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Abstract

Two objectso, 05 Of aninformationsystemaresaidto becomplementarwvith respecto attribute
a if a(o1) = —a(o02), wherea(o) is the setof valuesof attribute « assignedo o. They are said
to be complementaryvith respecto a setof attributesA if they arecomplementaryvith respect
to eachattributea € A. A multi-modallogical languagefor reasoningaboutcomplementarity
relationsis presentedwith modalities|A] and(A) parameterisetly subset®f a givensetATTR
of attributes. Two completedeductionsystenfor thelanguagerepresenteda Rasiava—Sikorski
style systemusingsignedformulae,andan equivalentsequentalculussystemin Gentzenstyle
completefor theories.

1 Intr oduction

In theworld aroundus, entitiesare percevedby the presencer absencef featuresandthe
OBJECT — ATTRIBUTE

relationshipsenesin mary casesasa basisfor knowledgerepresentationMore formally, aninfor-
mationsystenis atupleZ = (OBJ, ATTR, {V, }.eaTTr), SUChthat

e OBJis anonemptysetof objects
e ATTR is anonemptysetof attributesor features suchthat

— Eacha € ATTR is a mappingfrom OBJ to 2V=, whereV, is a nonemptysetof possible
valuesof attributea,
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which assigngo eachobjecta setof valuesassociatedavith «

(Pawlak, 1973,Lipski, 1976,0rtowska& Pawlak, 1987).If bothOBJ andATTR arefinite, we can,in
principle, depictthe systemasa datatable,similarto atableof arelationaldatabase.

With eachset A of attributesone canassociatevariousrelationson the objectset, the mostwidely
usedbeingtherelationshipind(A) of indiscernability: here two objectsarerelatedif they cannotbe
distinguishedvith the knowledgegivenby the attributesin A. In otherwords,for all z, y € OBJ,

(1.1) (z,y) € ind(A) if andonly if a(z) = a(y) foralla € A.

Indeed,thereare mary typesof suchrelationswhich canbe sensiblyderived from aninformation
system,andthe readeris invited to consultOrtowska (1995) for more details,and Diintschet al.
(1999)for a generalform of relationalrepresentation.

While relationsof similarity have beenfrequentlystudiedandarewell understoodthe situationwith
regardto relationswhich describehedifference®f objectsis muchlessclear Onedissimilarityrela-
tion which hasbeenstudiedin somedetailis thatof (strong)complementaritywhere,for anonempty
setof attributesA,

(z,y) € comp(A)if andonlyif a(z) =V, \ a(y) foralla € A.

Demri & Ortowska(1998)show thatcomp(A) is

C1. irreflexive,
C2. symmetric,and
C3. 3-transitve,i.e.for all w, z, y, z € OB},
(w,z),{(z,y),{y, z) € comp(A) implies(w, z) € comp(A).
Corversely they show thatfor eachrelation R on OBJ with thesepropertieghereareaninformation

systemZ andasetof attributesA suchthat R = comp(A).

Theserelationsarenotindependentsince

(1.2) comp(| ) Ai) = [ comp(A:)

el i€l

for ary family { A; : ¢ € I} of nonemptysubset®f ATTR, so,for example,
(1.3) comp(AU B) = comp(A) N comp(B),

for all nonemptyA4, B C ATTR.

Condition(1.2) saysthattwo objectsare complementaryith respecto theattributesin | J,; A; iff
they arecomplementaryvith respecto all attributesin eachA; for i € I. In otherwords,thelarger
the nonemptysetof attributes,the smallerthe correspondingomplementarityelation.
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It was not without reasonthat above we limited our considerationgo nonemptysetsof attributes
only. Indeed.,it is not obvious how complementaritycorrespondindo an empty setof attributesis

to be understood. One approachis basedon remarkingthat in caseof an empty set of attributes
every objectis assignecinemptysetof attribute values,andthe overall setof attribute valuesis also
empty so \ § = @ implies thatwe could formally assumecomp(§) = OBJ x OBJ. However,

this is counterintuitize, sincethe whole ideabehindthe complementarityelationis thatthe attribute
valuesfor the consideredbjectsaretotally different— andin caseof anemptyuniverseof values
this cannothapperfor ary two attributes.Hencefrom theintuitive viewpointis naturalto assumen
additionalcondition

(1.4) comp(d) = 0.

— whichis whatwe shalldo here.

The relationsthusobtainedare parameterisetly the setsof attributes,andone speaksf the family
(OBJ, comp(A) acarrr) asafamily of complementarityelationsparameterisedy ATTR.

In this papemwewill developtwo completeformal system®f modallogic for reasoningaboutrelative

complementarityelations. The deductionsystemsawve shalldevelopwill be a Rasiava-Sikorskistyle

sequencéormalismbasednthe useof signedformulae(Rasiava & Sikorski,1963),anda Gentzen-
stylesequentalculuscompletefor theoriesobtainedrom theformersystem.Theapproactwhichwe

adoptfollows closelythe oneusedby Konikowska(1997a,b)}to develop a logic for reasoningabout
parameterisedimilarity relations. Different systems basedon sufficiencgy (asopposedio modal)

operatorandrelative semantichave beenpresentedyy Diintsch& Ortowska(2000).

2 Thelanguage

Thelanguagel is parameterisetly a fixed nonemptysetATTR. Thereasorfor fixing thatsetis that
in areal-life informationsystenthe setof objectscanchangeyuite fast, whereaghe setof attributes
usedfor characterisingheseobjectsremainsasa rule constanthroughouthe lifetime of a current
systemversion.

Thealphabeof £ is thedisjoint unionof thefollowing sets:



CoNA = {a:a € ATTR} A set of constantsrepresentingindividual at-
tributes,oneconstanta for eachsingleattributea.

VARSA A setof variablesrepresentinghonemptysetsof
attributes.

{0} A constantepresentinghe emptysetof attributes.

VARO A setof variablesrepresentingndividual objects.

VARSO A setof variablesrepresentingetsof objects.

{-,u,n} Symbolsfor set-theoretioperationn setsof at-
tributes.

{—,V,A} Symbolsfor set-theoretioperationsn setsof ob-
jects.

{11} Symbolsfor modalities.

Therearetwo kinds of expressions:

1. Terms,representingetsof attributes.

2. Formulae representingetsof objects.
ThesetTERM of termsis the smallestsetsatisfyingthefollowing conditions:

(i) VARSA U CONA U {0} C TERM,

(i) If A, B € TERM, then—A, AU B, AN B € TERM.
ThesetForM of formulaeis the smallestsetsatisfyingthefollowing conditions:

(). VAROU VARSO C FORM.
(i). If F,G € FORM, then—F, FV G, F AG € FORM.

(ii). If A€ TERM andF’ € FORM, then[A]F, (A)F € FORM.

We shallalsousethe derived operator— which senesasanabbreiation for

(2.1) -FVv{G.

3 Semanticsof L

A complementarityrame or justframe is a pair

(3.1) F = < 0BJ, {comp(A)} acartr >,



whereOBJ is anonemptysetof objects ATTR afixednonemptysetof attributes,and{comp(A) } acarr
is a family of relationson OBJ which satisfyC1, C2, C3 on page2, 1.4, (1.2) on page2. For each
A C ATTR, wecall comp(A) thecomplementarityelationcorrespondingo (theattributesin) A. Ex-
ceptfor (1.2),we donotputary restrictionsontheassignmenti — comp(A). A modelof £ is apair
M = (F,v), whereF' = (OBJ, {comp(A)}acarrr) is aframeasin (3.1), andwv is a (multi-sorted)
valuationsuchthat

e v(A) C ATTRfor A € VARSA,
e v(0) C OBJfor O € VARSO,

e v(z) € OBJfor z € VARO.

Thevaluationu is extendedn anaturalwayto aninterpretatiorr,, of termsandaninterpretations s

of formulaeby interpreting0 as(), eachconstanta € CONA asthecorrespondingttributea € ATTR

(or, rather asthesingletonsetcontaining:), the symbols—, U, N asset-theoreticabperationson sets
of attributes,—, v, A asset-theoreticabperationson setsof objects,and (A), [A] asthe possibility

andnecessitynodalitiescorrespondingo the accessibilityrelationcomp(rar(A)).

More precisely the interpretationof termsin M is afunctionty; : TERM — 2ATR definedinduc-
tively asfollows:

(i). Tar(a) = {a} for ary a € ATTR, wherea is theuniqueconstanin CONA representing,
(ii). 7ar(0) =0,
(ii). Tar(A) = v(A)for A € VARSA,
(iv). Forary A, B € TERM,
v (—A) = ATTR\ v (A),

TM(AUB) = TM(4) Ut B),
TM(AQB) :TM(A)QTM B).

(
(

The interpretationof formulaeis a function ¢as : FOrRM —s 2083 suchthatfor all = € VARO,
O € VARSO, F,G € FORM, andA € TERM,

em(z) ={v(z)},
em(0) =v(0),
em(—F) = 0BI\ o (F),
em(FV G) = om(F)Uem(G),
em(FAG) =oum(F) N em(G),
em([A]F) = {0 € OBJ: (Yo' € OBJ)((0,0") € comp(tar(A)) = o' € pm(A))}
or((A)F) = {0 € 0B3: (3 € enr(A)(0r ) € comp(rar(A))}.



A formula F' € FORM is saidto betrue in a modelM, written =37 F, iff oar(£7) = OB, i.e.iff it
evaluatedo thewholeobject—unverseof thismodel. A formula F is calledvalid iff =5 I for every
modelM.

It can be easily seenthat, in general,neitherthe formula F nor the formula —-F needhold in a
givenmodel. Consequentlydueto our notion of satisfaction;~ doesnot directly correspondo non-
satisfactionwhich shouldbe keptin mind for thingsto come.

4 Signedformulae

In the developmentof our first deductionsystem,we shall use signedformulae,which are a well-
known tool for expressingsatisfactiorandnon-satisfactiorof formulae. This type of “internalising”
semanticahotionshasalso beenusedsuccessfullyon the objectlevel, seee.g. Blackburn (1998).
The signsare droppedwhenwe passto the Gentzendeductionsystem,andthe systemwe obtainis
a sequentalculusfor the original language.Syntactically signedformulaeare simply formulaein
Form precededy oneof the signedformula constructorsT, N. More formally, the set SFORM of
signedformulaeis

SFORM = {T(F) : FF € FORM} U {N(F’) : F' € FORM },

whereT standdor “true”, or “satisfied”,andN for “false”, or “not satisfied”.

Theinterpretationof signedformulaeis afunctionoys : SFORM — {tt, ff}, wherett denotegruth
andff falsity, definedby

tt iff =pp F
ff otherwise,

tt iff nonE=y F,
ff otherwise

om(T(F)) = { m(N(F)) = {

For asignedformulaG, we saythatG is truein M, andwrite =y G, iff o3 (G) = tt. We saythat
G isvalid —andwrite = G —if andonly if = G for ary model M.

The deductionsystemwe aregoingto developwill bebasedon formulaeexpressinghe membership
relation,namely

(4.1) ce Py L F
Specialinstance®f suchformulaearez € y and

def
(4.2) zep(A)y = x € (A)y.
Herex,y € VARO, I’ € FORM, A € TERM. Since

Fv F— Giff ou(F) C om(G),



it canbe easilyseenthatformulaeof type (4.1) indeedrepresenthe membershipelationwith z € =
representingquality andformulaeof type (4.2) thecomplementarityelation. For the corresponding
signedformulaewe have

(4.3) Evu T(ze F)iffv(z) € om(F),

(4.4) Erv N(z € F)iffo(z) € om(F)

(4.5) Fu T(zep(A)y) iff (v(z), v(y)) € comp(ram(A)),
(4.6) Fm N(zep(A) y) iff (v(z), v(y)) ¢ comp(Tm(A)),
(4.7) Fu Tz €y)iffo(z) = v(y),

(4.8) Euv N(z € y)iffo(z) # v(y).

Indeed for (4.3),
ou(z € F) = gur(=z V F) = (08I — {u(2)}) Ugar(F),

whence=y; T(z € F)iff oy (2 € F) = OBJIiff v(z) € @p(F). Furthermore(4.4)— (4.6)arejust
specialcasesf (4.3).

Theformulaeabove provide theclassicadichotomyof "satisfaction— non-satisfactiontotexpress-
ible directlyin our original languageandare very usefulfor developingthe deductionsystem.This
is expressedn thefollowing resultfrom Konikowska(1997a)(seealsoGabbay1981):

Lemma4.1. For anyformula ' € FORM:

(i) T(F)isvalidiff T(z € F) isvalid, wheez € VARO is anyvariablenotoccurringin £,

(i) N(F) isvalid wheneerfor anymodelM thereis avariablez € VARO sudthatN(z € F) is
truein M.

5 Componentsand transformation to normal form

In orderto copewith the modalitiescorrespondindo varioussetsof attributes,we usethe “compo-
nent” approachdescribedn Konikowska(1997a,b)for the caseof the similarity logic: We replace
thetermsappearingn signedformulaeby unionsof certainspeciattermscalled“components’which
evaluateto adisjoint cover of ATTR in ary model.

For anarbitraryfinite sequencé of signedformulaelet

CoNA(2) = {a € CONA : a occursin Q},
and

VARSA(Q2) = {A € VARSA : A occursin Q}



bethesetof all constantsn CONA andall variablesn VARSA thatappeain thetermsof €.

Supposéhat
CoNA(Q) ={ay,...,a,}, VARSA(Q)={Q1,...,Qm},

wheren, m > 0. The sequencé? is saidto be nondgeneateiff m + n > 0, i.e. iff it contains
symbolsfrom VARSA U CONAZ.

Supposéhat(? is nondeyenerateand
At = A, A= =—A4A
for ary term A. We denote
ScoMP(Q) = {Q' N...NQ™ iy, ... iy € {4+, =1},
Comp(2)={a;NS:S5 € Scomp(N),1<j<ntU{-a;nN...N—-a,NS:S5 e Scomp(2)}

The elementsof Comp(£2) are called componentdor €2, andthoseof Scomp(€2) subcomponents
Notethatthe notionof components definedfor nondeyeneratesequencesnly. By a positivecompo-
nentwe meanary componenbf theform a; N.S. Componentsvill bealwaysdenotedoy a suitably
indexed C', andsubcomponentby S. For nonpositive componentsve shall often usethe shorthand
notationof theform —an S, whichshouldbereadas—a; N...N—a, NS, wherea = {a;,... ,a,}.

The componentsindsubcomponentisave the following importantpropertiegKonikowska,1997b):

Lemma5.1. For anynondgeneatesequencé? of signedformulaeandanymodelM,

1. Thesets{r(C)}¢ccComp(q) formadisjointcoverof ATTR, i.e.
@) ™ (C)YNTpm(C") = 0 foranyC, C' € Comp(€2) such thatC' #£ C;
(0) Ucecompia) ™ (C) = ATTR.

2. Thesets{7(5)} seScomp(a) alsoformadisjointcoverof ATTR.

3. For anyterm A occurringin €2, either

(i) A issemanticallyequivalento 0, or

(i) there existsa uniquesubse{C', ..., Cy} of CoMP(Q2) sud thatthetermCy U ... U C}
is semanticallyequivalento A in all models.

It is easyto seethateveryterm A appearingn a degeneratesequencé is semanticallyequivalentto
either0 or —0.

Thereadershouldnotethat 0 belongsneitherto CONA nor to VARSA, whenceary sequencevhosetermscontainno
symbolfor anattribute or setsof attributesotherthan0 is consideregsdegenerate.



Thus,for ary term A in ary sequencé?, by thenormalformn(A) of A (with respecto €2) we shall
understanceitherthesequenc® or —0, if A is semanticallyequivalentto oneof theabove, or else

(A u. U
where {C1,...,Cy} is a setof componentswith union semanticallyequivalentto A definedin
Lemma5.1.

The sequencebtainedfrom ary sequencé) (degenerater not) by replacingevery termin Q by its
normalform with respecto 2 is denotedby n(€2) andcalledthenormalformof €2. Thealgorithmfor
obtainingn () is justasimplemodificationof thestandardlgorithmof transformatiorinto complete
disjunctive normalform.

By Lemmab.1(3), the interpretationof »(£2) in ary model coincideswith the interpretationof €2.
Hence,our deductionsystemwill only be concernedvith sequencems normalform.

6 DRS: a deduction systemfor signedformulae in Rasiowa— Sikorski
style

Thetype of deductiorsystemwe aregoingto developwasintroducedby Rasiava & Sikorski(1963),
and will be henceforthcalled an R—Ssystem It consistsof decompositiorrules for sequencesf
signedformulae,andof axiomaticsequenceto be definedbelon. Usinga more commonterminol-
ogy, thedecompositiomulesarethe“inferencerules” of thesystemwhereagheaxiomaticsequences
representts “axioms”, or ratheraxiom schemes An R-S systemis dualto a tableausystemof the
type usedby Beth (1959)or Fitting (1983). One basicdifferenceis that, in contrastto a refutation
basedableausystemwe try to shaw thevalidity of aformulaor sequencef formulae.We construct
adecompositiorireewith verticeslabelledby sequencesf formulaewhosebranchederminate‘cor-
rectly” only if we encounteia simple,axiomaticsequencef formulae— like T(#'), N(#')— whichis
guaranteedo be valid; a sequencef formulaethenis valid iff it hasa finite decompositiortreeall
of whosebranche®ndin axiomaticsequencesT he otherdifferencels thatin the tableausysteman
applicationof aruleto avertex v takesinto consideratiorthelabelsof all theancestor®f v, whereas
in an R-S systemthe vertex explicitly inheritsall the necessarynformationfrom its ancestar In
applyingarule to a vertex we neednot consideranything but the label of the vertex.

A sequenc€) = GGy, Gy, . . . , G, of signedformulaeis calledtruein amodelM, written =3 €, iff

Eum G, forsomel < i < n. Qiscalledvalid iff =3 € for every model M. A decompositionule

is eithera pair 4, 2, or atriple 1, Q4, Q3 of sequencesf formulaein SFORM, usuallywritten as
O 0

, or

Q, Q] Qs

respectiely. 2, is calledthe conclusiorof therule,and(2; (£2;, 23) its premise(premise} A ruleis
saidto besoundprovidedits conclusionis valid iff all its premisesarevalid.
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Thus,adecompositionule is soundiff it leadsfrom valid sequence® valid sequenceboth “down-
wards”and“upwards”. Sucha "two-way" notion of soundnesg;rucialfor R-Ssystemsis a stronger
thantheusualone,andamountgo invertibility of rulesin the commonterminology To underlinethis
fact, we separatehe premisegrom the conclusionn thedecompositiomulesby a doubleline instead
of theusualsingleone.

It shouldbe stressedhatin our deductionsystemthe decompositiorof a sequencef formulaewill
beprecededy transformingt to normalform; in otherwords,all decompositiomuleswill beapplied
to sequences normalform only.

A sequencé) of formulaeis calledaxiomaticif it containsoneof the formulae(6.1)— (6.3) or pairs
of formulae(6.4), (6.5) givenbelow:

(6.1) N(z cp(0) y),

(6.2) N(z cp(A) 2),

(6.3) T(z € z),

(6.4) T(£),N(F),

(6.5) N(z cp(a;j N S) y),N(z' ep(a; N S") y)

wheresS, S’ aretwo differentsubcomponents Scomp(£).

Lemma 6.1. Thesignedformulae(6.1)— (6.5) are valid.

Proof. Thevalidity of (6.1)— (6.3)followsfrom C1,C2and(4.3),(4.4),and,clearly, thepair (6.4) is
alsovalid.

For the proof of (6.5), considera arbitrarymodel M. SinceS, S’ aretwo differentsubcomponents,
then,by Lemmab.1,thesetsry; (S) andry,(S”) aredisjoint. Now, my/(a;) = {v(aj) } is asingleton,
andit follows that either mas(aj) N mar(S) = @ or mar(a;) N mar(S’) = 0. In otherwords, either
v (a;N S) = 0 orrar(ajNS’) = 0. Sinceby 1.4 comp(d) = B, eithercomp(rar(aj N S)) = 0 or
comp(tar(aj N S’)) = 0. In thefirst casewe obviously have (v(z), v(y)) & comp(tar(a; N S)), and
in thesecondcase(v(z’), v(y')) & comp(rar(a; N S’)). Thus,by (4.4), oneof the formulaein the
pair mustbetruein M. O

As ary sequencef formulaecontainingavalid formulais valid, we have

Corollary 6.2. Everyaxiomaticsequencés valid.

To definethe decompositiorrules, we needthe notion of an indecomposablsignedformula or a
sequencef suchformulae.Intuitively, thisanelementaryormula(sequenceyhich cannotbebroken
into ary simplerformulaeusingthedecompositionules.

A formulaG € SFORM is saidto beindecomposabléf it hasoneof thefollowing forms:
(i) T(z € O) orN(z € O), wherez € VARO, O € VARSO U VARO,
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(i) T(z ep(C)y) orN(z ep(C)y), wherez, y € VARO, andC' is 0, —0, or

(@) Cis ary componentif ATTR is infinite;

(b) C'is ary positivecomponentif ATTR is finite.

Otherwiseaformulais saidto be decomposable

Note that (ii) is justified by the fact that in decomposingsequenceito normalform we split the
unionsof componentsnto individual componentswvhich are consideredas “atomic”; clearly, 0 is
also“indecomposable”and—0 canbeencounterednly in the normalform of a degeneratdormula,
which hasnho componentsat all; thus,we cannotsplit —0 into anything smaller Thecondition(b) in
(i) followsfrom thefactthatin caseof afinite ATTR we caneliminateall negative component®f the
form —an.S by replacingthemwith aunionof positvecomponentsf theform U, cona—a (@' N5)-

A sequencé of signedformulaeis saidto beindecomposabliéf all its elementsreindecomposable.
The decompositionulesfor thelanguageof signedformulaeis givenin Tablesl — 32.

In all DRSrules,z, y, z € VARO, F,G € FORM, Q' andQ” aresequencesf signedformulae,with
the prerequisitehat’ is indecomposable4, B € TERM, C isacomponentandS asubcomponent.
Sincethedecompositiomprocesss appliedto sequencem normalform only, theonly termsencoun-
teredin the actuallydecomposedormulaewill be unionsof componentsthuswe needno rulesfor
termconstructor®therthanthe union.

Therules(T) and(N), which aresoundby Lemma4.1, allow us to managethe awkward problem
of “neither F' nor = F holds” by reducingthe original formulae(in repeatingstepsin caseof (N)) to
dichotomoudformulaeof theform T(z € F’), N(z € F). Thisreductionis analogougo thatused
in first-orderlogicsin caseof quantifiers:The semanticconditionsfor T (F"), N(F) to betrueinvolve
implicit quantificationover all objects,universalin caseof T (F'), andexistentialin caseof N(F').

Therulesfor finite ATTR arejustified by the fact that, in caseof a finite ATTR, eachnegative com-
ponentof theform —a N S canbereplacedoy afinite union of componentsf theforma’ N S over
a’ € CONA \ a.

From(4.3) - (4.5)andLemmad4.1weimmediatelyobtain

Lemma 6.3. Thedecompositiomulesin the (DRS)systenare sound.

The generalideaof the deductionsystemis to breakdown the formulaeoccurringin a sequencef
signedformulaeinto someelementaryindecomposablearts,whosevalidity determineshe validity
of theoriginal sequenceln whatfollows, thefive rulesmarked(«) will becalledexpansiorrules,and
all othersreplacementules. Roughlyspeakingreplacementulesreplacethe original formulathey
actuponby simplerformulae,whereasxpansionrulesaddnew formulaeto thesequenceg.g.close
it undersomesymmetryor transitity law.

It canbeeasilyseerthat

2Tablesareplacedattheendof thepaper
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e Replacementulesareapplicableto decomposableequencesnly.

e Toary decomposablsequencef formulaewe canapplyatmostonereplacementule; namely
theuniquerule applicableto the leftmostdecomposabléormulain this sequence.

e Expansiorrulescanalsobeappliedto indecomposableequences.

Note thattheremay be several expansionrulesapplicableto a given sequenceTo avoid ambiguity,
we shall give a methodof choosingan appropriaterule to be applied,aswell asa variablein the
quantifierlike rules.

7 Decompositiontr eesfor sequence®f formulae and completenessof
the DRS system

In this Sectionwe shalldescribehe mechanisnof usingthe DRS systemintroducedn the preceding
sectionto prove the validity of sequencesf signedformulae,and shav the completenes®sf the
system.

The validity proofsin DRS consistin constructingdecompositiortreesfor sequencesf formulae,
usingthe decompositionulesin theway describedelon. We shallprove thata sequencés valid iff
its decompositiortreeis finite andall its brancheendin axiomaticsequencesnly; this amountgo
thecompletenessf thesystem.

In orderto makethe decompositiorireeunique(i.e. to avoid ambiguity),we needonemorenotion.
Let 2 beasequencef signedformulae;adecompositiomule R in DRSis calledcorrectlyapplicable
to Q if boththefollowing conditionsaresatisfied:

() Risaruleapplicableto €2 suchthatits applicationaugments? by somenew formula,

(i) Thereis norulewith this propertythatcanbeappliedto aformulaor asubsequencef formulae
in Q lying to theleft of theformulaor formulae,to which i canbeapplied.

Sincethereis at mostonereplacementule applicableto ary sequencef formulae,and(ii) uniquely
definesthe expansiorrule whichis correctlyapplicableto €2, we obtain

Lemma 7.1. At mostone decompositionrule is correctly applicableto a any givensequencé? of
signedformulae

Hence,we cantalk aboutthe uniquerule R correctly applicableto a given sequencd?; this is of
a fundamentaimportancefor definingthe notion a decompositiortree. To assurean unambiguous

3If « is the relation of “lying to the left”, then we assumethat for all (Fr,..., Fx),(G1,...,Gy), we have
(Fr,...,Fx) < (G1,...,Gy),iff, forsomel < m < min(k,l), F, = G, forr =1,... ,m —1andF,, € G,,, where
thelatterrelationis understoodn the naturalway.
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choiceof variablesn thedecompositiorprocesswe supposdor therestof this paperthatVARO is a
well-orderedsetwith respecto someordering<.

By adecompositiotree DT'(2) for asequencé of signedformulaewe meanamaximalbinarytree
with verticeslabelledby sequencesf signedformulaedefinedinductively asfollows:

(i) Therootof DT'(Q2) is labelledby »(£2), i.e.thenormalform of Q.
(i) Letw,labelledby 32, beanendnodeof abranchB of thetreeconstructedip to now. Then,

(a) WeterminatethebranchB atnodew if either:

(al) X is anaxiomaticsequencepr

(a2) X isindecomposablandno expansionruleis correctlyapplicableto X;
(b) Otherwisewe expandthe branchB beyond v by attachingto this node

(b1) asinglesonlabelledy:;, if the uniquerule correctlyapplicableto ¥ is of the form
hX

o
(b2) two sonslabelledX; andX,, respectiely, if the uniquerule correctlyapplicableto

Y is of theform .
¥ | X
In arule involving the choiceof a new variablewe choosehefirst variablewith respecto the
ordering< which doesnot appeain ¥, seeRasiava& Sikorski(1963)for the details.

Thedecompositionreestartswith asinglenode labelledby the normalform of ©2. Theinitial nodeis
thenexpandednto atreeby meansf therulesin DRS.In case(al)thereis nosensdo extendbranch
B ary further, sincewe alreadyhave anaxiomaticsequencetits end. In case(a2) no replacement
rule is applicableto 33, andwe cannotaugmenthis sequencdy applyingan expansiorrule, whence
branch B cannotbe extendedbeyond nodewv. Otherwisethe branchis expandedby meansof the
unigue correctly applicablerule; the conditionson the choice of variablesin quantifierlike rules
assurgheuniquenessf theextension.Hence,DT'(€2) is uniquelydeterminedy n(2).

It is easyto seethat DT'(©2) maybeinfinite — dueto the (N, T € (A)) rules. Furthermoreanode
of DT (Q) is terminal (a leaf), iff its label X is eithera axiomaticsequencegr anindecomposable
sequencelosedunderall the expansionrules'.

In thesequelwe will referto sequencesf signedformulaelabellingtheterminalnodesof D7T'(€2) as
theterminal sequencesf €.

The notionof provability in our systemis asfollows:

A sequenceé of signedformulaeis calledprovablein DRS,writtenastprs 2, iff its decomposition
tree D7°(R2) is finite andall its terminalsequenceareaxiomatic.

Fromtheequialencecharacteof therules,it is evidentthat

“We saythat X is closedunderan expansionrule R if either R is notapplicableto T or its applicationcannotaddary
new formulaeto thatsequence.
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Lemma 7.2. ThesystenDRSis sound,.e. everyprovablesequencé? of signedformulaeis valid.

The cornerston®f the corverseresult—the completenestheorem— is the following crucial

Lemma 7.3. For any sequencé? of signedformulae,ead valid terminal sequencé&: in D7T'(2) is
axiomatic.

Proof. Let 2 and X satisfy the assumptionf the Lemma, and assumethat 3> is not axiomatic.
SinceX is aterminalsequencef DT'(€), it follows thatX: is indecomposablandclosedunderall
expansionrules. Hence,by the definition of anindecomposablsequencegachelementof ¥ must
have oneof thefollowing forms:

T(z € O),N(z € 0),T(z cp(C) y), N(z ep(C) y),

wherez,y € VARO, O € VARSO U VARO, and(C is either0 or —0, or ary componenif ATTR is
infinite, andary positive componentf ATTR is finite, seethedefinitiononpagel0. Let

CoNA(Q) ={ay,...,a,}, VARSA(Q)={Q1,...,Qm},
andsetCoNA (©2) = a. ThenthetermsC' which canappeain X areasfollows:

(). C =o.

(il). ¢ = —0. Sincethenormalform of ary term A with respecto a non—-dgeneratesequencé?
is differentfrom —0 by Lemmab.1, this caseis only possibleif €2 is degenerateij.e. if all the
termsin €2 areBooleancombinationof 0s,

(ii). If C' ¢ {0,—0} andATTR is infinite, thenC' canbe eitherof theform a; N S or of the form
—an S, whereS € Scomp(Q2); if ATTR s finite, thenC' canonly beof theforma; N S.

Recallthatary subcomponen$ € Scomp(£2) is of theform

S={QN...nQ% iy, ... iy € {+,—}},
whereAt = A, A= = — A for any term A.
We aregoingto constructacountergampleto 3, i.e. amodelin which X is nottrue.

Letp C VARO x VARO beabinaryrelationdefinedby

p(z,y) iff theformulaN(z € y) occursin thesequenceX.

Thenp is bothsymmetricandtransitve, becausé is closedunderthe (sym €) and(tran €) rules.
Hencetherelation

p"=pU{(z,2): 2 € VARO}
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isanequivalencerelationon VARO. As our counterexamplewe takeamodifiedHerbrand-typenodel
of theform

H = (F,v),
with
F = (OBJ, {comp(A)} acarTr)
where
OBJ = VARO/p*
is the setof all equivalenceclasse®f p*.

The multi-sortedvaluationw is definedasfollows:

1. Forall z € VARO,

where[z],+ is theequivalenceclassof p* which containse. By definitionof p, we have
(7.1) v(z) = v(y) iff theformulaN(z € y) occursin &
forall z,y € VARO, z # y.
2. Forall O € VARSO,
v(0) = {v(z) : N(z € O) occursin X}.
3. To definethevaluationof thevariablesrangingover setsof attributes recallthat
CoNA(Q2) =a={ay,...,a,}, VARSA(Q)={Q1,...,Qn}.
We considertwo cases:

() ATTRrIisinfinite:
In this caseA’ = ATTR\ {a1,...,a,} is alsoinfinite. As the setof subcomponents
Scomp(f?) is finite, thereexistsaninjection® : Scomp(2) — A’ with

®(S) # a; forall S € Scomp(2) andall j, 1 < j < n.

By clausg(6.5)onpagel0,ary sequenceontainingoothN(zcp(a;NS)) andN(z'cp(a;N
S y'), whereS # 5, is axiomatic. Since,by our assumptionY. is not axiomatic, it
follows thatfor ary 1 < j < n, thereis at mostone S € ScomP(©?) suchthat for
somez,y € VARO theformulaN(z cp(a; N S) y) occursin X. If suchan S exists for
agiven j, we denoteit by S; andsaythat j is positivein . We putv(Q) = @ for ary
Q € VARsA\ {Q4,...,Q,} and

v(Qr) = {®(S): S € Scomp(2) and @ occursin S}
U{a; : j positivein ¥ and Q7 occursin S;}
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(b) ATTRIs finite:
In this casethe only componentghat canoccurin ¥ are of the form a; N .S, where
S € ScomP(€2). Thedefinition of v restrictedto VARSA is a simplification of the one
givenabore; weputv(Q) = @ forary @ € VARSA — {Q1,...,Qn,} and

v(Qx) = {a; : j positivein X and Q; occursin S;}

Recallthatby corventiona = {ay, ... ,a,},and—a = —a; N...N —a,. Onecanshow thatfor the
interpretatiorof termsry inducedby thevaluationv

. ‘ ) {a;} if jispositvein X andS = S;
() ir(a;nS) = { §  otherwise

(i) If ATTRisinfinite,thenty(—anS) = {®(S)} # {a;} forary 1 < j < n.

Thus, 7y evaluatesall component®ccurringin X to singletonsor (. Thisis the key propertywhich
helpsusto definethefamily of complementarityelations{comp(A)} 4c arrr 0N OBJ x OBJ, whichis
thelaststepneededo completethe definition of themodel. Dueto propertyC3, complementaritye-
lationscorrespondingo individual attributesin ATTR generatehewholefamily {comp(A)} acarrri
they canalsobe definedindependenthyof eachother which solvesthe basictechnicalproblemcon-
nectedwith modalitiesparameterisetly arbitrarysetsof attributes.

We begin with definingthe family of complementarityrelations{comp(a) },carrr With respecto
individual attributes.Therearetwo cases:

CAsE 1: ¥ containgheterm —0; this canhapperonly if €2 is degenerateHencein this case for ary
formulaof the form eitherT (z ep(C') y) or N(z ep(C') y) occurringin ¥, we have eitherC' = 0 or
C = —0. We put

comp(a) = {(v(z),v(y)) : theformulaN(z cp(—0) y) isin £}

for eacha € ATTR.

CAsE 2. X doesnot contain—0; then,for ary formulaof the form T(z ep(C) y) or N(z ep(C) y)
occurringin X, theterm(' is eitheracomponenbr 0.

We have to considertwo subcases:
() ATTRis infinite. Then,for ary a € ATTR, we define

{(v(z),v(y)) : N(z cp(a; NS;) y)isinX} if a=a;,wherel <j<n
andj is positivein X,

M) =\ o(2), 0(y) : N(z cp(—an §) y) isin ¥} if a = &(S), whereS €SCOMP(Q),
0 otherwise
Thedefinitionis correct,because is one-to-oneand®(S) # a; forj =1,... ,n.
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(i) ATTRisfinite. Thedefinitionis againa simplificationof thatfor infinite ATTR: we put

{(v(z),v(y)) : N(z cp(a; N S;) y)isin X} if a = aj,wherel <j<n
comp(a) = andj is positivein 3,
0 otherwise

Having definedthe singleton-basecdelations we set

(7.2) comp(0) =0,

and

(7.3) comp(A) = ﬂ comp(a)
a€A

forall @ # A C ATTR.

We shallshow thatthefamily {comp(A)} 4carrr definedabove is afamily of complementarityela-
tionswhich satisfiesconditionsC1 — C3 and(1.4). ThedegenerateCasel is clear andthus,we will

only shav Case2.

ConditionsC1 andC3follow immediatelyfrom the definitions(7.2) and(7.3). Thus,all thatis left to
show is C2. Sincethe intersectionof complementarityelationsis againa complementarityelation,
andby (7.3),it is enoughto considerthecasewhen A is asingletonsay A = {a}.

For irreflexivity, assumehat([z], [z]) € comp(a) for somez € VARO. Then,thereexistz, y € VARO
and A € TERM suchthatv(z) = v(y) = [z] andN(z ep(A) y) € X. But v(z) = v(y) implies
N(z € y) € ¥ by (7.1), whenceby rule (tran € cp) weobtainN(z cp(A) z) € X. (6.2) now implies
that is axiomatic,a contradiction.It follows, thatcomp(a) is irreflexive.

Thefactthatcomp(a) is 3-transitveis provedin asimilar way, basedonrule (3 — trancp).

Finally, symmetryfollowsdirectlyfromrule (sym cp): SinceX is closedunderthisrule,N(z cp(A)y) €
Y impliesN(y cp(A) z) € X for ary term A.

Thus,F” = (OBJ, {comp(A)} scartr) iSacomplementaritframeasdefinedn (3.1), andH = (I, v)
is modelof ourlanguage.

Theproofthatl:y ¥ is by consideringeachtype of signedformulathatcanoccurin ¥, i.e.

T(z € y),N(z € y),T(z € 0),N(z € 0), T(z cp(C) y),N(z cp(C) y),
wherez,y € VARO,O € VARSA, C' is eithera componenbr C' € {0,-0}, andproving thatit
cannotbetruein H.

For example,if N(z € y) isin X, then,by definition,we have v(z) = v(y), whenceby (4.8) on page
7, FFmy N(z €y).

When proving that the T—type formulae are not true, we also make use of the fact that 3 is not
axiomatic.For example,if T(z € y) isin X, thenz # y, becausef (6.3),and,in addition,N(z € y)
cannotoccurin ¥ by (6.4). Thisyieldsv(v) # v(y), whencelsy T(z € y) by (4.7).
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Theproofsfor the cp—typeformulaefollow from theequalitiesgiving v (C') for ary component” that
canoccurin X, aswell asfrom the definition of the complementarityelationscomp(a). The details
of analogougprooffor similarity logic canbefoundin Konikowska(1997a).

In this way, we arrive ata contradictionwhencea valid terminalsequencé: mustbeaxiomatic. [

Now we canstatethe completenestheorem:

Theorem 7.4. Everyvalid sequencef signedformulae$2 € SFORM is provable,i.e. it hasa finite
decompositiotreewhoseterminal sequenceare all axiomatic.

Proof. Suppose&? is valid, andrecall thatthe root of DT'(€2) is labelledby »(2), the normalform
of Q. If DT(Q) is finite, thenfrom the (two-way) soundnessf the decompositiorrulesin DRS it
followsthatn () is valid iff all theterminalsequencesf D7'(2) arevalid. However, by Lemma7.3,
the laterholdsiff all of theseareaxiomatic. Thusif € is valid and D7'(€?) is finite, thenalson () is
valid, andhenceall theterminalsequencesf D7'(£2) areaxiomatic.

To completethe proof we have to prove thatif D7(Q2) is infinite, then§ cannotbevalid. We achieve
this by modifying the standardproof usedin Rasiava & Sikorski(1963),p. 302, to suitthe structure
of ourlanguage The detailsareanalogougo thosein Konikowska(1997a),sowe shallgive only the
basicoutline of themethod.

SupposeDT'(Q2) is infinite. As DT'(Q2) is abinarytree, it follows from Konig's Lemmathatit has
aninfinite branchB startingat theroot. Let usdenoteby A thesetof all indecomposabléormulae
which occurin thesequencekabellingthenodesof B. AssumehatX: is anaxiomaticsubsequencef
A. Sinceary subsequencef A consistof indecomposableBrmulaeonly, andeachvertexin D7'(€2)
inheritsall theindecomposabléormulaefrom its ancestorsthereis somenodewv of B suchthaty: is
asubsequencef its label(?, . It followsthat(2, is axiomaticaswell, andtherefore,B terminatesatv.
This contradictghefactthat B is infinite. Hence,A cancontainneitherof thethreesingleformulae
(6.1)— (6.3)norary of thetwo pairsof formulae(6.4),(6.5)on pagel0,whosepresencén asequence
makeit axiomatic.

Thus,reasoningexactly in the sameway asin the proof of Lemma7.3,we canbuild amodel H such
thatlerr G foreveryG € A. Indeedtheonly assumptionsisedin building acounterexampleH for
a sequencé: werethatY wasindecomposableandthatit did not containary axiomaticsequence.
Boththoseassumptionioldfor A aswell; theonly differencesthatA isinfinite, but thisisirrelevant
for the constructiorof H.

By definition of a decompositiortree, the top nodeof B which coincideswith the root of DT'(2)
is labelledby n(2). Hence,aguing by inductionon the compleity of a formula, the fact that no
indecomposablérmulain thelabelsof B is truein H impliesthatn(€2) is nottruein H. Thus,$2
cannotbevalid. Detailsof the algumentcanbe foundin Konikowska(1997a). O
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8 A sequentcalculusfor complementarity

In this section,we will presenta sequentcalculusarising from the completeR-S proof systemfor
sequencesf signedformulaewe have justdescribed The methodof transformingan R-Ssystemninto
a sequentalculuswasdescribedn Konikowska(1997a),which the readeris invited to consultfor
ary detailsomittedbelow.

The sequentsvill only involve ordinary non-signedormulaeof thelanguagel asdescribedn Sec-
tion 2; setsof suchformulaewill bedenotedoy I', A with suitableindices.A modelM of £ is called
amodelof I iff every formulain I is satisfiedn M in thesemanticgivenin Section3.

By asequentve meana pair (I', A) of finite setsI', A C FORM, usuallywrittenin theform ' - A.
In the sequennotationTl’, F' - A, G, commasdenoteset-theoreticalinion, andindividual formulae
F,G € FOrM areidentifiedwith therespectie singletons.

Thesequent’ - A is calledvalid, written = (I' - A), iff
(8.1) E=m Timplies(3F € A) =p F.

Thus,I' - A is valid if amodelM which satisfiessachformulain I' alsosatisfiesatleastoneformula
in A.

For ary finite setof formulae Az C FORM, andary I' € FORM, we saythat /' is a semantic
consequencef Ax, andwrite Az = F, iff I holdsin every modelof Az. ThesetAz maybetreated
asa setof axiomsof somespecifictheoryT’; then Az = F iff F' is a semanticconsequencef the
theoryT'. Evidently, Az = F iff the sequentdz  F is valid, which implies that the syntactic
entailment- in avalid sequentnay be viewed asa formal counterparbf the semanticconsequence
relation. In otherwords,a completeaxiomatisatiorof thesequentalculuswill automaticallyprovide
adeductionsystemcompletefor theories.

Thesequentalculus(SC)whichwe shalldevelopconsistof axioms having theform of singlevalid
sequentsandinferencerules, leadingfrom valid sequentso valid sequentsA deductiorrule hasone
of thetwo forms

St St Sy
or _—
S S

Thesequens will becalledtheconclusiorof therule,andthesequent(s$; (S1, So) — its premise(s)
A ruleis calledsoundiff its conclusionis valid whenever all its premisesarevalid.

It turnsoutthatthereis a simpleconnectiorbetweervalidity of sequentsindvalidity of sequencesf
signedformulae.For ary finite setl’ = {I, I}, ..., Fi} C FORM, let T(I") andN(I") be sequences
of signedformulaeobtainedby precedingall elementof I with the operatorsl andN, respectiely,
sothat

T(F) = T(Fl)’T(FQ)’ s 7T(Fn)a N(F) = N(Fl)a N(FQ)a s aN(Fn)

We now have
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Lemma8.1. A sequent’ - A is valid wheneer the sequenceN(I'), T(A) of signedformulaeis
valid.

The above fact suggesta straightforwardmethodof developinga sequentalculusfor our original
formal languagebasedon the DRS deductionsystemfor sequencesf signedformulae;we simply
have to derive from thedecompositiomulesof DRSthe correspondingnferencerulesof the sequent
calculusJeadingfrom valid sequentso valid sequents.

For ary sequencé of signedformulae let usdenote
QF ={F € ForM : T(F)isinQ}, Q7 ={F € ForRM : N(F)isin Q}.
Lemma8.1limpliesthefollowing basicresult:

Lemma 8.2.

o For everyaxiomaticsequencé) of DRS,I', Q~ -+ A, QT is a valid axiomof the sequentalcu-

lus.
QUILQ" Y= FAYSY -
e For everyrule ———=in DRS, is a valid inferencerule of the sequent
1y U= F AT
calculus.
QL 11, Q _ I,YTFAYT NS FAYT
e For every rule — in DRS,——1 - i 2 jsa
QL 3, Q7 |, 3,, Q" O, F AT

valid rule of the sequentalculus.

Theresultingaxiomsandinferencerulesof thesequentalculus(SC)aregivenin Tables4 — 7 along-
side the original axiomaticsequencesandrules of DRS from which they were derived. Note that,

in additionto the rulesderived from DRS, we have alsoincludedthinning rulesin the sequental-

culus,which allow us simplify someof the derivedrules. In their presencewe canavoid repeating
certainformulaeappearingn thepremise(spf therulein its conclusionthis concerngespeciallythe

expansiorrules.

Thatis exactly why someof the sequentalculusrulesgivenin Tables5-6 do not correspondo the
general'recipe” for generatingsuchrules givenin Lemma8.2. For example,the sequentule for
introducing(A) ontheright handsideshouldformally be

I'EAjye Fyz e (AF I'EAzep(A)y,z € (AYF
I'EAze(AF

but thanksto theweakeninguleswe couldreplaceit by thesimplerrule

I'FAyeF I'FAzep(A)y
I'EAze(AF
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In all axiomsandrules givenin Tables4 — 7, we supposehatz,y,z € VARO, F,G € FORM,
the Q's are sequencesf signedformulae,I", A arefinite subsetsof FORM, A, B € TERM, a =
{aj,...,a,} C CONA, —a = —a; N...N —a,, C' isacomponentand S a subcomponentThe
componentsandsubcomponentfor a sequent’, A aredefinedascomponentand subcomponents
for the sequencef signedformulaeN(I"), T(A) equialentto thatsequent.

In therulesmarkedby the symbolslisted below, we alsomakethe following stipulations:

* — I is notof theform z € GG for ary z € VARO andary G € FORM, z isaanew
variablein VARO, i.e. z occursneitherabore thedoubleline in the DRSrule nor belov
thesingleline in the SCrule.

** — ["isnotof theform z € GG forary z € VARo andary G € FORM , y isanarbitrary
variablein VARO

*** _ 2 is anew variable,i.e. occursneitherabove the doubleline in the DRSrule nor
below thesingleline in theSCrule.

e —y isanarbitraryvariablein VARO.

Before definingthe notion of provability in our sequentalculus,we recall that the decomposition
rulesof DRS weretailoredto sequencesf signedformulaein normalform, andthe decomposition
tree of sucha sequencd? startedwith the normalform »(€2) of the sequence.Thus, our derived

inferenceruleswill beapplicableio sequentin normalform, whichis definedn analogyto thenormal

form of sequencesf signedformulae;hence like in the DRS system the deductionmechanisnof

SCis appliedto the normalform of a sequentnsteadof the original sequent.

More formally, the normalform of asequensS of theform I' - A is the sequent:(S) of theform
n(I') F n(A), wheren(I'), n(A) areobtainedrom I', A by replacingeveryterm A occurringin these
setsby its normalform n(A), definedwith respecto the sequenc®\(T"), T(A) in theway described
in Section6.

We saythata sequens is provable andwrite Fs¢ S, iff n(S) canbe derivedfrom the axiomsof
the sequentalculusgivenin Table4 by afinite numberof applicationf theinferencerulesgivenin
Tables5 — 7. As above, suchadefinitionis justified by thefactthatr»(S) canbe obtainedfrom S by
asimplealgorithm,ands is valid iff n(S) is.

Clearly, all SC rulesare sound,and all axiomsare valid; this follows from Lemmas8.1 and 8.2.
Hence,

Theorem 8.3. Anyprovablesequents valid, i.e. Fsc (I' - A) implies= (I'F A).

Proof. Supposethe sequentS is provable; thenits normalform, »(S), canbe derived in a finite
numberof stepsfrom the axiomsof SC. The axiomsarevalid sequentsandall the derivation steps
consistin applying the inferencerules of SC which leadfrom valid sequentgo valid sequentsijt
follows thatn(S) is valid. Sincen(S) is semanticallyequivalentto S, the latter sequentis valid as
well. O
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Theorem 8.4. Anyvalid sequentis provablej.e. = (I' - A) impliest-s¢ (I' F A).

Proof. If asequent’ - A is valid, thenthe correspondingequenceN(I'), T(A) is alsovalid. By
the completenestheoremfor the DRS system this meanghatthis sequencdasa finite decomposi-
tion tree DT with only axiomaticsequenceat its leaves. Basedon this tree, it is straightforwardo
constructa proof of the normalform of the original sequenin the SC calculus. correspondingin
outlineis asfollows: We startfrom the terminalnodes;thesearelabeledby axiomaticsequenceso
the correspondingequentsanbe derived from the axiomsof the sequentalculusby meansof the
thinning rules. Now we go upwardsin DT, replacingeachdownwardapplicationof a decomposition
rule by anupwardapplicationof the correspondingequentalculusrule. For adetailedproofin case
of ananalogousimilarity logic, thereadeiis referredto Konikowska(1997a). O

Sincesyntacticentailment- in asequentorrespondso thesemanticonsequenceelation, Theorem
8.4 meanghatthe deductiorsystemwe have developedin this sectionis completefor theories:

Theorem8.5. If Az = {Fy, Fy,..., F,} is a finite subsetof FORM, then, for any I’ € FORM,
Az = P iff thesequentdz - I is provablein SC.

9 Summary

Eachinformationsystemgivesriseto varioustypesof informationrelationson the objectset. In his
paperwe have studiedrelationscomp(A) of complementarityparameteriselly the setof subsetof
theattributesetin suchaway thatfor arny family .4 of nonemptysubset®f ATTR,
comp <U A) = ﬂ comp(A).
A€A

We have presentednultimodallogicsfor thesefamiliesof complementarityelationsalongwith two
soundandcompletedeductionsystems Thefirst, a Rasiava—Sikorskistyle calculus,involvedtheuse
of variableso modelboththe membershipelationandmodalities andrepresentationf themodality
parameterd asa unionof componentsThis enabledusto replaceformulaecontainingmodalitiesof
theform [A], (A) by formulaewith modalities[C], (C') parameterisetly atomic,disjoint sets.Thus,
we couldreducereasoningaboutformulaewith arbitrarymodalitiesto reasoningaboutsimplesigned
formulaeof theform T(z cp(C') y), N(z cp(C') y), whereC' is acomponenandz, y areindividual
variablesavoiding the usualproblemsarisingin caseof multiple accessibilityrelations.It shouldbe
notedthatthe DRS modality rulescannotbe expressedsHilbert—styleaxiomswithin propositional
modallogic: In theDRSrules,theuseof variableso modelquantificatiorimplicit in modalitiesrelies
heavily onthefactthattheserulesmodelsemanticconsequencenthe validity level, whereadilbert
axiomsmodelconsequencen thetruth level.

The secondproof systemwas a Gentzensequentalculuswhich doesnot usesignedformulas. It
wasobtainedobservingthata sequent” = A is valid whenever the sequencé\(T'), T(A) of signed
formulaeis valid. This led to a straightforwardtranslationof the RS calculusDRS to the sequent
calculusSC,andsoundnesandcompleteneswereobtainedn analogy
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Tablel1: DRS:thedecompositiomulesfor signedformulael

QT(F), Q"
(T) / w
Q' T(xe F),Q
whereF is notof theform z € G forary z € VARO,G € FORM,

x € VARO, andz doesnotoccurabove thedoubleline,

Q' N(F), Q"
Q' N(y € F),Q" N(F)

whereF' is notof theform z € GG forary z € VARO,G € FORM,
andy is ary variablein VARO,

Q' T(x € ~F), Q"

T € —F
( ) Q' N(z € F),Q"
Q' Nz € -F), Q"
N € =-F -
( ) Q' T(xe F),Q"
(T en 2 T eFAG)D
' Q' T(xe F),Q"|Q,T(x € G),Q"
(Nen) QU NEzeFAG),Q
Q' N(z € F),N(z € G), Q"
(Tev) QA T(xe FVQG),Q"
' Q' T(xe F),T(z € qG),Q"
(Nev) PN FYE) >

' Nz e F),Q" | Nz € G),Q"
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Table2: DRS:thedecompositionulesfor signedformulaell

(T e(A))

(Ne(A))

(T e[A])

(Ne[A])

(T ep(A UB))

(Nep(AUB))

(sym €)

(tran €)

(symcp)

(trane cp)

(3-trancp)

O\ T(x € (AYF), Q"

A T(yeF), Q" T(xe(AYF)|Q, T(zep(A)y), Q' T(z € (A)F)
wherey is anarbitraryvariablein VARO,

Q' N(z € (AYF), Q"
Q' T(x € [A]-F), Q"

QO T(z € [A]F), Q"
Q' N(zcp(A) 2),T(z € F), Q" '
wherez € VARO, andz doesnotoccurabove thedoubleline,

Q' N(z € [A]F), Q"
QO T(x € (A)-F), Q"

Q' T(zep(AUB) y), Q"
Q' T(zep(A)y), Q" | Q,T(x ep(B) y), Q"

Q' N(z ep(AU B) y), Q"
o Q' N(z ep(A) y), N(z cp(B) y), Q"

Q' Nz €y), Q"
QL Q" N(z € y),N(y € z)

Q/J N(JZ S y); Q”a N(y S F)JQ”I
Q,Q",Q",N(z € y),N(y € F),N(z € F)

Q' N(z ep(C) y), Q"
Q' Q" N(z ep(C) y),N(y ep(C) z)

Q' N(z € y), Q" N(y cp(C) z),Q"
QL Q" Q" N(z € y),N(y cp(C) z),N(z cp(C) z)

Q' N(zep(C)y), ", N(y cp(C) z), 2", N(zep(C)t), Q"

)

2, Q" Q" Q" N(zep(C)y), N(yep(C)z), N(zep(C)1), N(zep(C)t), -
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Table3: Additional DRSrulesfor finite ATTR

Q' T(zep(—ans)y), Q"
(Top —a) (z cp( ) Y)
QI,T(.T Cp(Ua’ECONA—a alﬂS) y),Q”
Q' N(z ep(—an S)y), Q"
(Nep - a) (z cp( ) Y)
Q/, N(Z‘ Cp(Ua/ECONA_a a/ ﬂ S) y), Q”
Table4: Sequentxioms
| Axiomatic subsequencedRS | Sequentixiom: SC
T(F),N(F) AFET,F
T(z € 2) AT,z ex
N(z cp(0) y) A,z ep(0)y T
N(z cp(A) z) Ayzep(A)z =T
N(z cp(a;N'S) y),N(z" ep(a; NS") y'), | A,z ep(a;NS) y, 2’ ep(a;NS) y',F T
whereS # S’ aresubcomponents whereS # S’ aresubcomponents
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Table5: SCrulesl

‘ Decompositiorrules:DRS

Sequentalculusrules: SC

O Nz eF),Q | NzeG),Q

Q' T(F), Q" TFAzcF
* — *
U T(xeF),Q" IFAF
o' N(F), Q" ., Twerra .
Q' N(y € F), Q" N(F) T,FFA
O T(x € ~F), Q" leeFFA
O Nz eF),Q" [FAzeF
Q' N(x € =F), Q" IFAzcEF
QI,T(:[,‘EF),Q” ze-FFA
O T(xe FAG),Q" TFAzeF TFAzeG
O TzeF),Q | T(zeaq),Q TFAzc FAG
Q' Nz e FAG), Q" rzeFreGFA
Q' N(z € F),N(z € G), Q" rreFAGEA
QIJT(IEFVG),QII F}—A’xEF’$EG
O T(xeF),T(zeG),Q" TFAzEFVG
' Nz € FVG),Q" TzeeFFA T,2eGFA

F,.’I,'EFVGI_A

Q' T(x € (A)F), Q"

Q' T(ye F), Q" T(x e (A)F) |, T(xcp(A)y), 2", T(x € (A)F)
r-Ajyer

T'FAzep(A)y

THAze(AF

Q' N(z € (AYF), Q"
Q' T(z € [A]-F), Q"

THAz€[A]-F

Tze(A)FFA

O T(x € [A]F), Q"

Q’,N(.’L’ cp(A) z),T(Z c F),Q//

Ieep(A)zF A z€ F

T'FAze[AF
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Table6: SCrulesl|

Decompositiorrules:DRS

Sequentalculusrules: SC

Q' N(z € [A]F), Q"
Q' T(x € (A)y-F), Q"

TF A,z € (A)F
Tz e[A]FFA

Q' T(zep(AU B) y), Q"
Q T(xep(A) y), Q" | Q, T(x cp(B) y), Q"

T'FAzep(A)y 'FAzep(B)y

I'Azep(AUB)y

Q' N(z ep(AU B) y), Q"
', N(z ep(A) y),N(z cp(B) y), Q"

T zep(A)y,zep(B)yk A
TMzep(AUB)yFA

Q' N(z €y), Q"

Tyexzk A
QL Q" N(z € y),N(y € z) HLzeyk A
@, N(z € ), 9" N(y € F), 2" LecFra

QL Q" Q" Nz € y),N(y € F),N(z € F)

eeyye FFA

Q' N(z ep(C) y), Q"
@, Q" N(z cp(C) y),N(y ep(C) 2)

T,yep(C)zk A
Tzep(C)yk A

Q' N(z € y),Q",N(y ep(C) z), Q"

QL Q" Q" N(z € y),N(y ep(C) 2),N(z ep(C) 2)

Tzep(C)zFA
Fzeyyep(C)zt- A

Nz ep(C) y), 2", N(y cp(C) 2), 2", N(z cp(C) 1), 2"

QL Q" Q" N(z ep(C) y),N(y ep(C) 2),N(z ep(C) t),N(z ep(C') t)

T,zep(C)tE A

T,z ep(C)y,yep(C) z,zep(C)tE A
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Table7: SCruleslll

Rulesfor finite ATTR: DRS Rulesfor finite ATTR: SC

' T(zep(-ans)y), " U'FA 2z ep(Uyeconaa @NS) Y
Q' T(z ep(Uneconaca @ NS)y), I'EAzep(—ansS)y

Q' N(zep(—an S)y), Q" U2 ep(UayecConaca @ NSy A
Q' N(z ep(Upcconaa @ NS)y), Q" Iyzep(-anS)yk A

Thinningrules

I'EA I'kA
ILFFA TFAF
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