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Abstract

We presentan algorithmto impute missingvaluesfrom given dataalone,and analyseits per
formance.The proposedrocedurds basedon non—numeriaule baseddataanalysis,andaims
to maximiseconsisteng of imputationfrom known values. In contrastto the prevailing statis-
tical imputationalgorithms,it doesnot make representationassumption®r presupposesther
modelconstraints.Therefore|t is suitablefor a wide variety of data—setsandcanbe usedasa
pre-processingtepbeforeresortingto hardemumericalmethods.

Keywords: Imputation,maximalconsisteng, non—irvasive dataanalysis

1 Intr oduction

Incompletedatais a major problemin dataanalysis. Thereare several waysto “impute” missing
values,all of which are basedon statisticalprocedures.The basicidea of theseproceduress the
estimatiornof themissingvaluesby minimisingalossfunctionsuchastheleastsquareneasurer the
negative likelihood. For an overview of the currentpracticeof working with missingdatawe invite
thereaderto consultAcock [1]; for amorecompletetreatmenive recommendhe excellentbook by
Schafel[18].

Onemajor problemof every datamining methodis the hugestatecompleity, evenwhenthereare
only afew attributeswith afew possiblevalues(Tablel).

Oneobseresthat, in mostcasesyeal life problemshave relatively few datapointsrelative to the
numberof all possibleobserations,andtherefore distributional assumptionsre often hardto jus-
tify; additionally suchproblemsoftenshav mary attribute dependencieslhus,traditionalstatistical
modelsarenot alwaysoptimaltoolsfor datamining.

ThefamousEM-algorithm[4] wasoneof thefirst effective approacheto handlemissingdataprob-
lemson the basisof thelikelihoodmeasureOnedravbackof the EM algorithmis thatit is slow and
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Tablel: Statecompleity

# of attributes
#qf attr. 10] 20| 30
values

log, o (states)

2 3.01| 6.02| 9.03
3 4.77| 9.54| 14.31
4 6.02| 12.04| 18.06
5 6.99| 13.98| 20.97

costly Furthermoreijt only worksif we assumea restrictedmodelclassfor the data,namely when
the distribution of the datais assumedo be a samplefrom a fixed distribution family suchasthe
multivariatenormaldistribution. Thisis problematic becausehe modelassumptioritself influences
the estimationof themissingvalues.

We have discussecelsavhere[8, 9] thatin mary instance®f dataanalysisthe useof hardstatistical
methodss neitherappropriatenor, indeed,necessatryit is often suficient to usenon—irvasive tools
which do not malke ary distributional or otherstrongassumptionsDependeng rulesin the spirit of
roughsetdataanalysigRSDA) [15], statisticakignificanceof symbolicrulesby randomisationmeth-
ods[5], datadiscretisatiorby usingonly classificatiorinformation([6], [19]), andmodelselectiorby
entrofy minimisation[7].

In this paperwe describean algorithmto impute missingvaluesfrom given dataalone,andanalyse
its performanceQur approachs basedn non—numericule basedataanalysis.In contrasto statis-
tical proceduressuchanalysisoffers no straightforvard way to definelossfunctionsor a likelihood
function; theseare basedon statisticalassumptionsywhich arenot givenin rule baseddataanalysis.
Therefore ptheroptimisationcriteriamustbeused.A simplecriterionis thedemandhatthe rulesof

the systemshouldhave a maximumin termsof consisteny, which meansif we fill a missingentry
with a value,we shouldresultin arule which is consistenwith the otherrulesof the system. Our

algorithmimputesmissingvaluesin anattribute vectorX by presentinglist of possiblevaluesdravn

from the setof all vectorsy which do not contradictX, i.e. they have the sameentrieswherever both
aredefined.

The structureof the paperis asfollows: We beagin with alist of definitionsandnotation(Section2),
whichis followed by a brief overview of currentstatisticalimputationmethodgSection3). The next
Sectionpresentur algorithm, and Section5 analysedts performanceby a simulationstudy We
closewith adiscussiorof ourresults.

2 Definitions and notation

An informationsystermis a structure
I1=(U,Q,{Va:acQ}),

where

e U is afinite setof objects.



e Q is afinite setof partialfunctionsa: doma C U — V,; eacha € Q is calledanattribute

e \/, is thesetof attribute valuesof attribute a.

If eachais afunction,i.e. doma= U, thenwe call I acompletdanformationsystemotherwiseijt is
calledincomplete If x € U \ doma, thenwe saythatx hasa missingvalueat a. Sucha systemcan
bepicturedasa datamatrix suchasTable2. We write “?” in cell (x,a), if ais notdefinedatx. In our
interpretationthe ?is a placeholdefor arny valuein V;.

Foreachx € U andeachd # Q C Q welet
relo(x) = {a€ Q: x e doma}

bethesetof Q-relevantattributesfor x. Let Xq bethefeaturevectorof x with respecto theattributes
inQ,i.e.

Xo=(a(x) :a€ Q).

Here,we assumehat the attributesin Q, andthusin Q, are suitablyindexed. EachXq is calleda
Q-granule if Q= Q or Q is understoodwe just speakof granules Obsenre that

XQ = Rrelg(x)-
For eachd # Q C Q wedefinearelationQ; onU by

xQ,y <= a(x) = a(y) for all a € relg(x) Nrelgy.

If xQy, we saythatx andy areconsistent This terminologyis justified by thefactthatxQ;y justin
casethatwhenerer ais definedon bothx andy, it doesnot distinguishbetweerthem. For example x
andy with

YQ = <la?73>a VQ = <la4a?>
areconsistentwhile in case
%o =1(123), Vo=(1,22)

they arenot. Consisteng is a generalisatiorf the indiscernabilityconceptwhich is usedin RSDA:

Two objectsx,y areQ-indiscerniblejf relg(x) = Q = relg(y), andtheir inducedgranulesareequal.
Thegranulesof two consistenbbjectscanbe madeequalon the union of their relevant attributesby
filling in missingvaluesin onegranuleby valueswhich aredefinedin the othergranule.

It is clearfrom the definitionthat Q; is reflexive andsymmetric,but not necessarilytransitive. Such
relationsaresometimesalledsimilarity relations

Forx € U wesetQ;(x) = {y € U : xQ;y}. ThesetsQ,(x) arecalledsimilarity classesClearly,
Q:(x) ={yeU : (Vae Q)[a(x) = a(y) or a(x) is notdefined or a(y) is notdefined},

We call x € U a—casual(with respecto Q and ), if a € Q, and

(2.1) (VY)ly € Qi(x) = y & dom(a)].

In this casethereis noinformationfor x with respecto attribute a from any granulecompatiblewith
Xo.

Thenext resultis crucialfor ourimputationalgorithm:
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a @ & &
x1 | 5.00 4.00 3.00 2.00
x| ? 3.00 2.00 1.00
x3 | 200 ? 4.00 5.00
x| ? 200 ? 3.00
xs | 200 200 ? ?
s | 5.00 4.00 3.00 2.00
x; | 3.00 2.00 1.00 1.00
g | 3.00 2.00 5.00 ?

Table2: Missingdatatable

T a & &
x1 | 5.00 4.00 3.00 2.00
% | 4.30 3.00 2.00 1.00
X3 | 2.00 2.00 4.00 5.00
x; | 2.39 2.00 2.28 3.00
x5 | 200 2.00 1.62 3.11
% | 5.00 4.00 3.00 2.00
x; | 3.00 2.00 1.00 1.00
xg | 3.00 2.00 5.00 4.17

Table3: Singleimputationvia iteratedlinearregression

Lemma 2.1. If relg(x) C relg(y) anda(x) = a(y) for all a € relg(x), thenQ;(y) C Q(x).

Proof. Letrelg(x) Crelg(y), a(x) = a(y) for all a € relg(x), andassumeQ; (y) Z Q;(x). Then,there
is somez € U suchthat

1. Wheneera € Q is definedfor y andz, thena(y) = a(z).

2. Thereis somegg € Q suchthatag(x) andag(z) exist, anda(x) # a(z).

By theassumptionrelg(x) C relg(y), ap is definedfor y aswell. Sinceag(y) = ag(z) by 1., we have
ag(X) # ap(y), contradictinga(x) = a(y) for all a € relg(x). O

3 Imputation methods

Supposehat I = (U,Q,{V, : a € Q}) is aninformation systemwhich is not complete. In order
to copewith the missingdataentriesseveral stratgies canbe used. The simplestoneis ignorance,
which meansthat ary obseration with missingentriesis skippedfrom further analysis. Thereis

well-documenteavidenceto shav thatignorances usuallya badstratey [13].

A secondstreamof methodsusesa single imputationstratgy. Here, a missingvalueis replaced
by the bestsuitedreplacementywhere“best suited” is definedin termsof a statisticalmodel. Such
modelsusuallymake somedistributional assumptiorsuchasa multinomial or a multivariatenormal



distribution, e.g. the treatmentof missingdatain the AMOS system[2], or the EQSsystem[3], or
they usemixed multinomial/normaimodels[18].

Eventhoughthe approacthascomeundercriticism [10], we usetheiteratedlinear regressionalgo-
rithm for singleimputationasanillustrative exampleto shav how missingdatacanbereplacedoy a
simplestatisticaltechnique.

With the dataof Table 2, this resultsin the underlinedimputedvaluesin Table 3. This method
estimateshe missingvaluesby linearregressiorof the othervariablesin aform suchas

a1 = bo1+ by 18>+ bz 1834 by 184,
& = bo 2+ by 28y + bz pa3 4 by pa4,
&z = bp 3+ by 381 + b 382 + b4 324,
a4 = bo 4 + by 481 + b2 482 + b3 483,

whereb; ; are constantsvhich are optimalto fit the regressionline for the predictionof a; by the
attributesa;, i # j. Becauseeplacingthemissingentriesa; (xx) by theirexpectatior; (xc) —assuming
the validity of the linear regressionmodel— the entrieswill change,andthereforethe basisof the
modelestimatechangesswell. In mostapplicationanary iterationstepsarenecessaryo resultin

a stableoptimalconfiguration.

Furthermore the critical assumptiorof this imputationmodel, namely that thereis a linear rela-
tionship amongthe variables,cannotbe assumedn general. Evenif the relationshipis linear, the
proceduregfacesanotherproblem: The existenceof only one outlier will biasthe estimationof the
b-valuesdramatically

Of course mary non-linearrelationshipscanbe modelledsimply by a non-lineartransformatiorof

thevariables put a soundmodelof the datais necessaryo achiee a gooddescriptionof the missing
value. A badlychosemrmodelcanmake the thingsevenworsethantheignorancestratgy, andhence,
statisticalimputationshould be usedwith care. Detaileddiscussionf the interplay betweenthe
modelusedfor imputationandthe modelusedfor analysiscanbefoundin [14], and[17].

A third streamof methodsemplgys the multiple imputationstratgy [16]. Here,the data—sets re-
placedby a numberof “mutual” datasetsin orderto simulatethe uncertaintyaboutthe missingval-
ues.Every datasetcanthenbe usedwithin the dataanalysisanda modelbasedaggregationscheme
enablegsheresultsto becombined.

4 Non-invasive imputation

Theprocedurgroposedn this paperis locatedin the broadclassof rule basedeasoninglgorithms.
This classof proceduregjeneratesulesfor predictionand can be very simple — for example,the
multiplication of values[11] — or more complex — for example, clusteranalysisor decisiontrees
[12]. We call our approacha non-irvasiveimputationmethod,becauset takes all its information
from the given dataand makes no additionaldependengc or distributional assumptionsA seeming
disadwantageof this approachis that the procedurecannotinter/extrapolateinto unknavn regions
like the regressionmethod,becausdhereis no mechanisnfor inter/extrapolation. The procedure
usesonly rulesanddependenciewithin the body of the data,andthereforemissingvaluescanonly
replacedby known facts.In ourview thisis nodisadwantageatall: If theprocedureannotreplacehe



missingvalueit will signala“do notknow”- sign,which seemanorereliable (andhonestthanary
extrapolationbasedon strongmodelassumptionsvhentheseassumptionsnay not befully justified.

It is our aim to transforman incompletesystem! into a completesystem. If the granuleXg hasa
missingvalueat, say a € Q, we will try to imputeit from the a-valuesof the objectsin the similarity
classof x. Thiswill notalwaysbe possibleand,if it is, theremay not be a uniquevalue. Thus,the
resultof the imputationprocesswill in some(or mary) casesealist of valuesfrom which a value
may be picked, possiblyby othermethodswithoutviolating consisteng

Let us definea mappingm: U x Q — Uaeco 2% whichwill give usthe possibleimputablevaluesby
collectingfor eachx € U andeacha € Q thoseentrieswhich appearasentriesa(y) in the granules
inducedby ay € U whichis consistentvith x.

a(x), if a(x) is defined
{a(y) :ye Q;(x)}, if ais notdefinedatx,

but a is definedfor somey € Q,(x),
?, otherwise

m(x,a) =

We seethat m doesnot changeuniquevalues;furthermore,if a is notdefinedatary y € Q,(x), i.e.
if X is a — casualthenwe will notbe ableto fill theentry (x,a); in this case thereis no “collateral
knowledge”for (x,a). Thisis thecasewhenarule is basedon only onegranule;we have discussed
this briefly in DiintschandGediga[7].

Basedon Lemmaz2.1,we cannow give anon-irvasive imputationalgorithm.

Algorithm 1. Definea sequencef informationsystemsasfollows:

1. Lh=1.
2. Supposghat Iy = (U, Qy, {Vi : & € Qi}) is definedfor somek > 0.

(a) Findthesimilarity classe€Q,, (x).
(b) Foreachak € Qy, x € U, let

ak+1(x) _ m(x,a), if |m(x,a¥)| =1,
?, otherwise

() SetQy &

(a1 gk € O} andVe: 2.

With this procedurewe successiely extendthe attribute mappings;in otherwords,we increasgor
leave constantyelq(x). In this processwe reduce(or leave constant)the similarity classe<Q, (x),
andLemma2.1 now tells usthatthereis ann suchthatQ; (x) = Q; (x) for all x e U andn <r. At
this stepwe reportthe matrix (m(x,a))acq,. If m(x,a) hasmorethanoneelementhis setwill give
usthepossibilitiesfor a valuea(x), basedon previous experience.

Thestepstaken by this methodfor the exampledataaregivenin Table4. We have listedtheinterme-
diatesetsm(x, a) to indicatehow thecompatibilitieschangeafterwe have extendedattribute functions
in onestep.After thefirst stepwe notethatwe cannotmalke thetablecomplete sincex; is a;-casual.



a1 & a3 a4

X1 5.00 4.00 3.00 2.00

X2 ? 3.00 2.00 1.00

X3 2.00 {az(X5)} 4.00 5.00

X | {al6)a6)} 200 {ale)} 3.0

X5 2.00 2.00 {a3(x3)} {a4(X3),a4(X4)}
X6 5.00 4.00 3.00 2.00

X7 3.00 2.00 1.00 1.00

Xg 3.00 2.00 5.00 {a4(xa)}

Table4: Non-invasive imputationl

A a as &
X1 5.00 4.00 3.00 2.00
X2 ? 3.00 2.00 1.00

x3 | 2.00 {200} 4.00  5.00
x4 | {a1(x)} 2.00 {500}  3.00
xs | 200 200 {400} {as(x)}
Xs | 500  4.00 300  2.00
x;| 3.00 200 1.00  1.00
xg | 300 200 500 {3.00}

Table5: Non-irvasive imputationll

Thereis someambiguityfor the obserationsx, andxs which cannotberesohedin thefirst step.The
reasonis thatthereare— at this step— consistenteplacementsf the missingvaluesin x3, Xs, andxg
respectiely, which allow usto build a suitablegranulefor the predictionof the missingvaluesof x4
andxs. Sincethesimilarity classesrereducedn step2, therearefewer possibilitiesfor replacement,
and,indeed all ambiguitiescanberesohed.

Onemight aguethatthereis a biastowardsone elementsetsm(x,a), sincewe alwaysfill thosein
first, andthencomputethe similarity classeslf we have committedoursehesto minimisethenumber
of remaining? andfill in whatever we can,we have no otherchoice:We mustimputesingletondirst,
sincethey areall we have in suchaninstance.This procedurdeadsto theleastnumberof remaining
?cells.

ai az az a4

X1 | 5.00 4.00 3.00 2.00
Xo ? 3.00 2.00 1.00
X3 | 2.00 {200} 4.00 5.00
Xs | {3.00f 2.00 {5.00f 3.00
Xs | 2.00 2.00 {4.00} {5.00}
X6 | 5.00 4.00 3.00 2.00
x7 | 3.00 2.00 1.00 1.00
xg | 3.00 2.00 5.00 {3.00}

Table6: Non-invasive imputationlll: Final state



The simple multiplication of Grzymata-Buss¢l1] replacesone obseration by a list of nev obser
vationseachof whichfills in the missingvalue(s)by oneof the possibilities;this procedureassumes
thatevery valueis “legitimate”. Thefirst stepof our algorithm,thoughseeminglysimilar, differsin
oneimportantaspect:We replacea missingvaluewith a setof possiblevalues,andthus,implicitly,
assume disjunctive connectioramongthe possibleobserations,while addingnen obserationsto
theinformationsysteminducesa conjunctve relationship.

5 A simulation study

In this Sectionwe explore the behaiour of ourimputationprocedureby a simulationstudy While a
concreteexamplemay be anindicatorof a procedures usefulnesandlimitation — but nothingmore
—, a simulationstudy systematicallyvariesthe variableswhich may influencethe quality of results
andthusit shedsa broadedight ontheissuesunderconsideration.

Thevariableparametersonsideredre

Numberof differentgranules n= 500,400 300,200,100
Numberof attributes k=10,8,6,4

Numberof attribute values m=6,5,4,3,2

Percentagef missingvalues p=0.2,0.15,0.10,0.05,0.02

Not all combinationsverepossible sincewe have to obsere
n< mk.

For eachcombinationwe have randomly generatedl00 information systems,eachwith N = 500
objects.We have usedthefollowing additionalvariables:

NOG= %, Averageobsenrationspergranule
S Numberof missingvalues
e Numberof replacemengrrors
E= g, Errorrate
L =k-In(m). Statecompleity

A replacemenerror occurs,whenthe original valueis notin thelist of suggestedalues. Obsere
thatanerroris only possiblejf eachcompatibleinstanceof the granulecontainsa missingvalue;in
otherwords,if thereis a compatiblegranulewithout missingvalue,anerrorcannotoccur

Furthermorewelet T = {t; : 1 <i < s} bethesetof all suggestedists of replacementsncludingthe
one-elemenlists.

We have the consideredhe mean(y) andvariance(o) of thefollowing functions:

IThetablesareavailablefrom ht t p: / / www. r oughi an. co. uk/ paper s/ i ssdat a/ mi sshtm . ht i
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Figurel: Plotof logit(len) with statecompleity andp

1. Thepercentagef missingvalueswhich werereplacedoy onevalue.

2. len= % the averagesize of a replacementist whentaken over all lists, relative to the

numberm of possiblevalues.This functionsenesasa measuref uncertainty

3. Thenumberof replacemengrrors.

We have replacedevery remaining? by a list of all valueswhich have occurredin the appropriate
column,which expresseghe obseration that no otherdataentry canbe usedto reduceuncertainty
for this case andthereforeavery entrywill be consistent.

The simulationresultsgive rise to the questionwhich variablesdeterminethe uncertaintylen andthe
predictionerrorrateE. BecauseE andlen are percentages a rangefrom near0 to nearl, we use
thelogit transformatior(logit(u) = In(1)) of E asanerrorindicator andlogit(len) asanindicator
of uncertainty This enablesisto usealinearmodelbasedon thetransformedrariables.

Figurel shavs thatonly two variablesareneededo describetheresultsof logit(len): Theregression
line

logit(len) = 3.372— 0.7233C + 0.244p, R? = 0.959

fits the dataup to a small amountof error becausghe R?> measurdndicatesthat the regression
line expresse®5.9% of the squareddifferencesof logit(len) and only the amountof 4.1% of the
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squarediifference®f logit(len) remainaunexplained.Inspectiorof Figurel shavsthattheremaining
uneplainedvariancemay be causedyy anadditionalsmallnon-lineareffect. The predictionsuccess
(in termsof R?) of the entropy of the underlyingdistributions is by far lower than the prediction
succes®f .

Theerrordataaremorecomplex. In orderto find outwhich variablesarenecessaryo predictlogit(E)
we have performeda multiple regressioranalysisresultingin

logit(E) = —1.992+ 0.02674p- SC — 0.059NOG — 0.185p, R2 = 0.892

TheR2-measur@lemonstratethatthe modelfits the dataup to smallnon-lineardeparturesndasmall
amountof additionalnoise. Somesignificantenhancementsf the R°>-measureare possible but the
impactof the additionalvariablesin the enhancedegressionequationss by far lower thanthe one
reportedabove.

Figure 2 shaws the dependengc of E on the numberof obsenrations per granule(NOG) and the
variable p- SC. The figure shawvs that despitethe variation in the simulation, a rule of thumb“5
obserationsper granule”leadsto acceptabléehaiour of the procedure- notethat this means‘s
obserationsper granuleincluding the full list at remainingmissingvalues”. Onceagain: It is the
statecomplity andnotthe entrofy whichis a suitablepredictorfor theresults.

In orderto describemostof thevarianceof logit(E), therelatve numberp of missingvalueshasto be
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usedasan additionalpredictingvariable. The 4-dimensionaplot of theserelationshipss presented
in Figure3.

As thefigureshave indicated the errormeasurdée dependsiegatively onthe numberof obserations
pergranuleandpositively onthe statecompleity andrelatve numberof missingvalues.

6 Conclusion

The techniqueof replacingmissingvaluesby maximisingthe consisteng of the data—sebffers a
non-irvasie alternatve to the missingvalue estimationsy statisticalmethodswhich is very quick
in comparisorto thetime requiredby statisticalproceduresFor every instanceof the simulateddata
we obsere corvergenceafterat most5 cycles.

The advantage(and perhapghe dravback) of the procedureis thatit will resultin all possibilities
of replacementby knowvn valueswhich allow interpretationgonsistenwith the obsered data,and
only in those. It may sere asa first instrumentto look at admissiblereplacementsf missingdata
in termsof consisteng. The numberof possiblereplacementss negatively correlatedwith state
compleity. This is a price onehasto payif onewantsto know the possible(andnot the probable
best)replacementslf the statecompleity grows, the chanceof mutualreplacementsvhich arein
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theunderlyingdistribution of the datarises;if the numberof missingvaluesgrows aswell, therisk of
resultingin mary replacementgrowns multiplicatively.

Theintentionof the proposedroceduras to presento the usera pictureof whathappensf missing
valuesareimputedthat are consistenwith the given data— a differentgoalto finding a (statistical)
procedurdo estimatea modelamongvariables.This interplayof non-invasive computingandmore
demandingstatisticalmodellingis intended: Non-invasive computingshavs which resultsare pos-
sible from (and consistentwith) the obtaineddata— statisticalmodelling offers the most probable
solutionof the problem.
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