
Maximumconsistency of incompletedata
via non-invasive imputation

�
GüntherGediga†

Institut für EvaluationundMarktanalysen

Brinkstr. 19

49143Jeggen,Germany

gediga@eval-institut.de

Ivo Düntsch†

Departmentof ComputerScience

Brock University

St. Catherines,Ontario,Canada,L2S 3AI

duentsch@cosc.brocku.ca

Abstract

We presentan algorithmto imputemissingvaluesfrom given dataalone,andanalyseits per-
formance.Theproposedprocedureis basedon non–numericrule baseddataanalysis,andaims
to maximiseconsistency of imputationfrom known values. In contrastto the prevailing statis-
tical imputationalgorithms,it doesnot make representationalassumptionsor presupposesother
modelconstraints.Therefore,it is suitablefor a wide varietyof data–sets,andcanbeusedasa
pre-processingstepbeforeresortingto hardernumericalmethods.

Keywords: Imputation,maximalconsistency, non–invasivedataanalysis

1 Intr oduction

Incompletedatais a major problemin dataanalysis. Thereareseveral ways to “impute” missing
values,all of which arebasedon statisticalprocedures.The basicideaof theseproceduresis the
estimationof themissingvaluesby minimisinga lossfunctionsuchastheleastsquaremeasureor the
negative likelihood. For anoverview of thecurrentpracticeof working with missingdatawe invite
thereaderto consultAcock [1]; for a morecompletetreatmentwe recommendtheexcellentbookby
Schafer[18].

Onemajor problemof every datamining methodis the hugestatecomplexity, even whenthereare
only a few attributeswith a few possiblevalues(Table1).

Oneobserves that, in mostcases,real life problemshave relatively few datapoints relative to the
numberof all possibleobservations,andtherefore,distributional assumptionsareoften hardto jus-
tify; additionally, suchproblemsoftenshow many attributedependencies.Thus,traditionalstatistical
modelsarenotalwaysoptimaltoolsfor datamining.

ThefamousEM-algorithm[4] wasoneof thefirst effective approachesto handlemissingdataprob-
lemson thebasisof thelikelihoodmeasure.Onedrawbackof theEM algorithmis thatit is slow and�
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Table1: Statecomplexity
# of attributes

# of attr. 10 20 30
values

log10(states)
2 3.01 6.02 9.03
3 4.77 9.54 14.31
4 6.02 12.04 18.06
5 6.99 13.98 20.97

costly. Furthermore,it only works if we assumea restrictedmodelclassfor thedata,namely, when
the distribution of the datais assumedto be a samplefrom a fixed distribution family suchas the
multivariatenormaldistribution. This is problematic,becausethemodelassumptionitself influences
theestimationof themissingvalues.

We have discussedelsewhere[8, 9] that in many instancesof dataanalysistheuseof hardstatistical
methodsis neitherappropriatenor, indeed,necessary. It is oftensufficient to usenon–invasive tools
which do not make any distributional or otherstrongassumptions:Dependency rulesin thespirit of
roughsetdataanalysis(RSDA) [15], statisticalsignificanceof symbolicrulesby randomisationmeth-
ods[5], datadiscretisationby usingonly classificationinformation([6], [19]), andmodelselectionby
entropy minimisation[7].

In this paperwe describeanalgorithmto imputemissingvaluesfrom givendataalone,andanalyse
its performance.Ourapproachis basedonnon–numericrulebaseddataanalysis.In contrastto statis-
tical procedures,suchanalysisoffersno straightforward way to definelossfunctionsor a likelihood
function; thesearebasedon statisticalassumptions,which arenot given in rule baseddataanalysis.
Therefore,otheroptimisationcriteriamustbeused.A simplecriterionis thedemandthattherulesof
thesystemshouldhave a maximumin termsof consistency, which meansif we fill a missingentry
with a value,we shouldresult in a rule which is consistentwith the otherrulesof the system.Our
algorithmimputesmissingvaluesin anattributevector

�
x by presentinga list of possiblevaluesdrawn

from thesetof all vectors
�
y which do not contradict

�
x, i.e. they have thesameentrieswherever both

aredefined.

Thestructureof thepaperis asfollows: We begin with a list of definitionsandnotation(Section2),
which is followedby a brief overview of currentstatisticalimputationmethods(Section3). Thenext
Sectionpresentsour algorithm,andSection5 analysesits performanceby a simulationstudy. We
closewith adiscussionof our results.

2 Definitions and notation

An informationsystemis astructure �����
U � Ω �
	 Va : a � Ω ��
��

where� U is afinite setof objects.
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� Ω is afinite setof partialfunctionsa : doma � U � Va; eacha � Ω is calledanattribute.� Va is thesetof attributevaluesof attributea.

If eacha is a function,i.e. doma
�

U , thenwe call
�

a completeinformationsystem, otherwise,it is
calledincomplete. If x � U � doma, thenwe saythatx hasa missingvalueat a. Sucha systemcan
bepicturedasadatamatrix suchasTable2. Wewrite “?” in cell

�
x � a
 , if a is notdefinedatx. In our

interpretation,the? is aplaceholderfor any valuein Va.

For eachx � U andeach/0 �� Q � Ω we let

relQ � x� � 	 a � Q : x � doma �
bethesetof Q-relevantattributesfor x. Let

�
xQ bethefeaturevectorof x with respectto theattributes

in Q, i.e. �
xQ

���
a � x� : a � Q
��

Here,we assumethat the attributesin Ω, andthus in Q, aresuitably indexed. Each
�
xQ is calleda

Q-granule; if Q
� Ω or Q is understood,we just speakof granules. Observe that�

xQ
� �

xrelQ � x� �
For each/0 �� Q � Ω wedefinea relationQ� onU by

xQ� y ��� a � x� � a � y� for all a � relQ � x��� relQy�
If xQ� y, we saythatx andy areconsistent. This terminologyis justifiedby thefact thatxQ� y just in
casethatwhenever a is definedon bothx andy, it doesnotdistinguishbetweenthem.For example,x
andy with �

xQ
���

1 � ?� 3
�� �yQ
���

1 � 4 � ?

areconsistent,while in case �

xQ
���

1 � ?� 3
�� �yQ
���

1 � ?� 2

they arenot. Consistency is a generalisationof theindiscernabilityconceptwhich is usedin RSDA:
Two objectsx � y areQ-indiscernible,if relQ � x� � Q

�
relQ � y� , andtheir inducedgranulesareequal.

Thegranulesof two consistentobjectscanbemadeequalon theunionof their relevantattributesby
filling in missingvaluesin onegranuleby valueswhicharedefinedin theothergranule.

It is clearfrom thedefinitionthatQ� is reflexive andsymmetric,but not necessarilytransitive. Such
relationsaresometimescalledsimilarity relations.

For x � U we setQ� � x� � 	 y � U : xQ� y � . ThesetsQ� � x� arecalledsimilarity classes. Clearly,

Q� � x� � 	 y � U : �! a � Q�#" a � x� � a � y� or a � x� is notdefined or a � y� is notdefined$%�&�
Wecall x � U a – casual(with respectto Q and

�
), if a � Q, and

(2.1) �! y�#" y � Q� � x�'� y �� dom� a�($)�
In thiscase,thereis no informationfor x with respectto attributea from any granulecompatiblewith�
xQ.

Thenext resultis crucialfor our imputationalgorithm:
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a1 a2 a3 a4

x1 5.00 4.00 3.00 2.00
x2 ? 3.00 2.00 1.00
x3 2.00 ? 4.00 5.00
x4 ? 2.00 ? 3.00
x5 2.00 2.00 ? ?
x6 5.00 4.00 3.00 2.00
x7 3.00 2.00 1.00 1.00
x8 3.00 2.00 5.00 ?

Table2: Missingdatatable

a1 a2 a3 a4

x1 5.00 4.00 3.00 2.00
x2 4.30 3.00 2.00 1.00
x3 2.00 2.00 4.00 5.00
x4 2.39 2.00 2.28 3.00
x5 2.00 2.00 1.62 3.11
x6 5.00 4.00 3.00 2.00
x7 3.00 2.00 1.00 1.00
x8 3.00 2.00 5.00 4.17

Table3: Singleimputationvia iteratedlinearregression

Lemma 2.1. If relQ � x�*� relQ � y� anda � x� � a � y� for all a � relQ � x� , thenQ� � y�*� Q� � x� .
Proof. Let relQ � x�*� relQ � y� , a � x� � a � y� for all a � relQ � x� , andassumeQ� � y�+�� Q� � x� . Then,there
is somez � U suchthat

1. Whenever a � Q is definedfor y andz, thena � y� � a � z� .
2. Thereis somea0 � Q suchthata0 � x� anda0 � z� exist, anda � x�,�� a � z� .

By theassumptionrelQ � x�-� relQ � y� , a0 is definedfor y aswell. Sincea0 � y� � a0 � z� by 1., we have
a0 � x�,�� a0 � y� , contradictinga � x� � a � y� for all a � relQ � x� .
3 Imputation methods

Supposethat
���.�

U � Ω �
	 Va : a � Ω ��
 is an informationsystemwhich is not complete. In order
to copewith themissingdataentriesseveral strategiescanbe used.The simplestoneis ignorance,
which meansthat any observation with missingentriesis skippedfrom further analysis. Thereis
well-documentedevidenceto show thatignoranceis usuallyabadstrategy [13].

A secondstreamof methodsusesa single imputationstrategy. Here, a missingvalue is replaced
by the bestsuitedreplacement,where“best suited” is definedin termsof a statisticalmodel. Such
modelsusuallymake somedistributional assumptionsuchasa multinomialor a multivariatenormal
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distribution, e.g. the treatmentof missingdatain theAMOS system[2], or the EQSsystem[3], or
they usemixedmultinomial/normalmodels[18].

Eventhoughtheapproachhascomeundercriticism [10], we usethe iteratedlinear regressionalgo-
rithm for singleimputationasanillustrative exampleto show how missingdatacanbereplacedby a
simplestatisticaltechnique.

With the dataof Table 2, this resultsin the underlinedimputedvaluesin Table 3. This method
estimatesthemissingvaluesby linearregressionof theothervariablesin a form suchas

â1
�

b0 / 1 0 b2 / 1a2 0 b3/ 1a3 0 b4 / 1a4 �
â2
�

b0 / 2 0 b1 / 2a1 0 b3/ 2a3 0 b4 / 2a4 �
â3
�

b0 / 3 0 b1 / 3a1 0 b2/ 3a2 0 b4 / 3a4 �
â4
�

b0 / 4 0 b1 / 4a1 0 b2/ 4a2 0 b3 / 4a3 �
wherebi / j areconstantswhich areoptimal to fit the regressionline for the predictionof a j by the
attributesai � i �� j. Becausereplacingthemissingentriesai � xk � by theirexpectationâi � xk � – assuming
the validity of the linear regressionmodel– the entrieswill change,and thereforethe basisof the
modelestimateschangesaswell. In mostapplicationsmany iterationstepsarenecessaryto resultin
astableoptimalconfiguration.

Furthermore,the critical assumptionof this imputationmodel, namely, that thereis a linear rela-
tionshipamongthe variables,cannotbe assumedin general. Even if the relationshipis linear, the
procedurefacesanotherproblem: The existenceof only oneoutlier will bias the estimationof the
b-valuesdramatically.

Of course,many non-linearrelationshipscanbe modelledsimply by a non-lineartransformationof
thevariables,but a soundmodelof thedatais necessaryto achieve agooddescriptionof themissing
value.A badlychosenmodelcanmake thethingsevenworsethantheignorancestrategy, andhence,
statisticalimputationshouldbe usedwith care. Detaileddiscussionsof the interplay betweenthe
modelusedfor imputationandthemodelusedfor analysiscanbefoundin [14], and[17].

A third streamof methodsemploys the multiple imputationstrategy [16]. Here,the data–setis re-
placedby a numberof “mutual” datasetsin orderto simulatetheuncertaintyaboutthemissingval-
ues.Every datasetcanthenbeusedwithin thedataanalysis,anda modelbasedaggregationscheme
enablestheresultsto becombined.

4 Non-invasive imputation

Theprocedureproposedin thispaperis locatedin thebroadclassof rulebasedreasoningalgorithms.
This classof proceduresgeneratesrules for predictionandcanbe very simple – for example,the
multiplication of values[11] – or more complex – for example,clusteranalysisor decisiontrees
[12]. We call our approacha non-invasiveimputationmethod,becauseit takes all its information
from the given dataandmakesno additionaldependency or distributional assumptions.A seeming
disadvantageof this approachis that the procedurecannotinter-/extrapolateinto unknown regions
like the regressionmethod,becausethereis no mechanismfor inter-/extrapolation. The procedure
usesonly rulesanddependencieswithin thebodyof thedata,andthereforemissingvaluescanonly
replacedby known facts.In ourview this is nodisadvantageatall: If theprocedurecannotreplacethe
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missingvalueit will signala “do not know”- sign,which seemsmorereliable(andhonest)thanany
extrapolationbasedonstrongmodelassumptionswhentheseassumptionsmaynotbefully justified.

It is our aim to transforman incompletesystem
�

into a completesystem. If the granule
�
xQ hasa

missingvalueat,say, a � Q, we will try to imputeit from thea-valuesof theobjectsin thesimilarity
classof x. This will not alwaysbepossible,and,if it is, theremaynot bea uniquevalue. Thus,the
resultof the imputationprocesswill in some(or many) casesbea list of valuesfrom which a value
maybepicked,possiblyby othermethods,without violatingconsistency.

Let usdefinea mappingm : U 1 Ω �32 a 4 Ω 2Va which will give us thepossibleimputablevaluesby
collectingfor eachx � U andeacha � Q thoseentrieswhich appearasentriesa � y� in thegranules
inducedby ay � U which is consistentwith x.

m� x � a� �
566667 66668
a � x��� if a � x� is defined�	 a � y� : y � Q� � x�9�&� if a is notdefinedatx �

but a is definedfor somey � Q� � x���
?� otherwise�

We seethatm doesnot changeuniquevalues;furthermore,if a is not definedat any y � Q� � x� , i.e.
if x is a – casual,thenwe will not be ableto fill theentry

�
x � a
 ; in this case,thereis no “collateral

knowledge” for
�
x � a
 . This is thecase,whena rule is basedon only onegranule;we have discussed

thisbriefly in DüntschandGediga[7].

Basedon Lemma2.1,we cannow giveanon-invasive imputationalgorithm.

Algorithm 1. Defineasequenceof informationsystemsasfollows:

1.
�
0
�:�

.

2. Supposethat
�
k
���

U � Ωk �
	 Vak : ak � Ωk ��
 is definedfor somek ; 0.

(a) Find thesimilarity classesQ� k � x� .
(b) For eachak � Ωk � x � U , let

ak < 1 � x� �>= m� x � ak ��� if ?m� x � ak �@? � 1 �
?� otherwise�

(c) SetΩk< 1
def� 	 ak< 1 : ak � Ωk � andVak A 1

def�
Vak.

With this procedure,we successively extendtheattribute mappings;in otherwords,we increase(or
leave constant)relΩ � x� . In this process,we reduce(or leave constant)the similarity classesQ� k � x� ,
andLemma2.1 now tells us that thereis ann suchthatQ� n � x� � Q� r � x� for all x � U andn B r. At
this stepwe reportthematrix

�
m� x � a�C
 a4 Ωn. If m� x � a� hasmorethanoneelement,this setwill give

usthepossibilitiesfor avaluea � x� , basedonpreviousexperience.

Thestepstakenby thismethodfor theexampledataaregivenin Table4. Wehave listedtheinterme-
diatesetsm� x � a� to indicatehow thecompatibilitieschangeafterwehaveextendedattributefunctions
in onestep.After thefirst stepwenotethatwecannotmake thetablecomplete,sincex2 is a1-casual.
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a1 a2 a3 a4

x1 5.00 4.00 3.00 2.00
x2 ? 3.00 2.00 1.00
x3 2.00 	 a2 � x5 �9� 4.00 5.00
x4 	 a1 � x5 ��� a1 � x8 �9� 2.00 	 a3 � x8 �9� 3.00
x5 2.00 2.00 	 a3 � x3 �9� 	 a4 � x3 ��� a4 � x4 �9�
x6 5.00 4.00 3.00 2.00
x7 3.00 2.00 1.00 1.00
x8 3.00 2.00 5.00 	 a4 � x4 �9�

Table4: Non-invasive imputationI

a1 a2 a3 a4

x1 5.00 4.00 3.00 2.00
x2 ? 3.00 2.00 1.00
x3 2.00 	 2 � 00� 4.00 5.00
x4 	 a1 � x8 �9� 2.00 	 5 � 00� 3.00
x5 2.00 2.00 	 4 � 00� 	 a4 � x3 �9�
x6 5.00 4.00 3.00 2.00
x7 3.00 2.00 1.00 1.00
x8 3.00 2.00 5.00 	 3 � 00�

Table5: Non-invasive imputationII

Thereis someambiguityfor theobservationsx4 andx5 whichcannotberesolvedin thefirst step.The
reasonis that thereare– at this step– consistentreplacementsof themissingvaluesin x3, x5, andx8

respectively, which allow usto build a suitablegranulefor thepredictionof themissingvaluesof x4

andx5. Sincethesimilarity classesarereducedin step2, therearefewerpossibilitiesfor replacement,
and,indeed,all ambiguitiescanberesolved.

Onemight arguethat thereis a biastowardsoneelementsetsm� x � a� , sincewe alwaysfill thosein
first, andthencomputethesimilarity classes.If wehavecommittedourselvesto minimisethenumber
of remaining?andfill in whateverwe can,wehave nootherchoice:Wemustimputesingletonsfirst,
sincethey areall we have in suchaninstance.This procedureleadsto theleastnumberof remaining
?cells.

a1 a2 a3 a4

x1 5.00 4.00 3.00 2.00
x2 ? 3.00 2.00 1.00
x3 2.00 	 2 � 00� 4.00 5.00
x4 	 3 � 00� 2.00 	 5 � 00� 3.00
x5 2.00 2.00 	 4 � 00� 	 5 � 00�
x6 5.00 4.00 3.00 2.00
x7 3.00 2.00 1.00 1.00
x8 3.00 2.00 5.00 	 3 � 00�

Table6: Non-invasive imputationIII: Final state
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The simplemultiplication of Grzymała-Busse[11] replacesoneobservation by a list of new obser-
vationseachof which fills in themissingvalue(s)by oneof thepossibilities;this procedureassumes
thatevery valueis “legitimate”. Thefirst stepof our algorithm,thoughseeminglysimilar, differs in
oneimportantaspect:We replacea missingvaluewith a setof possiblevalues,andthus,implicitly,
assumea disjunctive connectionamongthepossibleobservations,while addingnew observationsto
theinformationsysteminducesaconjunctive relationship.

5 A simulation study

In this Sectionwe explorethebehaviour of our imputationprocedureby a simulationstudy. While a
concreteexamplemaybean indicatorof a procedure’s usefulnessandlimitation – but nothingmore
–, a simulationstudysystematicallyvariesthevariableswhich may influencethequality of results,
andthusit shedsabroaderlight on theissuesunderconsideration.

Thevariableparametersconsideredare

Numberof differentgranules n
�

500� 400� 300� 200� 100

Numberof attributes k
�

10� 8 � 6 � 4
Numberof attributevalues m

�
6 � 5 � 4 � 3 � 2

Percentageof missingvalues p
�

0 � 2 � 0 � 15� 0 � 10� 0 � 05� 0 � 02�
Not all combinationswerepossible,sincewehave to observe

n B mk �
For eachcombinationwe have randomlygenerated100 information systems,eachwith N

�
500

objects.Wehave usedthefollowing additionalvariables:

NOG
� N

n
� Averageobservationspergranule

s Numberof missingvalues

e Numberof replacementerrors

E
� e

s
� Error rate

SC
�

k D ln � m��� Statecomplexity

A replacementerror occurs,whenthe original valueis not in the list of suggestedvalues. Observe
thatanerror is only possible,if eachcompatibleinstanceof thegranulecontainsa missingvalue;in
otherwords,if thereis acompatiblegranulewithoutmissingvalue,anerrorcannotoccur.

Furthermore,we let T
� 	 ti : 1 B i B s� bethesetof all suggestedlistsof replacements,includingthe

one-elementlists.

Wehave theconsideredthemean(µ) andvariance(σ) of thefollowing functions1:

1Thetablesareavailablefrom http://www.roughian.co.uk/papers/missdata/misshtml.html
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Figure1: Plot of logit � len� with statecomplexity andp

1. Thepercentageof missingvalueswhichwerereplacedby onevalue.

2. len
� ∑s

i H 1 I ti I
sJm , the averagesize of a replacementlist when taken over all lists, relative to the

numbermof possiblevalues.This functionservesasameasureof uncertainty.

3. Thenumberof replacementerrors.

We have replacedevery remaining? by a list of all valueswhich have occurredin the appropriate
column,which expressestheobservation that no otherdataentry canbe usedto reduceuncertainty
for this case,andthereforeevery entrywill beconsistent.

Thesimulationresultsgive riseto thequestionwhich variablesdeterminetheuncertaintylen andthe
predictionerror rateE. BecauseE andlen arepercentagesin a rangefrom near0 to near1, we use
thelogit transformation(logit � u� � ln � u

1 K u � ) of E asanerror indicator, andlogit � len� asanindicator
of uncertainty. This enablesusto usea linearmodelbasedon thetransformedvariables.

Figure1 shows thatonly two variablesareneededto describetheresultsof logit � len� : Theregression
line

logit � len� � 3 � 372 L 0 � 723SC 0 0 � 244p � R2 � 0 � 959

fits the dataup to a small amountof error, becausethe R2 measureindicatesthat the regression
line expresses95.9%of the squareddifferencesof logit � len� and only the amountof 4.1% of the
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Figure2: Plotof logit � E � with numberof observationspergranule(NOG)andp D SC

squareddifferencesof logit � len� remainsunexplained.Inspectionof Figure1showsthattheremaining
unexplainedvariancemaybecausedby anadditionalsmallnon-lineareffect. Thepredictionsuccess
(in termsof R2) of the entropy of the underlyingdistributions is by far lower than the prediction
successof SC.

Theerrordataaremorecomplex. In orderto find outwhichvariablesarenecessaryto predictlogit � E �
we have performedamultiple regressionanalysisresultingin

logit � E � � L 1 � 992 0 0 � 02674p D SC L 0 � 0594NOG L 0 � 185p � R2 � 0 � 892�
TheR2-measuredemonstratesthatthemodelfits thedataupto smallnon-lineardeparturesandasmall
amountof additionalnoise. Somesignificantenhancementsof theR2-measurearepossible,but the
impactof the additionalvariablesin the enhancedregressionequationsis by far lower thanthe one
reportedabove.

Figure 2 shows the dependency of E on the numberof observations per granule(NOG) and the
variable p D SC. The figure shows that despitethe variation in the simulation,a rule of thumb “5
observationsper granule” leadsto acceptablebehaviour of the procedure– notethat this means“5
observationsper granuleincluding the full list at remainingmissingvalues”. Onceagain: It is the
statecomplexity andnot theentropy which is asuitablepredictorfor theresults.

In orderto describemostof thevarianceof logit � E � , therelativenumberp of missingvalueshasto be
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Figure3: Plotof logit � E � with numberof observationspergranule(NOG), p D SC, andp

usedasanadditionalpredictingvariable. The4-dimensionalplot of theserelationshipsis presented
in Figure3.

As thefigureshave indicated,theerrormeasureE dependsnegatively on thenumberof observations
pergranule,andpositively on thestatecomplexity andrelative numberof missingvalues.

6 Conclusion

The techniqueof replacingmissingvaluesby maximisingthe consistency of the data–setoffers a
non-invasive alternative to themissingvalueestimationsby statisticalmethods,which is very quick
in comparisonto thetime requiredby statisticalprocedures:For every instanceof thesimulateddata
we observe convergenceafteratmost5 cycles.

The advantage(andperhapsthe drawback)of the procedureis that it will result in all possibilities
of replacementsby known valueswhich allow interpretationsconsistentwith theobserved data,and
only in those. It may serve asa first instrumentto look at admissiblereplacementsof missingdata
in termsof consistency. The numberof possiblereplacementsis negatively correlatedwith state
complexity. This is a price onehasto pay if onewantsto know the possible(andnot the probable
best)replacements:If the statecomplexity grows, the chanceof mutualreplacementswhich arein
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theunderlyingdistribution of thedatarises;if thenumberof missingvaluesgrows aswell, therisk of
resultingin many replacementsgrows multiplicatively.

Theintentionof theproposedprocedureis to presentto theusera pictureof whathappensif missing
valuesareimputedthat areconsistentwith thegiven data– a differentgoal to finding a (statistical)
procedureto estimatea modelamongvariables.This interplayof non-invasive computingandmore
demandingstatisticalmodellingis intended:Non-invasive computingshows which resultsarepos-
sible from (and consistentwith) the obtaineddata– statisticalmodelling offers the most probable
solutionof theproblem.
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