawhich deservesto belookedat is thecomplexity of mereologicalRAs. Thecomplexity

of Allen’s interval algebrahasbeenstudiedby LadkinandMaddux(1994),andmoregeneralresults,

whichmayserve asastartingpoint,canbefoundin Hirsch(1997).
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