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Abstract

Two objects��������� of aninformationsystemaresaidto becomplementarywith respectto attribute	 if 	�
 � �
����� 	�
 � ��� , where 	�
 � � is thesetof valuesof attribute 	 assignedto � . They are said

to becomplementarywith respectto a setof attributes� if they arecomplementarywith respect
to eachattribute 	�� � . A multi-modal logical languagefor reasoningaboutcomplementarity
relationsis presented,with modalities � ��� and ����� parameterisedby subsetsof a givensetATTR

of attributes.Two completedeductionsystemfor thelanguagearepresented:aRasiowa–Sikorski

stylesystemusingsignedformulae,andanequivalentsequentcalculussystemin Gentzenstyle
completefor theories.

1 Intr oduction

In theworld aroundus,entitiesareperceivedby thepresenceor absenceof features,andthe

OBJECT �� ATTRIBUTE

relationshipservesin many casesasa basisfor knowledgerepresentation.More formally, an infor-

mationsystemis a tuple � �"! OBJ # ATTR #�$&%('*)&'�+ ATTR , , suchthat- OBJ is a nonemptysetof objects,- ATTR is a nonemptysetof attributesor features, suchthat

– Each .0/ ATTR is a mappingfrom OBJ to 132�4 , where % ' is a nonemptysetof possible

valuesof attribute . ,5
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which assignsto eachobjecta setof valuesassociatedwith .
(Pawlak, 1973,Lipski, 1976,Orłowska& Pawlak, 1987).If bothOBJ andATTR arefinite, wecan,in

principle,depictthesystemasa datatable,similar to a tableof a relationaldatabase.

With eachset 6 of attributesonecanassociatevariousrelationson the objectset,the mostwidely

usedbeingtherelationship798;:(<=6?> of indiscernability: here,two objectsarerelatedif they cannotbe

distinguishedwith theknowledgegivenby theattributesin 6 . In otherwords,for all @A#CBD/ OBJ,!E@A#�B , /F7E8(:(<=6?> if andonly if .(<=@G>���.(<=B�> for all .H/F6JI(1.1)

Indeed,therearemany typesof suchrelationswhich canbe sensiblyderived from an information

system,and the readeris invited to consultOrłowska (1995) for more details,andDüntschet al.

(1999)for a generalform of relationalrepresentation.

While relationsof similarity have beenfrequentlystudiedandarewell understood,thesituationwith

regardto relationswhichdescribethedifferencesof objectsis muchlessclear. Onedissimilarityrela-

tion whichhasbeenstudiedin somedetailis thatof (strong)complementarity, where,for anonempty

setof attributes6 ,!E@K#CB , /FL�MONQPR<S6T> if andonly if .;<=@U>���% '�V .(<=BW> for all .H/F6XI
Demri & Orłowska(1998)show that L�MONQPR<=6?> is

C1. irreflexive,

C2. symmetric,and

C3. 3–transitive,i.e. for all YX#C@A#�BG#�Z[/ OBJ,!9YJ#�@ , #�!E@A#
B , #�!EBU#
Z , /FL�MONQPR<=6?> implies !9YJ#�Z , /�L�M&NQP\<=6T>*I
Conversely, they show thatfor eachrelation ] on OBJ with thesepropertiesthereareaninformation

system� andasetof attributes6 suchthat ]^�_L�M&NQP\<=6T> .
Theserelationsarenot independent,sinceL�MONQPR<E`a +cb 6 a >d�fea +cb L�MONQPR<=6 a >(1.2)

for any family $&6 aRg 7�/Fhi) of nonemptysubsetsof ATTR, so,for example,L�MONQPR<=6kjmlX>n��L�MONQPR<=6?>;omL�MONQPR<SlJ>�#(1.3)

for all nonempty6J#�lqp ATTR.

Condition(1.2) saysthat two objectsarecomplementarywith respectto theattributesin r a +3b 6 a if f
they arecomplementarywith respectto all attributesin each6 a for 7s/kh . In otherwords,thelarger

thenonemptysetof attributes,thesmallerthecorrespondingcomplementarityrelation.
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It wasnot without reasonthat above we limited our considerationsto nonemptysetsof attributes

only. Indeed,it is not obvious how complementaritycorrespondingto an emptysetof attributesis

to be understood.Oneapproachis basedon remarkingthat in caseof an empty set of attributes

every objectis assignedanemptysetof attributevalues,andtheoverall setof attributevaluesis also

empty, so t V tu�vt implies that we could formally assumeL�MONQPR<=tw>x� OBJ y OBJ. However,

this is counterintuitive,sincethewhole ideabehindthecomplementarityrelationis that theattribute

valuesfor the consideredobjectsaretotally different— andin caseof anemptyuniverseof values

this cannothappenfor any two attributes.Hencefrom theintuitiveviewpoint is naturalto assumean

additionalcondition L�MONQPR<=t3>\��tzI(1.4)

— which is whatwe shalldo here.

The relationsthusobtainedareparameterisedby thesetsof attributes,andonespeaksof the family! OBJ #�L�M&NQP\<=6T>|{A} ATTR , asa familyof complementarityrelationsparameterisedby ATTR.

In thispaperwewill developtwo completeformalsystemsof modallogic for reasoningaboutrelative

complementarityrelations.Thedeductionsystemswe shalldevelopwill bea Rasiowa-Sikorskistyle

sequenceformalismbasedontheuseof signedformulae(Rasiowa& Sikorski,1963),andaGentzen-

stylesequentcalculuscompletefor theoriesobtainedfrom theformersystem.Theapproachwhichwe

adoptfollows closelytheoneusedby Konikowska(1997a,b)to developa logic for reasoningabout

parameterisedsimilarity relations. Dif ferent systems,basedon sufficiency (as opposedto modal)

operatorsandrelativesemanticshave beenpresentedby Düntsch& Orłowska(2000).

2 The language

Thelanguage~ is parameterisedby a fixednonemptysetATTR. Thereasonfor fixing thatsetis that

in a real-life informationsystemthesetof objectscanchangequitefast,whereasthesetof attributes

usedfor characterisingtheseobjectsremainsasa rule constantthroughoutthe lifetime of a current

systemversion.

Thealphabetof ~ is thedisjoint unionof thefollowing sets:
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CONA ��$�� g .x/ ATTR ) A set of constantsrepresentingindividual at-

tributes,oneconstant� for eachsingleattribute . .
VARSA A set of variablesrepresentingnonemptysetsof

attributes.$&�() A constantrepresentingtheemptysetof attributes.

VARO A setof variablesrepresentingindividualobjects.

VARSO A setof variablesrepresentingsetsof objects.$W�[#Cjn#�od) Symbolsfor set–theoreticoperationson setsof at-

tributes.$&�n#C�n#��d) Symbolsfor set–theoreticoperationsonsetsof ob-

jects.$W! , #����E) Symbolsfor modalities.

Therearetwo kindsof expressions:

1. Terms,representingsetsof attributes.

2. Formulae,representingsetsof objects.

ThesetTERM of termsis thesmallestsetsatisfyingthefollowing conditions:

(i) VARSA j CONA j�$&��)Jp TERM #
(ii) If 6X#Cl"/ TERM , then �s6J#�6�j�l�#�6�oml�/ TERM .

ThesetFORM of formulaeis thesmallestsetsatisfyingthefollowing conditions:

(i). VARO j VARSO p FORM .

(ii). If �n#��q/ FORM , then ���n#C���H�H#C���H��/ FORM .

(iii). If 6_/ TERM and ��/ FORM , then ��6����n#�!E6 , ��/ FORM .

We shallalsousethederivedoperator�z� which servesasanabbreviation for�����H�xI(2.1)

3 Semanticsof �
A complementarityframe, or just frame, is apair�_��� OBJ #�$OL�M&NQP\<=6T>�)�{A} ATTR � #(3.1)

4



whereOBJ isanonemptysetof objects,ATTR afixednonemptysetof attributes,and $&L�MONQPR<S6T>�) {A} ATTR

is a family of relationson OBJ which satisfyC1, C2, C3 on page2, 1.4, (1.2) on page2. For each6�p ATTR, wecall L�M&NQP\<=6T> thecomplementarityrelationcorrespondingto (theattributesin) A. Ex-

ceptfor (1.2),wedonotputany restrictionsontheassignment6���vL�MONQPR<=6?> . A modelof ~ is apair� ��!E�n#�� , , where ����! OBJ #�$OL�M&NQP\<=6T>�) {A} ATTR , is a frameasin (3.1), and � is a (multi-sorted)

valuationsuchthat- �(<=6?>np ATTR for 6�/ VARSA ,- �(<��Q>np OBJ for ��/ VARSO,- �(<=@U>n/ OBJ for @�/ VARO.

Thevaluation� is extendedin anaturalwayto aninterpretation �¡ of termsandaninterpretation¢\¡
of formulaeby interpreting� as t , eachconstant��/ CONA asthecorrespondingattribute .x/ ATTR

(or, rather, asthesingletonsetcontaining. ), thesymbols�[#�jn#Co asset–theoreticaloperationsonsets

of attributes, �n#C�n#�� asset–theoreticaloperationson setsof objects,and !E6 , #���6�� asthe possibility

andnecessitymodalitiescorrespondingto theaccessibilityrelation L�MONQPR<= �¡£<S6T>
> .
More precisely, the interpretationof termsin

�
is a function  �¡ g TERM �G�¤1 ATTR definedinduc-

tively asfollows:

(i).  �¡�<��G>���$&.i) for any .H/ ATTR, where� is theuniqueconstantin CONA representing. ,
(ii).   ¡ <S�G>���t ,

(iii).  �¡�<S6T>����(<=6?> for 6f/ VARSA ,

(iv). For any 6X#Cl�/ TERM,  �¡�<|�s6T>�� ATTR V  �¡k<=6T>*# �¡�<=6kjFlX>¥�� �¡k<=6?>Ajm �¡�<=lX>�# �¡�<=6koFlX>¥�� �¡k<=6?>Aom �¡�<=lX>�I
The interpretationof formulaeis a function ¢\¡ g FORM �¦� 1 OBJ suchthat for all @f/ VARO,�§/ VARSO, �n#
�q/ FORM , and 6�/ TERM,¢\¡�<=@U>���$&�(<=@G>�)�#¢\¡k<��Q>����;<��¨>�#¢\¡k<=���[>d� OBJ V ¢\¡k<=�[>�#¢\¡k<=���m�Q>���¢\¡©<S�[>Ajm¢\¡�<��¨>*#¢\¡k<=���m�Q>���¢\¡©<S�[>Aom¢\¡�<��¨>*#¢ ¡ <|��6n�=�[>���$&MX/ OBJ g <«ª;M�¬(/ OBJ>�<�<=M�#CM�¬�>n/FL�MONQPR<=  ¡ <=6?>
>R�­M�¬;/�¢ ¡ <=6?>
>�)¢\¡�<|!E6 , �[>���$&MX/ OBJ g <=®zM ¬ /F¢\¡k<=6T>�>�<=M�#CM ¬ >n/FL�MONQPR<= �¡k<=6?>
>�)WI
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A formula ��/ FORM is saidto be true in a model
�

, written ¯ � ¡ � , if f ¢ ¡ <=�[>s� OBJ, i.e. if f it

evaluatesto thewholeobject–universeof thismodel.A formula � is calledvalid if f ¯ � ¡ � for every

model
�

.

It can be easily seenthat, in general,neither the formula � nor the formula ��� needhold in a

givenmodel.Consequently, dueto our notionof satisfaction,� doesnot directly correspondto non-

satisfaction,whichshouldbekeptin mind for thingsto come.

4 Signedformulae

In the developmentof our first deductionsystem,we shall usesignedformulae,which area well-

known tool for expressingsatisfactionandnon-satisfactionof formulae.This typeof “internalising”

semanticalnotionshasalsobeenusedsuccessfullyon the object level, seee.g. Blackburn (1998).

The signsaredroppedwhenwe passto theGentzendeductionsystem,andthesystemwe obtainis

a sequentcalculusfor the original language.Syntactically, signedformulaearesimply formulaein

FORM precededby oneof the signedformula constructorsT # N. More formally, the setSFORM of

signedformulaeis

SFORM ��$ T <=�[> g �"/ FORM )nj�$ N <=�[> g ��/ FORM )W#
whereT standsfor “true”, or “satisfied”,andN for “false”, or “not satisfied”.

Theinterpretationof signedformulaeis a function ° ¡ g SFORM �z�±$ tt # ff ) , wherett denotestruth

andff falsity, definedby

°z¡k< T <=�[>
>��³² tt if f ¯ �?¡ � ,

ff otherwise,
°z¡k< N <=�[>�>��³² tt if f non ¯ �?¡´� ,

ff otherwise

For a signedformula � , we saythat � is true in
�

, andwrite ¯ �?¡ � , if f °z¡k<��Q>¥� tt . We saythat� is valid – andwrite ¯ �µ� – if andonly if ¯ �?¡ � for any model
�

.

Thedeductionsystemwearegoingto developwill bebasedon formulaeexpressingthemembership

relation,namely, @�/F��¶�·S¸��@F�G�¹�n#(4.1)

Specialinstancesof suchformulaeare @F/mB and@¨L�P\<=6T>(B ¶�·=¸�º@»/k!E6 , BGI(4.2)

Here @A#�B�/ VARO #C�"/ FORM #�6�/ TERM. Since¯ �?¡³�"�U�¼��½�¾�¢\¡k<=�[>spu¢\¡©<��Q>�#
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it canbeeasilyseenthatformulaeof type(4.1) indeedrepresentthemembershiprelationwith @�/�@
representingequality, andformulaeof type(4.2)thecomplementarityrelation.For thecorresponding

signedformulaewehave ¯ �?¡ T <=@m/��[> if f �;<S@G>d/F¢\¡©<S�[>�#(4.3) ¯ �?¡ N <=@m/��[> if f �;<S@G>À¿/F¢\¡©<S�[>(4.4) ¯ �?¡ T <=@[L�PR<S6T>AB�> if f <=�(<=@G>�#��;<SBW>�>�/FL�MONQPR<S �¡£<=6?>
>�#(4.5) ¯ �?¡ N <=@[L�PR<S6T>AB�> if f <=�(<=@G>�#��;<SBW>�>n¿/FL�MONQPR<S �¡£<=6?>
>�#(4.6) ¯ �?¡ T <S@F/FB�> if f �;<S@G>\���;<SBW>�#(4.7) ¯ � ¡ N <S@F/FB�> if f �;<S@G>À¿���;<SBW>�I(4.8)

Indeed,for (4.3), ¢\¡k<=@�/F�[>¥�_¢\¡©<=��@X�m�[>¥�q< OBJ � $&�(<=@G>�)O>;jm¢\¡k<=�[>�#
whencē �?¡ T <=@�/F�[> if f ¢\¡k<=@m/��[>¥� OBJ if f �;<=@U>n/F¢\¡k<=�[> . Furthermore,(4.4)– (4.6)arejust

specialcasesof (4.3).

Theformulaeaboveprovide theclassicaldichotomyof "satisfaction— non-satisfaction"notexpress-

ible directly in our original language,andarevery usefulfor developingthedeductionsystem.This

is expressedin thefollowing resultfrom Konikowska(1997a)(seealsoGabbay, 1981):

Lemma 4.1. For anyformula �Á/ FORM :

(i) T <S�[> is valid iff T <S@F/F�[> is valid, where @�/ VARO is anyvariablenot occurringin � ,

(ii) N <=�[> is valid whenever for anymodel
�

there is a variable @F/ VARO such that N <=@m/��[> is

true in
�

.

5 Componentsand transformation to normal form

In orderto copewith themodalitiescorrespondingto varioussetsof attributes,we usethe“compo-

nent” approachdescribedin Konikowska(1997a,b)for the caseof the similarity logic: We replace

thetermsappearingin signedformulaeby unionsof certainspecialtermscalled“components”which

evaluateto adisjoint cover of ATTR in any model.

For anarbitraryfinite sequenceÂ of signedformulae,let

CONA <=ÂÀ>���$��m/ CONA g � occursin Â?)W#
and

VARSA <=ÂÀ>���$&6�/ VARSA g 6 occursin Â?)
7



bethesetof all constantsin CONA andall variablesin VARSA thatappearin thetermsof Â .

Supposethat

CONA <=Âs>��_$��(Ã�#�I�I�IU#
�zÄz)W# VARSA <=Âs>��Å$�Æ�Ã�#�I�I�Iz#�ÆJÇ?)W#
where 8R#�N È�É . The sequenceÂ is said to be nondegenerate if f N�Ê�8 � É , i.e. if f it contains

symbolsfrom VARSA j CONA1.

Supposethat Â is nondegenerate,and 6TË0��6J#³6ÍÌ£�"�s6
for any term 6 . We denote

SCOMP <SÂs>R�Å$�Æ a�ÎÃ o�I�I�ICo»Æ aÐÏÇ g 7|Ã�#�I�I�IG#C7SÇ^/©$&ÊQ#��?)3)�#
COMP <SÂs>R�Å$���ÑÒomÓ g Ó�/ SCOMP <=Âs>*#�Ô?ÕkÖxÕu8A)nj�$W�n� Ã o�I�I�ICo0�n� Ä o�Ó g Ó�/ SCOMP <SÂs>�)

The elementsof COMP <=Âs> arecalledcomponentsfor Â , andthoseof SCOMP <=Âs> subcomponents.

Notethatthenotionof componentis definedfor nondegeneratesequencesonly. By apositivecompo-

nentwe meanany componentof theform � Ñ o�Ó . Componentswill bealwaysdenotedby a suitably

indexed × , andsubcomponentsby Ó . For nonpositivecomponentswe shall oftenusetheshorthand

notationof theform �n��oXÓ , whichshouldbereadas �n� Ã oDI�I�IEo��n� Ä oJÓ , where�x��$�� Ã #�I�I�IU#
� Ä ) .
Thecomponentsandsubcomponentshave thefollowing importantproperties(Konikowska,1997b):

Lemma 5.1. For anynondegeneratesequenceÂ of signedformulaeandanymodel
�

,

1. Thesets$&  ¡ <�×¨>�)&Ø + COMP ÙÛÚGÜ forma disjoint coverof ATTR, i.e.

(a)  �¡�<�×¨>(om �¡©<�× ¬ >���t for any ×Q#
× ¬ / COMP <=Âs> such that ×�¿��× ¬ ;
(b) r Ø + COMP ÙÛÚGÜ  �¡k<�×Q>�� ATTR.

2. Thesets$& �¡k<=Ó¥>�)&Ý + SCOMP ÙÞÚGÜ alsoforma disjoint coverof ATTR.

3. For anyterm 6 occurringin Â , either

(i) 6 is semanticallyequivalentto � , or

(ii) thereexistsa uniquesubset$�×[Ã�#�I�I�IU#
×Tß�) of COMP <=Âs> such that theterm ×[ÃAj�I�I�I�jH×?ß
is semanticallyequivalentto 6 in all models.

It is easyto seethatevery term 6 appearingin a degeneratesequenceÂ is semanticallyequivalentto

either � or �s� .
1Thereadershouldnotethat à belongsneitherto CONA nor to VARSA, whenceany sequencewhosetermscontainno

symbolfor anattributeor setsof attributesotherthan à is consideredasdegenerate.
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Thus,for any term 6 in any sequenceÂ , by thenormal form 8�<=6?> of A (with respectto Â ) we shall

understandeitherthesequence� or �s� , if 6 is semanticallyequivalentto oneof theabove,or else8�<=6?> ¶�·=¸��×[ÃAj�I�I�I�jm×Tß
where $�×ÍÃ�#�I�I�Iz#�×Tß�) is a set of componentswith union semanticallyequivalent to 6 definedin

Lemma5.1.

Thesequenceobtainedfrom any sequenceÂ (degenerateor not) by replacingevery termin Â by its

normalform with respectto Â is denotedby 8�<=Âs> andcalledthenormalformof Â . Thealgorithmfor

obtaining8á<SÂs> is justasimplemodificationof thestandardalgorithmof transformationinto complete

disjunctivenormalform.

By Lemma5.1(3), the interpretationof 8�<=ÂÀ> in any model coincideswith the interpretationof Â .

Hence,ourdeductionsystemwill only beconcernedwith sequencesin normalform.

6 DRS: a deduction systemfor signedformulae in Rasiowa– Sikorski
style

Thetypeof deductionsystemwearegoingto developwasintroducedby Rasiowa& Sikorski(1963),

and will be henceforthcalled an R–Ssystem. It consistsof decompositionrules for sequencesof

signedformulae,andof axiomaticsequencesto bedefinedbelow. Usinga morecommonterminol-

ogy, thedecompositionrulesarethe“inferencerules”of thesystem,whereastheaxiomaticsequences

representits “axioms”, or ratheraxiomschemes.An R–Ssystemis dual to a tableausystemof the

type usedby Beth (1959)or Fitting (1983). Onebasicdifferenceis that, in contrastto a refutation

basedtableausystem,we try to show thevalidity of a formulaor sequenceof formulae.Weconstruct

a decompositiontreewith verticeslabelledby sequencesof formulaewhosebranchesterminate“cor-

rectly” only if we encountera simple,axiomaticsequenceof formulae– like T <=�[>�# N <=�[> – which is

guaranteedto bevalid; a sequenceof formulaethenis valid if f it hasa finite decompositiontreeall

of whosebranchesendin axiomaticsequences.Theotherdifferenceis that in thetableausysteman

applicationof a rule to a vertex � takesinto considerationthelabelsof all theancestorsof � , whereas

in an R–S systemthe vertex explicitly inheritsall the necessaryinformation from its ancestor. In

applyingarule to a vertex we neednotconsideranything but thelabelof thevertex.

A sequenceÂ���� Ã #��¨â�#�I�I�Iz#
� Ä of signedformulaeis calledtrue in a model
�

, written ¯ � ¡ Â , if f¯ � ¡ � a for some ÔJÕ�7dÕ�8 . Â is calledvalid if f ¯ � ¡ Â for every model
�

. A decompositionrule

is eithera pair Â Ã #CÂÀâ or a triple Â Ã #CÂÀâ�#�Ânã of sequencesof formulaein SFORM , usuallywrittenasÂ?ÃÂ â #³ä�å ÂæÃÂ â ¯�Â ã #
respectively. Â?Ã is calledtheconclusionof therule,and Â â ( Â â #�Â ã ) its premise(premises). A rule is

saidto besoundprovidedits conclusionis valid if f all its premisesarevalid.

9



Thus,a decompositionrule is soundif f it leadsfrom valid sequencesto valid sequencesboth“down-

wards”and“upwards”.Sucha "two-way" notionof soundness,crucialfor R-Ssystems,is a stronger

thantheusualone,andamountsto invertibility of rulesin thecommonterminology. To underlinethis

fact,weseparatethepremisesfrom theconclusionin thedecompositionrulesby adoubleline instead

of theusualsingleone.

It shouldbestressedthat in our deductionsystem,thedecompositionof a sequenceof formulaewill

beprecededby transformingit to normalform; in otherwords,all decompositionruleswill beapplied

to sequencesin normalform only.

A sequenceÂ of formulaeis calledaxiomaticif it containsoneof theformulae(6.1)– (6.3)or pairs

of formulae(6.4),(6.5)givenbelow:

N <=@JL�PR<S�G>(BW>*#(6.1)

N <=@JL�PR<S6T>(@G>*#(6.2)

T <=@m/F@U>�#(6.3)

T <=�[>�# N <S�[>�#(6.4)

N <=@JL�PR<���ÑáoFÓd>;B�>�# N <=@i¬cL�P\<���ÑáomÓ�¬Û>ABw¬ç>*#(6.5)

where Ó�#�Ó ¬ aretwo differentsubcomponentsin SCOMP <=Âs> .
Lemma 6.1. Thesignedformulae(6.1)– (6.5)arevalid.

Proof. Thevalidity of (6.1)– (6.3)followsfrom C1,C2and(4.3),(4.4),and,clearly, thepair (6.4) is

alsovalid.

For theproof of (6.5), considera arbitrarymodel
�

. Since Ó�#CÓ ¬ aretwo differentsubcomponents,

then,by Lemma5.1,thesets �¡k<=Ó¥> and  �¡©<SÓ ¬ > aredisjoint. Now,  �¡©<��OèC>���$&�(<��Oè|>�) is a singleton,

and it follows that either  �¡k<��OèC>¥o  �¡©<SÓ¥>��ét or  �¡©<��OèC>¥ok �¡�<=Ó ¬ >��¼t . In otherwords,either �¡�<��OèRo�Ó¥>d�"t or  �¡k<��Oèáo�Ó ¬ >n�"t . Sinceby 1.4 L�MONQPR<=t3>n�"t , either L�MONQPR<= �¡k<��OèRo�Ó¥>
>d�"t orL�MONQPR<=  ¡ <�� è oHÓ ¬ >�>���t . In thefirst case,weobviouslyhave <S�;<=@U>�#C�(<=B�>
>d¿/FL�MONQPR<=  ¡ <�� è oxÓd>
> , and

in thesecondcase <=�(<=@ ¬ >�#��;<=B ¬ >
>D¿/�L�MONQPR<=  ¡ <�� è o�Ó ¬ >
> . Thus,by (4.4), oneof the formulaein the

pair mustbetruein
�

.

As any sequenceof formulaecontainingavalid formulais valid, wehave

Corollary 6.2. Everyaxiomaticsequenceis valid.

To definethe decompositionrules,we needthe notion of an indecomposablesignedformula or a

sequenceof suchformulae.Intuitively, thisanelementaryformula(sequence)whichcannotbebroken

into any simplerformulaeusingthedecompositionrules.

A formula �q/ SFORM is saidto be indecomposableif f it hasoneof thefollowing forms:

(i) T <S@F/m�Q> or N <=@»/m�¨> , where @»/ VARO #
�q/ VARSO j VARO,
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(ii) T <S@JL�PR<�×Q>(BW> or N <=@JL�PR<�×¨>GB�> , where@K#CB�/ VARO, and × is �A#��s� , or

(a) × is any component,if ATTR is infinite;

(b) × is any positivecomponent,if ATTR is finite.

Otherwisea formulais saidto bedecomposable.

Note that (ii) is justified by the fact that in decomposingsequencesinto normal form we split the

unionsof componentsinto individual componentswhich areconsideredas “atomic”; clearly, � is

also“indecomposable”,and �s� canbeencounteredonly in thenormalform of adegenerateformula,

which hasno componentsat all; thus,we cannotsplit �s� into anything smaller. Thecondition(b) in

(ii) followsfrom thefact thatin caseof afinite ATTR wecaneliminateall negativecomponentsof the

form �n�AonÓ by replacingthemwith aunionof positivecomponentsof theform rQê�ë + CONA Ì ê <�� ¬ o�Ód> .
A sequenceÂ of signedformulaeis saidto beindecomposableif f all its elementsareindecomposable.

Thedecompositionrulesfor thelanguageof signedformulaeis givenin Tables1 – 32.

In all DRSrules, @A#�BG#�Z�/ VARO #C�n#��³/ FORM , Â ’ and Â ” aresequencesof signedformulae,with

theprerequisitethat Â ¬ is indecomposable,6J#�lq/ TERM , × is acomponent,and Ó asubcomponent.

Sincethedecompositionprocessis appliedto sequencesin normalform only, theonly termsencoun-

teredin theactuallydecomposedformulaewill be unionsof components;thuswe needno rulesfor

termconstructorsotherthantheunion.

The rules(T) and(N), which aresoundby Lemma4.1, allow us to managethe awkward problem

of “neither � nor ��� holds” by reducingtheoriginal formulae(in repeatingstepsin caseof (N)) to

dichotomousformulaeof the form T <=@�/��[>�# N <=@�/��[> . This reductionis analogousto thatused

in first-orderlogicsin caseof quantifiers:Thesemanticconditionsfor T <=�[>*# N <=�[> to betrueinvolve

implicit quantificationoverall objects,universalin caseof T <=�[> , andexistentialin caseof N <=�[> .
The rulesfor finite ATTR arejustifiedby the fact that, in caseof a finite ATTR, eachnegative com-

ponentof theform �n��o�Ó canbereplacedby a finite unionof componentsof theform � ¬ o�Ó over� ¬ / CONA V � .
From(4.3)– (4.5)andLemma4.1we immediatelyobtain

Lemma 6.3. Thedecompositionrulesin the(DRS)systemaresound.

The generalideaof thedeductionsystemis to breakdown the formulaeoccurringin a sequenceof

signedformulaeinto someelementary, indecomposableparts,whosevalidity determinesthevalidity

of theoriginalsequence.In whatfollows,thefiverulesmarked<9ì&> will becalledexpansionrules,and

all othersreplacementrules. Roughlyspeaking,replacementrulesreplacetheoriginal formula they

actuponby simplerformulae,whereasexpansionrulesaddnew formulaeto thesequence,e.g.close

it undersomesymmetryor transitivity law.

It canbeeasilyseenthat
2Tablesareplacedat theendof thepaper.
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- Replacementrulesareapplicableto decomposablesequencesonly.- To any decomposablesequenceof formulaewecanapplyatmostonereplacementrule;namely,

theuniqueruleapplicableto theleftmostdecomposableformulain thissequence.- Expansionrulescanalsobeappliedto indecomposablesequences.

Note that theremaybeseveralexpansionrulesapplicableto a givensequence.To avoid ambiguity,

we shall give a methodof choosingan appropriaterule to be applied,aswell asa variablein the

quantifier–like rules.

7 Decompositiontr eesfor sequencesof formulae and completenessof
the DRSsystem

In thisSectionweshalldescribethemechanismof usingtheDRSsystemintroducedin thepreceding

sectionto prove the validity of sequencesof signedformulae,and show the completenessof the

system.

The validity proofs in DRS consistin constructingdecompositiontreesfor sequencesof formulae,

usingthedecompositionrulesin thewaydescribedbelow. We shallprove thata sequenceis valid if f

its decompositiontreeis finite andall its branchesendin axiomaticsequencesonly; this amountsto

thecompletenessof thesystem.

In orderto makethedecompositiontreeunique(i.e. to avoid ambiguity),we needonemorenotion.

Let Â beasequenceof signedformulae;adecompositionrule ] in DRSis calledcorrectlyapplicable

to Â if boththefollowing conditionsaresatisfied:

(i) ] is a ruleapplicableto Â suchthatits applicationaugmentsÂ by somenew formula,

(ii) Thereis norulewith thispropertythatcanbeappliedto aformulaor asubsequenceof formulae

in Â lying to theleft of theformulaor formulae,to which ] canbeapplied3.

Sincethereis at mostonereplacementruleapplicableto any sequenceof formulae,and(ii) uniquely

definestheexpansionrulewhich is correctlyapplicableto Â , weobtain

Lemma 7.1. At mostonedecompositionrule is correctly applicableto a any givensequenceÂ of

signedformulae.

Hence,we can talk about the uniquerule R correctlyapplicableto a given sequenceÂ ; this is of

a fundamentalimportancefor definingthe notion a decompositiontree. To assurean unambiguous
3If í is the relation of “lying to the left”, then we assumethat for all î�ï ÎEð
ñ�ñ�ñ3ð ïzòCó ð î�ô Î�ð�ñ�ñõñ�ð ô�öÛó , we haveî�ï Î�ðõñ�ñ�ñ�ð ïzò�óU÷Fî�ô Î�ð�ñ�ñ�ñWð ô�öÛó , iff, for someø�ùxúuùxú?ûÐü�îÐý ðEþ ó , ïzÿ��Fô�ÿ for � ��ø ð
ñ�ñ�ñ3ð ú��Qø and ï Ï ífô Ï , where

thelatterrelationis understoodin thenaturalway.
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choiceof variablesin thedecompositionprocess,we supposefor therestof thispaperthatVARO is a

well-orderedsetwith respectto someordering Õ .

By adecompositiontree
��� <=Âs> for asequenceÂ of signedformulaewemeanamaximalbinarytree

with verticeslabelledby sequencesof signedformulaedefinedinductively asfollows:

(i) Theroot of
��� <=Âs> is labelledby 8�<=Âs> , i.e. thenormalform of Â .

(ii) Let � , labelledby 	 , beanendnodeof abranchl of thetreeconstructedup to now. Then,

(a) We terminatethebranchl atnode � if either:

(a1) 	 is anaxiomaticsequence,or

(a2) 	 is indecomposableandno expansionrule is correctlyapplicableto 	 ;

(b) Otherwisewe expandthebranchl beyond � by attachingto thisnode

(b1) a singlesonlabelled 	?Ã , if the uniquerule correctlyapplicableto 	 is of the form		 Ã ,

(b2) two sonslabelled 	 Ã and 	sâ , respectively, if theuniquerule correctlyapplicableto

	 is of theform
		 Ã ¯
	sâ .

In a rule involving thechoiceof a new variablewe choosethefirst variablewith respectto the

ordering Õ which doesnot appearin 	 , seeRasiowa& Sikorski(1963)for thedetails.

Thedecompositiontreestartswith asinglenode,labelledby thenormalform of Â . Theinitial nodeis

thenexpandedinto atreeby meansof therulesin DRS.In case(a1)thereis nosenseto extendbranchl any further, sincewe alreadyhave anaxiomaticsequenceat its end. In case(a2)no replacement

rule is applicableto 	 , andwecannotaugmentthissequenceby applyinganexpansionrule,whence

branch l cannotbe extendedbeyond node � . Otherwisethe branchis expandedby meansof the

uniquecorrectly applicablerule; the conditionson the choiceof variablesin quantifier-like rules

assuretheuniquenessof theextension.Hence,
��� <=Âs> is uniquelydeterminedby 8�<=Âs> .

It is easyto seethat
��� <=Âs> maybeinfinite — dueto the < N # T /�!E6 , > rules.Furthermore,a node

of
��� <=Âs> is terminal (a leaf), if f its label 	 is eithera axiomaticsequence,or an indecomposable

sequenceclosedunderall theexpansionrules4.

In thesequel,wewill referto sequencesof signedformulaelabellingtheterminalnodesof
��� <=Âs> as

the terminalsequencesof Â .

Thenotionof provability in oursystemis asfollows:

A sequenceÂ of signedformulaeis calledprovablein DRS,writtenas ����
 Ý Â , if f its decomposition

tree
��� <=Âs> is finite andall its terminalsequencesareaxiomatic.

Fromtheequivalencecharacterof therules,it is evidentthat
4We saythat � is closedunderanexpansionrule � if either � is not applicableto � or its applicationcannotaddany

new formulaeto thatsequence.
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Lemma 7.2. ThesystemDRSis sound,i.e. everyprovablesequenceÂ of signedformulaeis valid.

Thecornerstoneof theconverseresult– thecompletenesstheorem— is thefollowing crucial

Lemma 7.3. For anysequenceÂ of signedformulae,each valid terminal sequence	 in
��� <=ÂÀ> is

axiomatic.

Proof. Let Â and 	 satisfy the assumptionsof the Lemma,and assumethat 	 is not axiomatic.

Since 	 is a terminalsequenceof
��� <=ÂÀ> , it follows that 	 is indecomposableandclosedunderall

expansionrules. Hence,by thedefinition of an indecomposablesequence,eachelementof 	 must

have oneof thefollowing forms:

T <=@m/»�¨>�# N <S@m/m�¨>*# T <=@JL�PR<�×¨>(BW>*# N <S@JL�PR<�×Q>(BW>�#
where @K#CB�/ VARO, �é/ VARSO j VARO, and × is either � or �s� , or any componentif ATTR is

infinite, andany positivecomponentif ATTR is finite, seethedefinitiononpage10. Let

CONA <=Âs>��_$��(Ã�#�I�I�IU#
�zÄz)W# VARSA <=Âs>��Å$�Æ�Ã�#�I�I�Iz#�ÆJÇ?)W#
andsetCONA <=ÂÀ>���� . Thentheterms× whichcanappearin 	 areasfollows:

(i). ×"��� .
(ii). ×³� �s� . Sincethenormalform of any term 6 with respectto a non–degeneratesequenceÂ

is differentfrom �s� by Lemma5.1, this caseis only possibleif Â is degenerate,i.e. if all the

termsin Â areBooleancombinationsof � s,

(iii). If ×v¿/u$&�K#��s�() andATTR is infinite, then × canbeeitherof the form � Ñ o�Ó or of the form�n�QomÓ , whereÓ�/ SCOMP <=Âs> ; if ATTR is finite, then × canonly beof theform � Ñ oFÓ .

Recallthatany subcomponentÓ�/ SCOMP <=ÂÀ> is of theformÓk��$�Æ a�ÎÃ o0I�I�ICoHÆ aÐÏÇ g 7�Ã�#�I�I�Iz#�7=Ç�/�$OÊQ#��?)3)W#
where 6 Ë �_6J#�6 Ì �Á�s6 for any term 6 .

We aregoingto constructacounterexampleto 	 , i.e. amodelin which 	 is not true.

Let � p VARO y VARO bea binaryrelationdefinedby

��<S@A#CB�> if f theformulaN <=@m/�BW> occursin thesequence	[I
Then � is bothsymmetricandtransitive,because	 is closedunderthe <���BWNé/A> and <����O.�8k/A> rules.

Hencetherelation

�������æj�$¦<S@A#C@U> g @�/ VARO )
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is anequivalencerelationonVARO. As ourcounter-examplewetakeamodifiedHerbrand-typemodel

of theform � � !9�n#C� , #
with ��� ! OBJ #�$&L�MONQPR<S6T>�)�{A} ATTR ,
where

OBJ � VARO ��� �
is thesetof all equivalenceclassesof � � .
Themulti-sortedvaluation � is definedasfollows:

1. For all @m/ VARO, �;<=@U>��"��@¦��� 5 #
where ��@�� � 5 is theequivalenceclassof � � whichcontains@ . By definitionof � , wehave�(<=@G>��_�;<=B�> if f theformulaN <S@F/mB�> occursin 	(7.1)

for all @A#�B�/ VARO #C@�¿��B .
2. For all �q/ VARSO, �;<��¨>\��$&�(<=@G> g N <S@m/m�¨> occursin 	æ)WI
3. To definethevaluationof thevariablesrangingover setsof attributes,recall that

CONA <=ÂÀ>R���H��$��(Ã�#�I�I�IU#
�zÄz)W# VARSA <=Âs>��Å$�Æ�Ã�#�I�I�IG#�ÆJÇ?)WI
We considertwo cases:

(a) ATTR is infinite:

In this case6 ¬ � ATTR V $&.zÃ�#�I�I�Iz#C.wÄz) is also infinite. As the set of subcomponents

SCOMP <=ÂÀ> is finite, thereexistsaninjection  g SCOMP <=Âs>�! �¹6 ¬ with

 J<SÓ¥>À¿��.OÑ for all Ó�/ SCOMP <=Âs> andall Ö�#¥Ô[ÕkÖHÕ�8\I
By clause(6.5)onpage10,any sequencecontainingbothN <=@(L�PR<�� Ñ o¥Ó¥>�> andN <=@ ¬ L�PR<�� Ñ oÓ ¬ >dB ¬ > , where Óº¿�éÓ ¬ , is axiomatic. Since,by our assumption,	 is not axiomatic,it

follows that for any Ô�Õ�Ö"Õ 8 , thereis at most one Óé/ SCOMP <=Âs> suchthat for

some @K#CB0/ VARO the formula N <=@DL�PR<�� Ñ o�Ó¥>\BW> occursin 	 . If suchan Ó exists for

a given Ö , we denoteit by Ó Ñ andsaythat Ö is positivein 	 . We put �(<�ÆQ>T�³t for anyÆ�/ VARSA V $�Æ�Ã�#�I�I�IG#�ÆJÇ?) and�;<�Æ¨ß�>­��$" J<=Ód> g Ó�/ SCOMP <=Âs>$#&%('JÆ Ëß occursin Ó�)jd$&. Ñ g Ö positivein 	)#&%('XÆ Ëß occursin Ó Ñ )
15



(b) ATTR is finite:

In this casethe only componentsthat can occur in 	 are of the form � Ñ o�Ó , whereÓ�/ SCOMP <=Âs> . The definition of � restrictedto VARSA is a simplificationof the one

givenabove;weput �;<�Æ¨>\��t for any Æ§/ VARSA ��$�ÆDÃ�#�I�I�Iz#�ÆJÇ[) and�(<�ÆQß�>���$&. Ñ g Ö positivein 	*#&%('QÆ Ëß occursin Ó Ñ )
Recallthatby convention �x��$�� Ã #�I�I�Iz#
� Ä ) , and �n�m�"�n� Ã oFI�I�I�o��n� Ä . Onecanshow thatfor the

interpretationof terms  ,+ inducedby thevaluation �
(i)  ,+�<���ÑáomÓd>�� ² $&. Ñ ) if Ö is positivein 	 and Ók��Ó Ñt otherwiseI

(ii) If ATTR is infinite, then   + <|�n�¨omÓ¥>��Å$" J<=Ód>�)¨¿�Å$&. Ñ ) for any Ô[ÕkÖxÕu8 .
Thus,   + evaluatesall componentsoccurringin 	 to singletonsor t . This is thekey propertywhich

helpsusto definethefamily of complementarityrelations$&L�MONQPR<=6?>�)�{K} ATTR onOBJ y OBJ, whichis

thelaststepneededto completethedefinitionof themodel.Dueto propertyC3,complementarityre-

lationscorrespondingto individualattributesin ATTR generatethewholefamily $&L�MONQPR<=6?>�)�{K} ATTR;

they canalsobedefinedindependentlyof eachother, which solvesthebasictechnicalproblemcon-

nectedwith modalitiesparameterisedby arbitrarysetsof attributes.

We begin with defining the family of complementarityrelations $&L�MONQPR<=.�>�) '*+ ATTR with respectto

individualattributes.Therearetwo cases:

CASE 1: 	 containstheterm �s� ; this canhappenonly if Â is degenerate.Hencein thiscase,for any

formula of the form eitherT <=@QL�PR<�×¨>KBW> or N <=@DL�PR<�×¨>KBW> occurringin 	 , we have either × ��� or×Å�Á�s� . We put L�M&NQP\<=.W>��Å$¦<=�(<=@G>�#��;<SBW>�> g theformulaN <=@XL�PR<��s�U>;B�> is in 	?)
for each.H/ ATTR.

CASE 2. 	 doesnot contain �s� ; then,for any formulaof the form T <S@�L�PR<�×Q>ABW> or N <=@�L�PR<�×¨>AB�>
occurringin 	 , theterm × is eitheracomponentor 0.

We have to considertwo subcases:

(i) ATTR is infinite. Then,for any .H/ ATTR, we define

L�MONQPR<=.�>��
-.../ ...0
$z<=�;<S@G>�#��;<=B�>
> g N <=@XL�PR<���ÑáomÓ;Ñ�>AB�> is in 	æ) if .¨�_.OÑ , where Ô[Õ0ÖxÕ�8

andÖ is positivein 	 ,$z<=�;<S@G>�#��;<=B�>
> g N <=@XL�PR<��n�JomÓd>;B�> is in 	?) if .¨�1 J<=Ó¥> , where Ó�/ SCOMP <=ÂÀ>O#t otherwiseI
Thedefinitionis correct,because is one-to-oneand  J<=Ód>s¿��. Ñ for Ö¨�"Ôw#�I�I�Iz#C8 .
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(ii) ATTR is finite. Thedefinitionis againa simplificationof thatfor infinite ATTR: we put

L�MONQPR<=.�>R� -./ .0 $z<=�;<S@G>�#��;<=Bw>
> g N <=@[L�P\<���ÑáoFÓ;Ñ�>AB�> is in 	æ) if .Q��.OÑ , where ÔJÕkÖ�Õu8
andÖ is positivein 	 ,t otherwiseI

Having definedthesingleton-basedrelations,wesetL�MONQPR<=t3>\��tz#(7.2)

and L�M&NQP\<=6T>\� e'*+ { L�MONQPR<=.�>(7.3)

for all tH¿��6�p ATTR.

We shallshow thatthefamily $&L�MONQPR<=6?>�)�{K} ATTR definedabove is a family of complementarityrela-

tionswhich satisfiesconditionsC1 – C3 and(1.4). ThedegenerateCase1 is clear, andthus,we will

only show Case2.

ConditionsC1andC3follow immediatelyfrom thedefinitions(7.2)and(7.3).Thus,all thatis left to

show is C2. Sincetheintersectionof complementarityrelationsis againa complementarityrelation,

andby (7.3), it is enoughto considerthecasewhen 6 is a singleton,say, 6���$O.z) .
For irreflexivity, assumethat <���Z���#���Z��=>�/FL�MONQPR<=.�> for someZ�/ VARO. Then,thereexist @K#CBQ/ VARO

and 6 / TERM suchthat �;<S@G>��º�(<=B�>��¼��Z�� andN <=@HL�PR<=6?>�BW>»/2	 . But �;<S@G>Q� �(<=B�> implies

N <=@�/FB�>n/3	 by (7.1), whenceby rule <����O.W8�/�L�PG> weobtainN <=@[L�PR<=6?>(@G>n/3	 . (6.2)now implies

that 	 is axiomatic,acontradiction.It follows,that L�MONQPR<=.�> is irreflexive.

Thefact that L�MONQPR<=.�> is 3-transitiveis provedin a similarway, basedon rule <�4[�����O.�8(L�PG> .
Finally, symmetryfollowsdirectlyfromrule <���B�N�L�PG> : Since	 is closedunderthisrule,N <=@kL�PR<=6?>
B�>n/	 impliesN <=BsL�P\<=6T>K@G>n/3	 for any term 6 .

Thus, �f��! OBJ #*$&L�MONQPR<=6?>�)�{A} ATTR , isacomplementarityframeasdefinedin (3.1), and
� ��!E�n#�� ,

is modelof our language.

Theproof that ¿¯ � + 	 is by consideringeachtypeof signedformulathatcanoccurin 	 , i.e.

T <=@�/FBW>*# N <S@m/FB�>�# T <=@�/m�¨>�# N <=@�/m�Q>�# T <=@[L�PR<�×Q>(BW>�# N <=@JL�PR<�×¨>GB�>�#
where @A#�B�/ VARO #
� / VARSA, × is eithera componentor × /"$&�K#��s�() , andproving that it

cannotbetruein
�

.

For example,if N <=@�/FB�> is in 	 , then,by definition,we have �;<=@U>����(<=BW> , whenceby (4.8)on page

7, ¿¯ �?¡65 N <=@m/FB�> .
When proving that the T–type formulaeare not true, we also makeuseof the fact that 	 is not

axiomatic.For example,if T <S@F/FB�> is in 	 , then @k¿�_B , becauseof (6.3),and,in addition,N <=@m/FB�>
cannotoccurin 	 by (6.4). Thisyields �(<=�W>À¿���(<=B�> , whence¿¯ � + T <S@m/FB�> by (4.7).
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Theproofsfor thecp–typeformulaefollow from theequalitiesgiving �(<�×¨> for any component× that

canoccurin 	 , aswell asfrom thedefinitionof thecomplementarityrelationsL�MONQPR<=.�> . Thedetails

of analogousproof for similarity logic canbefoundin Konikowska(1997a).

In thisway, wearrive atacontradiction,whencea valid terminalsequence	 mustbeaxiomatic.

Now wecanstatethecompletenesstheorem:

Theorem 7.4. Everyvalid sequenceof signedformulae Â / SFORM is provable,i.e. it hasa finite

decompositiontreewhoseterminalsequencesare all axiomatic.

Proof. SupposeÂ is valid, andrecall that the root of
��� <=Âs> is labelledby 8�<=Âs> , the normalform

of Â . If
��� <=Âs> is finite, thenfrom the (two-way)soundnessof the decompositionrulesin DRS it

followsthat 8�<=Âs> is valid if f all theterminalsequencesof
��� <=Âs> arevalid. However, by Lemma7.3,

thelaterholdsif f all of theseareaxiomatic.Thusif Â is valid and
��� <=Âs> is finite, thenalso 8�<=Âs> is

valid, andhenceall theterminalsequencesof
��� <=ÂÀ> areaxiomatic.

To completetheproof wehave to prove thatif
��� <=Âs> is infinite, then Â cannotbevalid. We achieve

this by modifying thestandardproof usedin Rasiowa& Sikorski(1963),p. 302,to suit thestructure

of our language.Thedetailsareanalogousto thosein Konikowska(1997a),soweshallgiveonly the

basicoutlineof themethod.

Suppose
��� <=ÂÀ> is infinite. As

��� <=Âs> is a binary tree,it follows from König’s Lemmathat it has

an infinite branchl startingat the root. Let usdenoteby 7 thesetof all indecomposableformulae

whichoccurin thesequenceslabellingthenodesof l . Assumethat 	 is anaxiomaticsubsequenceof7 . Sinceany subsequenceof 7 consistsof indecomposableformulaeonly, andeachvertex in
��� <=Âs>

inheritsall theindecomposableformulaefrom its ancestors,thereis somenode � of l suchthat 	 is

asubsequenceof its label Â98 . It followsthat Â98 is axiomaticaswell, andtherefore,l terminatesat � .
This contradictsthefact that l is infinite. Hence,7 cancontainneitherof thethreesingleformulae

(6.1)– (6.3)norany of thetwopairsof formulae(6.4),(6.5)onpage10,whosepresencein asequence

makeit axiomatic.

Thus,reasoningexactly in thesamewayasin theproof of Lemma7.3,we canbuild a model
�

such

that ¿¯ �:+�� for every �q/37 . Indeed,theonly assumptionsusedin building acounter-example
�

for

a sequence	 werethat 	 wasindecomposable,andthat it did not containany axiomaticsequence.

Boththoseassumptionsholdfor 7 aswell; theonly differenceis that 7 is infinite,but thisis irrelevant

for theconstructionof
�

.

By definition of a decompositiontree, the top nodeof l which coincideswith the root of
��� <=Âs>

is labelledby 8�<=Âs> . Hence,arguing by inductionon the complexity of a formula, the fact that no

indecomposableformula in thelabelsof l is truein
�

implies that 8á<SÂs> is not true in
�

. Thus, Â
cannotbevalid. Detailsof theargumentcanbefoundin Konikowska(1997a).
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8 A sequentcalculusfor complementarity

In this section,we will presenta sequentcalculusarisingfrom the completeR-S proof systemfor

sequencesof signedformulaewehave justdescribed.Themethodof transforminganR-Ssysteminto

a sequentcalculuswasdescribedin Konikowska(1997a),which the readeris invited to consultfor

any detailsomittedbelow.

Thesequentswill only involveordinary, non-signedformulaeof thelanguage~ asdescribedin Sec-

tion 2; setsof suchformulaewill bedenotedby ;�#,7 with suitableindices.A model
�

of ~ is called

a modelof ; if f every formulain ; is satisfiedin
�

in thesemanticsgivenin Section3.

By a sequentwe meana pair <�;�#<7D> of finite sets;�#<7�p FORM , usuallywritten in theform ;=�>7 .

In thesequentnotation ;�#C�?�@7m#
� , commasdenoteset-theoreticalunion,andindividual formulae�n#
��/ FORM areidentifiedwith therespectivesingletons.

Thesequent;3�A7 is calledvalid, written ¯ ��<�;3�A7�> , if f¯ �?¡B; implies <S®z�"/37�>s¯ �?¡ �nI(8.1)

Thus, ;3�C7 is valid if amodel
�

whichsatisfieseachformulain ; alsosatisfiesat leastoneformula

in 7 .

For any finite set of formulae 6T@�p FORM , and any � / FORM , we say that � is a semantic

consequenceof Ax, andwrite 6?@£¯ ��� , if f � holdsin every modelof 6?@ . Theset 6?@ maybetreated

asa setof axiomsof somespecifictheory
�

; then 6?@�¯ �³� if f � is a semanticconsequenceof the

theory
�

. Evidently, 6T@�¯� � if f the sequent6T@D�"� is valid, which implies that the syntactic

entailment� in a valid sequentmaybeviewedasa formal counterpartof thesemanticconsequence

relation.In otherwords,acompleteaxiomatisationof thesequentcalculuswill automaticallyprovide

a deductionsystemcompletefor theories.

Thesequentcalculus(SC)whichweshalldevelopconsistsof axioms, having theform of singlevalid

sequents,andinferencerules, leadingfrom valid sequentsto valid sequents.A deductionrulehasone

of thetwo forms E ÃE
or

E Ã E âE I
Thesequent

E
will becalledtheconclusionof therule,andthesequent(s)

E Ã ( E Ã # E â ) — itspremise(s).

A rule is calledsoundif f its conclusionis valid wheneverall its premisesarevalid.

It turnsout thatthereis asimpleconnectionbetweenvalidity of sequentsandvalidity of sequencesof

signedformulae.For any finite set ;F�Á$&�ÒÃ�#�� â #�I�I�IU#C�\ßO)Jp FORM , let T <F;A> andN <F;A> besequences

of signedformulaeobtainedby precedingall elementsof ; with theoperatorsT andN, respectively,

sothat

T <�;K>�� T <=�ÒÃC>�# T <=� â >�#�I�I�Iz# T <=�KÄ¦>*# N <�;A>�� N <=��ÃC>*# N <S� â >�#�I�I�Iz# N <=�KÄW>
We now have
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Lemma 8.1. A sequent;G�G7 is valid whenever the sequenceN <�;A>�# T <�7D> of signedformulaeis

valid.

The above fact suggestsa straightforwardmethodof developinga sequentcalculusfor our original

formal languagebasedon the DRS deductionsystemfor sequencesof signedformulae;we simply

have to derive from thedecompositionrulesof DRSthecorrespondinginferencerulesof thesequent

calculus,leadingfrom valid sequentsto valid sequents.

For any sequenceÂ of signedformulae,let usdenoteÂ Ë ��$&�"/ FORM g T <=�[> is in Â?)W# Â Ì �Å$&�"/ FORM g N <S�[> is in Â?)WI
Lemma8.1impliesthefollowing basicresult:

Lemma 8.2.- For everyaxiomaticsequenceÂ of DRS,;Ò#CÂ Ì �37m#�Â Ë is a valid axiomof thesequentcalcu-

lus.- For every rule
Â ¬ #<HX#CÂ ¬ ¬Â ¬ #<	Í#CÂ ¬ ¬ in DRS,

;�#<	 Ì �37m#,	 Ë;�#<H Ì �37m#,H Ë is a valid inferencerule of the sequent

calculus.- For every rule
Â ¬ #,HJ#�Â ¬ ¬Â ¬ #<	æÃ�#�Â ¬ ¬ ¯�Â ¬ #<	 â #CÂ ¬ ¬ in DRS,

;�#,	 ÌÃ �A7m#<	 Ë Ã ;�#,	 Ìâ �A7m#<	 Ëâ;�#<H Ì �C7m#<H Ë is a

valid rule of thesequentcalculus.

Theresultingaxiomsandinferencerulesof thesequentcalculus(SC)aregivenin Tables4 – 7 along-

side the original axiomaticsequencesandrulesof DRS from which they werederived. Note that,

in additionto the rulesderived from DRS, we have alsoincludedthinning rules in the sequentcal-

culus,which allow us simplify someof thederivedrules. In their presence,we canavoid repeating

certainformulaeappearingin thepremise(s)of therule in its conclusion;this concernsespeciallythe

expansionrules.

That is exactly why someof thesequentcalculusrulesgiven in Tables5-6 do not correspondto the

general"recipe" for generatingsuchrules given in Lemma8.2. For example,the sequentrule for

introducing !E6 , on theright handsideshouldformally be

;3�A7m#�B�/F�n#�@m/k!E6 , � ;C�A7m#C@[L�P\<=6T>(BU#C@m/0!E6 , �;C�37m#�@x/0!E6 , �
but thanksto theweakeningruleswe couldreplaceit by thesimplerrule

;C�A7m#CBD/F� ;C�37m#�@[L�PR<=6?>;B;C�37m#�@x/0!E6 , �
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In all axiomsand rules given in Tables4 – 7, we supposethat @K#CBU#CZ_/ VARO #��n#
� / FORM ,

the Â ’s aresequencesof signedformulae, ;Ò#<7 arefinite subsetsof FORM , 6X#Cl / TERM, �f�$�� Ã #�I�I�IU#
� Ä )�p CONA , �n���º�n� Ã o I�I�I�o��n� Ä , × is a component,and Ó a subcomponent.The

componentsandsubcomponentsfor a sequent;�#,7 aredefinedascomponentsandsubcomponents

for thesequenceof signedformulaeN <�;A>�# T <�7�> equivalentto thatsequent.

In therulesmarkedby thesymbolslistedbelow, wealsomakethefollowing stipulations:

* – � is not of theform Z�/k� for any ZF/ VARO andany �º/ �?�Q] � , @ is a a new

variablein VARO, i.e. @ occursneitherabove thedoubleline in theDRSrule nor below

thesingleline in theSCrule.

** – � is notof theform ZD/m� for any Z�/ VARO andany ��/F�?�Q] � , B isanarbitrary

variablein VARO

*** – Z is a new variable,i.e. occursneitherabove thedoubleline in theDRSrule nor

below thesingleline in theSCrule.- – B is anarbitraryvariablein VARO.

Beforedefiningthe notion of provability in our sequentcalculus,we recall that the decomposition

rulesof DRSweretailoredto sequencesof signedformulaein normalform, andthedecomposition

tree of sucha sequenceÂ startedwith the normal form 8�<=Âs> of the sequence.Thus, our derived

inferenceruleswill beapplicabletosequentsin normalform,whichisdefinedin analogyto thenormal

form of sequencesof signedformulae;hence,like in the DRSsystem,the deductionmechanismof

SCis appliedto thenormalform of a sequentinsteadof theoriginal sequent.

More formally, the normal form of a sequent

E
of the form ;)�@7 is thesequent8�< E > of the formI <F;A>J� I <�7�> , whereI <F;A>�# I <�7�> areobtainedfrom ;�#,7 by replacingeveryterm 6 occurringin these

setsby its normalform 8�<=6T> , definedwith respectto thesequenceN <�;A>�# T <�7D> in theway described

in Section6.

We saythata sequent

E
is provable, andwrite � Ý3Ø Ó , if f 8á< E > canbe derivedfrom theaxiomsof

thesequentcalculusgivenin Table4 by afinite numberof applicationsof theinferencerulesgivenin

Tables5 – 7. As above,sucha definition is justifiedby thefact that 8á< E > canbeobtainedfrom

E
by

a simplealgorithm,and

E
is valid if f 8á< E > is.

Clearly, all SC rules are sound,and all axiomsare valid; this follows from Lemmas8.1 and 8.2.

Hence,

Theorem 8.3. Anyprovablesequentis valid, i.e. � Ý3Ø <�;A�C7�> implies ¯ � <�;A�C7�> .
Proof. Supposethe sequentS is provable; then its normal form, 8�< E > , can be derived in a finite

numberof stepsfrom theaxiomsof SC.Theaxiomsarevalid sequents,andall thederivationsteps

consistin applying the inferencerules of SC which lead from valid sequentsto valid sequents;it

follows that 8á< E > is valid. Since 8�< E > is semanticallyequivalentto

E
, the latter sequentis valid as

well.
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Theorem 8.4. Anyvalid sequentis provable,i.e. ¯ � <�;3�A7�> implies � ÝwØ <�;3�A7D> .
Proof. If a sequent;K�L7 is valid, thenthe correspondingsequenceN <�;K>�# T <�7�> is alsovalid. By

thecompletenesstheoremfor theDRSsystem,this meansthat this sequencehasa finite decomposi-

tion treeDT with only axiomaticsequencesat its leaves. Basedon this tree,it is straightforwardto

constructa proof of the normalform of the original sequentin the SC calculus. correspondingAn

outline is asfollows: We startfrom theterminalnodes;thesearelabeledby axiomaticsequences,so

thecorrespondingsequentscanbederivedfrom theaxiomsof thesequentcalculusby meansof the

thinningrules.Now we go upwardsin DT, replacingeachdownwardapplicationof a decomposition

ruleby anupwardapplicationof thecorrespondingsequentcalculusrule. For adetailedproof in case

of ananalogoussimilarity logic, thereaderis referredto Konikowska(1997a).

Sincesyntacticentailment� in asequentcorrespondsto thesemanticconsequencerelation,Theorem

8.4meansthatthedeductionsystemwehave developedin thissectionis completefor theories:

Theorem 8.5. If 6?@�� $&�ÒÃ�#C� â #�I�I�Iz#C�KÄz) is a finite subsetof FORM , then, for any �¤/ FORM ,6T@�¯ ��� iff thesequent6?@���� is provablein SC.

9 Summary

Eachinformationsystemsgivesriseto varioustypesof informationrelationson theobjectset.In his

paper, we have studiedrelationsL�MONQPR<=6?> of complementarity, parameterisedby thesetof subsetsof

theattributesetin suchaway thatfor any family M of nonemptysubsetsof ATTR,L�M&NQPON ` MQPF� e{ +"R L�MONQPR<=6?>�I
We have presentedmultimodallogicsfor thesefamiliesof complementarityrelationsalongwith two

soundandcompletedeductionsystems.Thefirst, aRasiowa–Sikorskistylecalculus,involvedtheuse

of variablesto modelboththemembershiprelationandmodalities,andrepresentationof themodality

parameter6 asa unionof components.This enabledusto replaceformulaecontainingmodalitiesof

theform ��6��õ#�!96 , by formulaewith modalities � ×[�õ#�!=× , parameterisedby atomic,disjoint sets.Thus,

wecouldreducereasoningaboutformulaewith arbitrarymodalitiesto reasoningaboutsimplesigned

formulaeof the form T <=@DL�PR<�×¨>KBW>�# N <=@QL�PR<�×¨>\B�> , where × is a componentand @A#CB areindividual

variables,avoiding theusualproblemsarisingin caseof multiple accessibilityrelations.It shouldbe

notedthat theDRSmodalityrulescannotbeexpressedasHilbert–styleaxiomswithin propositional

modallogic: In theDRSrules,theuseof variablesto modelquantificationimplicit in modalitiesrelies

heavily on thefact thattheserulesmodelsemanticconsequenceonthevalidity level, whereasHilbert

axiomsmodelconsequenceon thetruth level.

The secondproof systemwasa Gentzensequentcalculuswhich doesnot usesignedformulas. It

wasobtainedobservingthata sequent;@�*7 is valid whenever thesequenceN <�;A>*# T <�7�> of signed

formulaeis valid. This led to a straightforwardtranslationof the RS calculusDRS to the sequent

calculusSC,andsoundnessandcompletenesswereobtainedin analogy.
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Table1: DRS:thedecompositionrulesfor signedformulaeI


 T � S$T � T 
VU � � S$T TS$T � T 
�WX�XU � � S$T T �
whereU is not of theform Y �XZ for any Y � VARO � Z���U\[\]9^ �WX� VARO, and W doesnotoccurabove thedoubleline �


 N � S$T � N 
�U � � S$T TS$T � N 
V_Í��U � � S$T T � N 
�U �
whereU is not of theform Y �XZ for any Y � VARO � Z���U\[\]9^ ,
and _ is any variablein VARO,


 T ��`ba � S$T � T 
�WX�X`bU � � S$T TS$T � N 
�WX�XU � � S$T T
 N ��`ba � S$T � N 
VW �c`dU � � S$T TS$T � T 
�WX�XU � � S$T T
 T ��e � S$T � T 
�WQ��U3efZ � � S$T TS$T � T 
�WX�XU � � S$T Thg,S$T � T 
VWX�XZ � � S$T T
 N ��e � S$T � N 
VWX��U�efZ � � S$T TS$T � N 
VW �cU � � N 
�WX�XZ � � S$T T
 T ��i � S$T � T 
�WQ��U�ijZ � � S$T TS T � T 
�WX�XU � � T 
�WQ��Z � � S T T
 N ��i � S$T � N 
VWX��U�ijZ � � S$T TS$T � N 
VW �cU � � S$T ThgkS$T � N 
�WQ��Z � � S$T T

24



Table2: DRS:thedecompositionrulesfor signedformulaeII


 T � ��lX� � S$T � T 
VW � ����� U � � S$T TS$T � T 
V_?��U � � S$T T � T 
VWX� ���n� U � g,S$T � T 
VW\mFnG
 � � _ � � S$ToT � T 
�WX� ����� U � �
where _ is anarbitraryvariablein VARO �


 N � ��lX� � S$T � N 
VWX� ����� U � � S$T TS T � T 
VWX� � ��� `bU � � S T T
 T � �pl?� � S$T � T 
�WQ� � ��� U � � S$T TS$T � N 
VW\m�nU
 � � Y � � T 
 Y �cU � � S$T T �
where Y � VARO, and Y doesnotoccurabove thedoubleline �


 N � �pl?� � S$T � N 
�WQ� � ��� U � � S$T TS$T � T 
VWX� ���n� `bU � � S$T T
 T qsr 
 l)tfu �E� S$T � T 
VW\mFnG
 ��tQv � _ � � S$TpTS$T � T 
VW\mFnG
 � � _ � � S$TpThg,S$T � T 
VWwm�nG
 v � _ � � S$TpT
 N qsr 
 l)tfu �E� S$T � N 
VW\m�nU
 �3tfv � _ � � S$TpTS$T � N 
VW\m�nU
 � � _ � � N 
�W\m�nU
 v � _ � � S$TpT
 sym � � S$T � N 
VW �c_ � � S$TpTS$T � S$T T � N 
VWX��_ � � N 
�_?��W � 
�x �

 tran � � S$T � N 
�WX�c_ � � S$TpT � N 
V_Í�cU � � S$T T TS$T � S$T T � S$T TpT � N 
�WX�c_ � � N 
V_æ�cU � � N 
�WX�cU � 
�x �

 symcp� S$T � N 
�W\m�nG
�y � _ � � S$TpTS T � S T T � N 
VW\m�nU
Vy � _ � � N 
V_zm�nG
�y � W � 
�x �

 tran � cp� S$T � N 
�WX�c_ � � S$TpT � N 
V_9m�nG
�y � Y � � S$T T TS$T � S$T T � S$T TpT � N 
�WX�c_ � � N 
V_zm�nG
�y � Y � � N 
�W\m�nU
Vy � Y � 
�x �

 3-trancp� S$T � N 
VW(m�nG
�y � _ � � S$TpT � N 
V_zm�nG
�y � Y � � S$T TpT � N 
 Y m�nG
�y ��{õ� � S$T TpT TS$T � S$T T � S$T TpT � S$T TpT T � N 
VW(m�nG
�y � _ � � N 
V_
m�nG
�y � Y � � N 
 Y mFnG
Vy ��{õ� � N 
VW(m�nU
Vy ��{õ� � 
�x �
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Table3: Additional DRSrulesfor finite ATTR

< T cp ���G> Â ¬ # T <S@JL�PR<��n�JomÓd>(BW>�#�Â ¬ ¬Â ¬ # T <=@JL�PR< rJê ë + CONA Ì ê � ¬ omÓd>;B�>�#�Â ¬ ¬
< N cp �0�G> Â ¬ # N <=@XL�PR<��n�Jo�Ó¥>(BW>*#CÂ ¬ ¬Â ¬ # N <=@[L�PR< rXê�ë + CONA Ì ê � ¬ oFÓd>(BW>�#�Â ¬ ¬

Table4: Sequentaxioms

Axiomaticsubsequence:DRS Sequentaxiom:SC

T <=�[>�# N <=�[> 7m#��K�3;�#��
T <=@�/m@G> 7G�C;�#C@m/�@
N <=@[L�P\<=�G>AB�> 7m#�@[L�PR<=�U>;Bf�A;
N <=@[L�P\<=6T>K@G> 7m#�@[L�PR<=6?>(@X�A;
N <=@[L�P\<�� Ñ o E >AB�>�# N <=@ ¬ L�PR<�� Ñ o E ¬ >AB ¬ >*# 7m#�@[L�PR<�� Ñ o E >ABU#C@ ¬ L�PR<�� Ñ o E ¬ >AB ¬ #<�|;
where

E ¿� E ¬ aresubcomponents where

E ¿� E ¬ aresubcomponents
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Table5: SCrulesI

Decompositionrules:DRS Sequentcalculusrules:SC

S$T � T 
VU � � S$T TS T � T 
�WQ��U � � S T T x }f~j� � WX��U}�~f� � U x
S$T � N 
VU � � S$T TS$T � N 
V_?��U � � S$T T � N 
VU � x�x } � _?��U ~f�} � U ~f� x�x

S$T � T 
�WQ��`bU � � S$T TS$T � N 
�WQ��U � � S$T T } � WÍ�XU ~j�}f~j� � WX��`bU
S$T � N 
VWX��`bU � � S$T TS$T � T 
�WQ��U � � S$T T }f~f� � W[�XU} � WX�c`dU ~f�

S$T � T 
VWX��U�ejZ � � S$T TS$T � T 
�WQ��U � � S$T T�g,S$T � T 
VW �cZ � � S$T T }f~j� � WX��U }�~f� � WÍ�cZ}�~j� � WÍ�cU�efZ
S$T � N 
�WQ��U>e�Z � � S$T TS$T � N 
VWX��U � � N 
�WQ��Z � � S$T T } � WX�cU � WÍ�XZ ~f�} � WX��U�eQZ ~f�
S$T � T 
VWX��U�ifZ � � S$T TS$T � T 
�WQ��U � � T 
VWX��Z � � S$T T }f~j� � WX��U � WÍ�XZ}�~�� � WX��U�ifZ

S$T � N 
VWX�XUCifZ � � S$T TS$T � N 
VWX��U � � S$T Thg,S$T � N 
VWX�XZ � � S$T T } � WX�cU ~f� } � WX�cZ ~f�} � WX��U�ifZ ~f�
S$T � T 
VWX� ����� U � � S$T TS$T � T 
�_[��U � � S$T T � T 
VWX� ���n� U � g�S$T � T 
VW\mFnG
 � � _ � � S$ToT � T 
VW � ����� U �}f~f� � _À�XU }�~f� � WJm�nU
 � � _}�~f� � W[� ���n� U

S$T � N 
VWX� ���n� U � � S$T TS$T � T 
�WQ� � ��� `bU � � S$T T }f~j� � WX� � �Ò� `bU} � WX� ���n� U ~f�
S$T � T 
�WQ� � ��� U � � S$T TS T � N 
VW\m�nU
 � � Y � � T 
 Y �cU � � S T T x�x
x } � W9m�nG
 � � Y ~f� ��Y ��U}f~f� � W[� � ��� U x�x
x
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Table6: SCrulesII

Decompositionrules:DRS Sequentcalculusrules:SC

S$T � N 
VWX� � ��� U � � S$T TS$T � T 
VWX� ���n� `bU � � S$T T }f~f� � W[� ����� `dU} � WX� � ��� U ~f�
S$T � T 
�W\m�nU
 �3tfv � _ � � S$TpTS$T � T 
VWwm�nG
 � � _ � � S$TpThg<S$T � T 
�W\m�nG
 v � _ � � S$TpT }f~j� � W9m�nG
 � � _ }j~f� � W9m�nG
 v � _}f~j� � W9m�nG
 �3tfv � _
S$T � N 
VW\mFnG
 �3tfv � _ � � S$TpTS$T � N 
VW\mFnG
 � � _ � � N 
VW\m�nU
 v � _ � � S$TpT } � W9m�nU
 � � _ � W\m�nU
 v � _ ~f�} � W9m�nG
 �3tjv � _ ~Q�

S$T � N 
VWX��_ � � S$TpTS$T � S$T T � N 
�WX�c_ � � N 
V_æ�cW � } � _æ�cW ~j�} � WX��_ ~j�
S$T � N 
VWX�X_ � � S$TpT � N 
�_?��U � � S$T TpTS$T � S$T T � S$T TpT � N 
VWX�X_ � � N 
�_[��U � � N 
VWX��U � } � WX��U ~f�} � WX��_ � _[��U ~j� �

S$T � N 
�W\m�nU
Vy � _ � � S$TpTS$T � S$T T � N 
�W\m�nU
Vy � _ � � N 
V_zm�nG
�y � W � } � _�mFnG
Vy � W ~j�} � W9m�nU
Vy � _ ~j�
S$T � N 
VWX�X_ � � S$TpT � N 
�_Jm�nU
Vy � Y � � S$T TpTS$T � S$T T � S$T TpT � N 
VWX�X_ � � N 
�_Jm�nU
Vy � Y � � N 
VW\mFnG
Vy � Y � } W\m�nU
Vy � Y ~Q�} � WX��_ � _9m�nG
�y � Y ~j� �

S$T � N 
�W�mFnG
Vy � _ � � S$TpT � N 
V_zm�nG
�y � Y � � S$T TpT � N 
 Y mFnG
Vy ��{õ� � S$T TpTpTS$T � S$T T � S$T TpT � N 
VW\m�nU
Vy � _ � � N 
V_9m�nU
Vy � Y � � N 
 Y m�nU
Vy ��{õ� � N 
VW\mFnG
Vy ��{õ�} � W9m�nU
Vy ��{ ~f�} � W\m�nG
�y � _ � _JmFnG
Vy � Y3��Y m�nG
�y ��{ ~f� �
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Table7: SCrulesIII

Rulesfor finite ATTR: DRS Rulesfor finite ATTR: SC

Â ¬ # T <=@JL�P\<��n�Jo E >KBW>�#�Â ¬ ¬Â ¬ # T <=@JL�PR< rJê�ë + CONA Ì ê � ¬ omÓd>;B�>�#�Â ¬ ¬ ;3�A7m#�@[L�PR< rXê�ë + CONA Ì ê � ¬ omÓ¥>AB;C�37m#�@[L�PR<��n�JoFÓd>(B
Â ¬ # N <=@JL�P\<��n�JoFÓd>;B�>�#�Â ¬ ¬Â ¬ # N <=@XL�PR<=r ê�ë + CONA Ì ê � ¬ omÓ¥>AB�>�#CÂ ¬ ¬ ;�#C@[L�P\< rXê ë + CONA Ì ê � ¬ omÓd>ABQ�C7;�#�@JL�PR<|�n�JoFÓ¥>(B��37

Thinningrules

;3�C7;�#C�D�C7 # ;3�A7;3�A7m#��
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