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Abstract. As mostdatamodels,"Computingwith words” usesa mix of methodgo achieve
its aims,including severalmeasuremerihdices.In this papernwe discusssomeproposaldor
suchindicesin the contet of roughsetanalysisandpresensomenew ones.

In thefirst part we investigateseveral classicalapproache®asedon approximationquality
andthe drop of approximationquality whenleaving out elementsWe shav that usingthe
approximationguality index is sensiblein termsof admissibility and presentadditionalin-
dicesfor the usefulnessand significanceof an approximation.The analysisof a “drop” is
reinterpretedn termsof modelcomparisonanda generalframework for all theseconcepts
is presented.

In thesecondbartof the papemwe presentinexamplehow usingsimilar nomenclaturén the
theory of Choquet-typeaggregationsof fuzzy measurementand rough setapproximation
quality, without regardto thefine structureof the underlyingmodelassumptions;ansuggest
connectionsvheretherearenone.

On a more positive note,we shaw that so called qualitatve powver andinteractionindices,
which are structurallysimilar to quantitatve Choquet-typeaggr@ationscanbe usedin the
context of rough set analysis.Furthermore we proposean entropy-basedmeasurewhich
allows the useof qualitative powver andinteractionindicesasanapproximation.
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“Mesmerizedby asingle-purposenechanised
‘objective’ ritual in which we convert num-
bersinto other numbersand get a yes-noan-
swer we have cometo neglect closescrutiry
of wherethenumberscomefrom”. [3]

1 Introduction

Notwithstandinga widely spreadascinatiorwith numbersit is recognisedhathu-
manbehaiour is oftenguidedby impreciseconceptsin recognitionof thisfact,the
direction“From computingwith numbersto computingwith words”, put forward
by Zadeh[36], callsfor amanipulationof perceptionsnsteadof measurements:

“The rationalefor computingwith wordsrestsontwo majorimperatives:1.
computingwith wordsis a necessitywhenthe availableinformationis too
impreciseto justify the useof numbersand2. whenthereis tolerancefor
imprecisionwhich canbe exploitedto achieve tractability, robustnesslow
solutioncostandbetterrapportwith reality” [36, p. 111].

This is not to saythat computingwith words doesnot usenumbersjfor example,
fuzzy eventsandconstraintpropagatiorassumea continuousscaleof truth values
for propositions.Leaving asidethe questionwheretheseinitial parametergome
from, one finds that subsequenprocessingnay generateother numberssuchas
averagesor maxima,and the questionarisesin which sensethesemeasurements
are “meaningful”, andwhat, if anything, thesenumbersactually measureWrong
interpretationof numbersmay leadto scalingartifacts— constructswvhich apply
operationsto a model which are not justified. A classicalinstanceis a study by
Miller [20]%, who, in an investigationof traffic deathsassignechumbersto four
groupsof people(0 - white male,1 - blackmale,2 - whitefemale,3 - blackfemale),
andproceededo take averagesandvarianceslt turnedoutthatovertheinvestigated
population,the averagepersonto causea fatal accidentwasa black male (X = 1).
While thisexampleis certainlyextreme thedangetto fall into thetrapsoadequately
describedibosreby Cohernis alwayspresentvhenrelationsamongnumbersareused
for representingelationsamongobjects.

Themaintopicof thispaperis theclassicaproblemhow to build meaningfuindices
from dataor from otherindices Both processeseedascalingtheory whichenables
theuserto understandvhattheindicesmeanin termsof the dataandtheir context.
It easyto declarea concept‘useful” if it fits a few small examples,but usually
quite hardto substantiatesuchclaim theoreticallyor experimentally Eventhough
somesystemswork “in spiteof the erroneousassumptionshatunderlythem” [1],
without sucha theory a soundbasisfor interpretationof numbersas measuress
not given,and, more oftenthannot, suchaninterpretatiorwill at somestagelead
to wrongresults.Dataanalysismethodswhich are not primarily quantitatve (and,

1 Reportedby Vogel[34, p.64]



consequentlydonothavea“built in” scalingtheory)needto payparticularattention
to thisfact.

In the presentpaper we will be concernedwith a basicstatisticof roughsetdata
analysisthe approximationquality, andits interpretationasan ordinal or interval
scale.A main themewill be the distinction betweenadmissibilityand usefulness
of ameasureln short,we call a measureadmissiblef it satisfiesa givenstandard
for the descriptionof a situation,and usefu] if it canbe usedto give advicefor
decisionmaking.We will seethatthesesituationsneeddifferenttoolsto copewith
thespecificcircumstances.

As an example,we will exhibit aninstancewherethe applicationof one method
(Choquet-lile measuresfo another(roughsetapproximatiorguality) leadsto mea-
surementsvithout measure- numberswhich cannotbe meaningfullyinterpreted.
We will focuson the influenceof one (or more)feature(s)on a decisionprocess
asinvestigatedn multi-criteriadecisionmaking(MCDM), andtheinfluenceof one
(or more)feature(spntheapproximatiorguality of roughsetdataanalysigRSDA)
with respecto adecisionattribute.We alsosuggesthatcapacitiewith amaximum
operatorinsteadof ¥, similar to the Sugenoaintegral, canbe usefulin the context
of RSDA, andthatthesemeasuresanbe appliedto (rough)entropy aswell in a
meaningfulway. It is notanaim of the paperto criticise “ad hoc” methodgor data
analysigpersewhich arecertainlyusefulin specificcasesWe alsodo notclaimthat
themethodsve suggesareuniversallybetterthanothersIndeed resultsof Wolpert
andMacready[35] shav thatno classificatioralgorithmcanalwaysoutperforman-
other one. What we do want to shaw is that datamodelling hasto considerthe
scalingassumption®f the appliedmeasuresnd indices,and that things may be
more complicatedthanthey seemat first glance.It is necessaryo guaranteghe
meaningfulnesef measurements the first place;the questionof whetheroneis
computationallybetterthananother or even moresuccessful canbe posedafter
thefirst step.As expressedn the context of weightedvoting in the seminalpaper
by Banzhaf{1],

“...its intentis only to explain the effectswhich necessarilyfollow once
themathematicamodelandtherulesof its operatiorareestablished..”

The paperis organisedasfollows: We will first develop the necessarynachinery
from rough sets,followed by a discussiorof several frequentlyusedindicesand
relationsin RSDA, andwe shov how the modelof a proportionalerror reduction
helpsto unify the different approachesAfterwards,we recall various capacities
and aggreyation measuresnd shov how they differ. Section4.3 will investigate
the connectiorbetweerthe two contexts, basedon a discussiorof someexamples.
In Section4.4 we will presentsomethoughtson a reconciliation.Finally, we will
discusssomeexamplesjn whichwe shov how thedifferenttechniquebehae,and
will closethe paperwith anoutlook.



2 Rough set theory and approximation quality

Roughsetdataanalysis(RSDA) wasintroducedby Z. Pawlak [22], andhassince
gainedimportanceas an instrumentfor non-irvasive dataanalysis.We invite the
readerto consult[24] for a shortintroductionto traditional RSDA, and[9] for a
moredetailedpresentation.

Knowledgerepresentatiomn rough setdataanalysisis donevia information sys-
tems Thesearestructuresof the form

I={U,Q,{V:xeQ}), 1)

where

e U is afinite setof objects.
e Q isafinite setof mappings<: U — Vy; eachx € Q is calledanattribute
e V is thesetof attribute valuesof attributex.

EachsetP of attributesdefinesan equivalencerelation8p (andanassociategarti-
tion) onU by

xBpy <= a(x) = a(y) foralla€ P. (2)

Notethatfy =U x U.

Givenaninformationsysteml, a basicconstructiorof RSDA is the approximation
of agivenpartition ® of U by the partition generatedy a setP of attributes.For

example,onemaywantto reducethe numberof attributesnecessaryo identify the

classof anobjectx € U by its featurevector—i.e. looking for akey in arelational
database, or generateulesfrom adecisionsystemwhichis aninformationsystem
enhancedby a decisionattribute).

By its very nature,RSDA operateson the lowestlevel of datamodelling,namely
on whatis commonlycalled “raw data”, capturedin an informationtable as de-
fined above. Thus,in the languageof measurementheory[32], RSDA resideson
anominalscalewheremeaningfuloperationsarethosethat presere equality This
parsimory? of modelassumptiongsanbe seenboth asa strengthanda weakness:
Having only few modelassumptionsllows the researcheto investigatea greater
varietyof situationghan,for example datasamplesvith apre-assumedistribution
suchasnormalor iid, which arerequiredby mary statisticaimethodsOn theother
hand theresultsobtainedoy RSDA maybetoo weakto allow meaningfulinference
aboutthe situationat hand.A casein point is the basicallylogical (or algebraic)
natureof RSDA: Its outcomeis a setof “if - then” rules,which arelogically true,

2t is sometimeslaimed,that RSDA hasno (pre-)requisitesa moments reflectionshavs
thatthis cannotbetrue: To beableto distinguishobjectsby their featurevector onehasto
assumehatthe datacontainedn thevectorareaccurate.



andcanbewell usedn adescriptve situationor for deductiveknowledgediscovery,

i.e.analysing(therulesin) agivendatatableHowever, if onelooksatinductiverea-
soningsuchaspredictionor classificationof previously unseerobjects,suchrules
arenot necessarilyseful.If, say eachrule is basedon only oneinstance(i.e. each
objectdetermines uniquerule),thentherule setwill notbehelpful for classifying
new elementsTherefore,in thesesituations,additionaltools are requiredto sup-
plementthe resultsobtainedby basicRSDA. As afirst step,well within the RSDA

philosophy oneusesinformationgiven by the datathemseles,usuallyin form of

countingparametersOneof the first (and mostfrequent)to have beenusedis the
approximationquality y, which, roughly speakingmeasureshe goodnes®f fit of

expressingknowledgeabouttheworld, whichis givenby onesetof featurespy an-
othersetof featuredn thefollowing way: Supposehat@ is anequivalencerelation
onasetU with associategartition 2, andthatX C U. Then,we first set

_UfY ey C Xy

Tip(X) X|

Thisindex measuresherelative numberof elementsn X which canbeclassifiedas
certainlybeingin X, giventhe granularityprovidedby P. If P is a setof attributes
and R afixed partition of U, thenthe approximationquality of P (with respecto
R) is definedas

(P = 3 {5 Ton(Y). ©)
YeR

y% measuretherelative cardinalityof correctlyclassifiedelement®f U asbeingin
aclassof R with respecto theindiscernabilityrelationp. In the situationswhich
we aregoingto consideythe partition X arisesfrom a decisionattribute d; in the
sequelwe assumeéhat R is fixed,andwe will justwrite y insteadof y . To avoid
trivialities, we assumehat ® hasat leasttwo classesBy a modelwe understanc
setof attributesP alongwith the setof deterministicruleswhich aregeneratedy
P with respecto the partition X generatedby adecisionattributed. For reason®f
brevity, we sometimegust call P amodel.

3 Relations based on approximation quality

Sincey(P) is a realnumberbetweerD and1, onecan,in principle, apply transfor
mationsand form relationswith the y valuesasreal numbers.However, in order
thatsuchoperationsaremeaningfulandto resultin avalid interpretationpnehasto
have atheory sometimegalleda scalingmode] which justifiestheuseof thetrans-
formation.In this Sectionwe will discusssome“standard’approachesf handling
Yy, while morecomplex transformationsvill bediscussedater.



3.1 Comparing approximation qualities

One approachis the comparisonof y with a fixed number0 < ¢ < 1. Choosing
theconstant is upto theuseror investigatorandis drivenby practicalnecessities;
having scannedheliteratureonappliedRSDA, we havefoundthatc is neverchosen
lessthan 0.5 and often closeto 1.0. The usualinterpretationsaysthat ary setof
attributesP with y(P) < c shovsa“bad” approximatiorof & , andary P with y(P) >
c is “admissible”for the approximationof ® ; this approactis usedto define“iso-
gamma’reductsandcore[24, p. 51].

This is a straightforvard and seeminglyunequvocal interpretationof y, andthus,
thistechniques frequentlyused However, thequestiorariseswvhethertit is basedn
ameaningfulinterpretatiorof the approximatiomuality. Theansweiis: It depends
on the context, and we have to distinguishbetweenadmissibilityand usefulness
Supposehatc < y(P).

1. If Pis claimedto be admissiblefor the approximationof &, we do not run
into problems pecausehe approximationquality inducedby P is notlessthan
the requiredrelative numberc of elementswvhich are correctly classifiedwith
respecto X ; thereforetheapproximatiorof % is admissiblewith respecto c.
This interpretatioris basedourelyon thealgebraicstructureof theequivalence
relations,and assumeshat the datais correct“as given”. In otherwords,the
approximationquality countsthe relative numberof elementswhich can be
capturedby the deterministicrules associatedvith P. In this sensey counts
whatis “logically true”.

2. If P is claimedto be useful(i.e. it canor shouldbe used)for the approxima-
tion of R — suchasin decisionsupportandmedicaldiagnosis-, the situation
is morecomplicatedOnehasto take into accountthat attainingthe standarcc
may have comeaboutby randominfluenceg“noise”, “error”), andthat,there-
fore, the applicationof P for the approximationof & is not necessarilyuseful
[7]. A simpleexampleof divergenceof admissibilityandusefulnesss aninfor-
mation systemconsistingof a runningnumberanda decisionattribute. Here,
we have y = 1, andthe runningnumberis helpful to identify any casewithout
error. However, knowing the runningnumberwithout knowing the valueof the
decisionattribute doesnot help— for this purposey = 1 is not useful.

A furtherexample,shovn in Tablel onthefacingpage shallillustratehow random
processesay influencethe resultsin caseof very low approximationqualities. If
R is the partitionassociatedavith the decisionattributed, then

y(p) = y(q) =0. 1)

Whereasp is essentiato predictd with only a classswitch of 4 and 8 achieving
perfectapproximationquality, g is only requiredto “separate”4 and 8 from their
respectie p-classesln otherwords,a mis-classificatiorof 4 and8 maywell have
takenplace,owing to randominfluencesn representinghe data.



Table 1. A simpledecisionsystem7]

Ulpgd|lUpgd
1/000||5(101
2|1020||6|121
3|1020||7]1121
41110(8{011

Theinterpretatioras“usefulness’heedsinadditionaftool to copewith randomness.
Thereare — at least— two differentwaysto evaluatethe usefulnesof P: Cross
validation methodsor statisticaltestingof “random admissibility”. We preferthe
latter approachpecauserossvalidation methodsrequireadditional (hon—rough!)
model assumptiondor the classificationof unseencasesin the learningsample,
while testingusefulness- as“randomadmissibility” — doesnot.

They statisticis alsousedto defineanordinalrelationamongsubset®f theattribute
setby setting

P2y Q<= Y(P) <Y(Q).

The interpretation*Q is at leastasadmissibleasP” causeso difficulty, because
choosinga criterion ¢ with y(P) < ¢ < y(Q) resultsin suchan interpretationOn
the otherhand,interpreting=y by assigningthe term“betterthan” (in the senseof
“more useful”) to the definedrelationis not meaningful:Sincethis interpretation
only makessensén a numericalsystemin which a < relationis established| the
notation“betterthan” cannotbefilled by anempiricalinterpretation.

3.2 Comparing differences of approximation qualities

Fromits early days,identificationof “importantfeatures”’hasbeenanintegral part
of RSDA:

“The ideaof attribute reductioncanbe generalisedy an introductionof
the conceptof significancé of attributes which enablesan evaluationof
attributes. . . by associatingvith an attribute a real numberfrom the [0, 1]
closedinterval; this numberexpressesheimportanceof theattributein the
informationtable” [16]

3 Note,thatthenumbersntheshirtsof soccemplayersare< related put thisdoesnotinduce
a“betterthan”relationamongsoccerplayers.

4 The terminology “significance”is somavhat unfortunate becausehe namehasa fixed
(andquitediverging) meaningn StatisticsWe think thename‘importanceof anattribute”
would be abetterchoice.



The first approachto analysethe “significance” of an attribute with respectto a
given attribute setwas the inspectionof the “drop” of the approximationquality
whenleaving out anattribute a from a setP definedby

di(Pa) =y(P) —y(P\{a}), 2

seee.g.[23], p. 59. The analysisof the drop startsafter P hasbeenchosenasan
admissibleattribute set,for example,a reduct.Therefore the differencecannot,in
general,be interpretedin termsof admissibility becausey(P\ {a}) may have a
smallervaluethanthe choserstandard, which setsthe standardor admissibility

Onecanarguethatd; is meaningful,becausey forms aninterval scale.ln terms
of admissibility this is anadditionalconditionwhich hasasoneconsequencthat
a differencefrom y(P) = 0.1 to y(P\ {a}) = 0.0 is assumedo be identical (in

termsof setapproximation)to the differenceamongy(P) = 1.0 andy(P\ {a}) =

0.9. One hasto be aware, however, that — contraryto the approximationquality
comparisonwhich relies only on a monotonerelationshipamongthe numerical
measures- theinterpretatiorof differencesneedamuchstrongerassumptionshan
a comparisonof numericalvalues.The problemthat “dif ferencesgnorethe base
rate” occursin otherdisciplinesaswell; in descriptve statistics,for instance the

odd-ratioquotientof two probabilitiesis often usedto describethe “dif ference”
amongprobabilitiesin a meaningfulway. Building the odd-ratioof probabilities
requiresan extra scalingtheory which senesasa foundationfor theinterpretation
of the odd-ratio.Obviously, somethingcomparablevould be neededn the context

of RSDA aswell. As faraswe areaware,therehasbeenno attemptto provide such
atheory

Simpledifferenceshouldnotbeinterpretedn termsof usefulnesdyecausehestep
from 0.0 to 0.1 caneasilyexplainedby randomprocessesvhereast is muchharder
—givencomparabldaistributionsof attribute values— to resultin a stepfrom 0.9 to

1.0.

The problemof dealingwith differenceshasbeenaddressetby a newer approach
for measuringhe“significance”of anattribute[16, 31]:

dp(Pa) = YD TYPA{EY _,  v(P\{a})

Y(P) y(P)

It is notatall clearhow this functionshouldbeinterpretedandit hassomepeculiar
propertiesGivenidenticallinear differenceswith differentbaserates,onecanob-
sene thatthe d, differenceswill be smaller with anincreasingbaserate.We have,
for example,

¥(P) Y(P\ {a})|d1(P,a) dz(P,a)
10 09 | 01 o1
06 05 | 01 0.167
02 01 | 01 05




This propertyof dz(P,a) is not satishctory because- asthe preceedingliscussion
shaws — a constantgain shouldbe resultin larger values,if the baserateis at the
upperendof the scale.

3.3 Averaging of approximation qualities

Anotherway of treatinginterval scaleinformationis forming averageslf this oper
ationis appliedto setapproximatiorgualities,we againruninto problems Suppose
that 4 is acollectionof attribute sets.The average

E[1) = = 3 v(P)
|l 66
computegheexpectationof theapproximationquality wheneachof thesetsP € 4
hasthe sameprobability to be usedfor the approximationof a decisionattribute.
Unlike the casein which samplingpropertiescanbe describedby the principle of
indifferenceforming of attribute setsis notarandomchoiceandis undercontrol of
theresearchefMherefore puilding anexpectationvaluedoesnot make muchsense,
becausehe populationfor the samplecannotbe properly defined.Furthermore,
ary researchewould agreethatmax{y(P) : P € 4} is acharacteristicvaluefor the
set4 — andthatthe expectationmay offer strangeresultsasTable 2 demonstrates.
There thecollectionA4 consistof six non-admissiblattributesetsif ¢ > 0.2 for the

Table 2. Strangeresultsusingexpectationf approximationqualities

Aa YIB vy
Aq 0.2B; 0.0
A 0.2B, 0.0
As 0.2B3 0.0
Aq 0.2B4 0.0
As 0.2Bs 0.0
Ag 0.2Bg 1.0
Maximum 0.2 1.0
Mean 0.2 0.167

approximationof X, whereasonesetin B is admissiblefor any c. The maximum
of the approximatiomqualitieswill pointto B asthe “betterset”. In contrastusing
averagevaluespneseeghatthe“meanadmissibility” of 4 is higherthenthe“mean
admissibility” of B, althoughno elementin 4 is admissibleatall.

3.4 Indicesof proportional error reduction asa general concept

In the preceedingsection,both indicesd; andd; are basedon transformationof
they index by assuminghatthe transformatiorsomehae fits to the semanticgthe



“significance”or “importance”).We have shovn thatd; andd, arenot necessarily
meaningful,eitherfor admissibility or usefulnessgdueto a lack of a soundtheory
which guidestheindex building process.

In [10] we have introducedthe PRE (ProportionalReductionof Errors) approach
of Hildebrandet al. [15] into RSDA, which — in the generalcase— describeghe
errorreductionwhena modelis applied,basedon the errorsof a givenbenchmark
model.In the context of RSDA, we saythatan “error” is an objectwhich cannot
be explaineda deterministicrule. In line with this interpretationthe approximation
quality becomes

1-y(P)
which meanghaty(P) measureshe proportionalerror reductionof a modelusing
the attribute setP in comparisono the “worst case”benchmarkmodelin which
every objectis countedasanerror.

Adaptingthe PREapproacho the“importance”problem,we find that

0, if y(P\{a}) =1,

d3(Pa) = ’
3(Pa) {1_%, otherwise, o

is a suitableindex for the comparisorof a modelusingthe attribute setP againsta
modelusingtheattributesetP\ {a}. Theindex d3(P,a) measuregheerrorreduction
whenusingthe setof attributesP comparedvith the benchmarkmodelwhich uses
thesetof attributesP\ {a}. This valuecanbecomparedo athresholdvaluecg, and
thereforeds(P,a) canbeinterpretedasa measurdor the admissibilityof the gain.

Comparingthe measuresl;, d, andds, we obsene thatthe behaiour of ds is asit
shouldbe:

¥(P) v(P\ {a})|d1(P,a) da(P,a)|ds(P,a)
10 09 | 01 01 | 1.0
0.6 05 | 01 0.167| 0.2
02 01 | 01 05 |0111

The evaluationof differencegjivena smallbaserateis lower thanthe samediffer-
encesvhengivenhigh baserate.

Becauseadmissibilitygain doesnot take into accountrandominfluencesanindex
for ausefulnesgain hasto be definedaswell. To this end,theresultsof [7] canbe
usedto derive a descriptye measurdor a usefulnesgain

Descriptve indicessuchas admissibility or usefulnessestimatethe actualsize of
an effect, given a fixed setof modelassumptionstherefore,suchindicesare of-
ten called effect sizemeasues In statisticalapplications,one often considersone
kind of effect sizemeasureHowever, this canonly bedoneunderratherrestrictive
assumptionskor instancejf it is assumedhattwo variablesrepresent bivariate



normal distribution, the admissibility and usefulnesf the correlationcoeficient
areidentical.If thisassumptions droppedthisidentity doesnotholdin general.

Becauseeffect sizesin termsof PRE-measureare usedin mary contexts, there
existsarule of thumbhow to assesgffect sizesfor expectation- basedbenchmark
models[2]:

Effectsize(ES) |Interpretati0n
ES<0.1 no effect
0.10< ES< 0.3smalleffect
0.30 < ES< 0.5|mediumeffect
ES>0.5 large effect

Effect sizemeasuresnustrely on empiricaldatain orderto estimatethe rangeof

effectsin reallife data— thisis justthe way, Cohen[2] arrivedat the interpretation
of effect sizes.But until thereexists a databasdor empirical studieswhich have

beendoneon the basisof RSDA, the given rule of thumb canbe usedas a first

approximation.

The PRE-measurediscussedn this sectionshav a peculiarbehaiour in caseof
y(P) = 1. In this situationary PRE-measurwill only resultin O (if thebenchmark
modelresultsin 1 aswell) or 1. In termsof admissibility this binary natureof the
index cannotbe resohed, but if a statisticalbenchmarkmodelis used.,it is easy
to replacethe descriptve PRE-measuréy a measurdrom inferencestatisticsby
computingthe position of the obsered error in the distribution of expectederrors
giventhebenchmarknodel. This positionis called(statistical)significanceandthe
valueshouldbe small (conventionallysmallerthan5%) for agoodmodel.lt should
be noted, that usability and significanceare two differentconcepts- which may
dissociate-, althoughboth are usingidenticalrandomprocessesWhereassignifi-
canceis changedvhenincreasinghe numberof obsenations theusabilityremains
unchanged.

Table3 on the next pagecollectsall approaches- PRE-measureandsignificance
—discussedofar, enhancedy setgains which area simplegeneralisatiorof the
preceedingndicesby choosingS= P or S= {a} respectiely.

4 Capacities, power indices and values of interaction

The influenceand power of an attribute, aswell asthe interactionof several at-
tributes,have beenextensvely studiedin GameTheoryand Multicriteria Decision
Analysis(MCDA). For anoverview of earlierwork, we invite the readerto consult
the collection of essay®ditedby Roth[26], andfor morerecentadvanceshe ar
ticle by Grabisch[11]. Sincethe approximatiomguality hasthe samemathematical
propertiesas a capacityor fuzzy measurgexplainedbelaw), it hasbeenclaimed
that



Table 3. PREindicesasdescriptve measuresindsignificancevaluesin RSDA

P9 := Setof attribute setswhich areconstructedy randomassignmenof elementgo theattributesP.
S9 := Setof attribute sets,which areconstructedy randomassignmentf elementgo the attributess.
40 .= Setof attribute setswhich areconstructedy randomassignmenof elementgo the attributea.

Error of themode Error of thebenchmarkmodel Interpretation Source
1-y(P) 1-y(0)=1 admissibility [10]
1—y(P) 1- £[y(R)|R€ 27] usefulness [10]
1-y(P) 1-y(P\{a}) =1-y((P\{a})u0) admissiblegain this text
1-y(P) 1-Z[y((P\{a}) UR)|R€ 2°] usablegain [7]
1-y(P) 1-y(P\9 =1-y((P\SUD) admissiblesetgain||  thistext
1—y(P) 1-ZE[y(P\SUR)|Re 5] usablesetgain this text

Error of themode|Positionof theerrorgiventhebenchmarkmode| Interpretation Source
1-y(P) p[l— V(R) < 1—y(P)|Re aﬂ] significance [10]
1-y(P) p[l—y((P\{a})UR) <1-y(P)|Re ,‘210] significantgain [10]
1-y(P) p[l—y((P\S) UR) <1-y(P)|Re 50} significantsetgain||  thistext

“Due to this equivalenceit is possibleto usedifferentindicesdefinedon
fuzzy measure$o assestherelative valueof informationsuppliedby each
attributeandto analyzeinteractionbetweerattributes: [13].

After introducingthe necessarynachinerywe shallshow in this Sectionthatusingy
asaninterval scaleccapacityleadsto scalingartifactswhichdonottakeinto account
thebasicmodelassumptionsf theindices,andthus,they provide a “measurement
withoutmeasure”Alternatives,whicharemorepromisingevaluationtools,arepre-
sentedaswell.

4.1 Quantitativeindices of power and interaction

In decisiontheory theaggreyationof criteriais usuallydoneby weightedarithmetic
meanspr, asthey aresometimesalled,discreteintegrals,andwe will definebelov
the mostoften usedindices. Throughoutwe supposeahatU = {1,...n} is afinite
set,which, in the presentcontext, canbe interpretedasa setof criteriaor a setof
players.

A functionp: 2¥ — [0, 1] is calleda capacityor fuzzymeasueif for all X C U
H0)=0, uX)<1L (N
ACBC X impliesp(A) < u(B). (2

We will usuallyidentify singletonswith the elementhey contain,e.g.we will write
H(p) insteadof p({p}).



The setfunction p takesinto accountthatthe contribution of onecriterionto a set
Sof criteriamayvary, dependingon the choiceof S. In otherwords, 1 is chosenn

suchaway thatit respectghe interactionamongcriteriaaccordingto the belief of

theinvestigator

Thecommonquantitatve aggreyationfunctions,resultingin powerindices,rely on
asimpledifferenceconstructionif K CU andm ¢ K, we let

AP, ) = p(K U {m)) — p(K) 3)

denotethe (unweightedymaminal contributionof mto (K u{m}). Two well known
power indicesarebasedon AH: The Shaplg value[28] is definedby

(= K| = D!IK]!
n!

o5(m) =

KCU\{m}

(K, m). 4)

It is usuallyinterpretecasa measuref theweightedmarginal averagecontribution
of mto setsof theform pu(K U {m}) underthe assumptiorthat"all ordersin which
anindividual entersary coalition areequiprobable’[29], andit is often calledthe
importanceof mwith respecto theweightingp.

Anothervaluefrequentlyconsidereds the Banzhafvalue[1], givenby
1
¢g(m) = 2n_]_ Z AH(K7m)7 (5)

KCU\{m}

Bothindices¢* make severalmodelassumptiongcludingthefollowing:

Al. Takingaveragef differencess meaningful.
A2. If pis acapacityando a permutatiorof U, then,for all me U,

OH(m) = ¢ (a(m)).
Here,opu(K) = {o(k) : ke p(K)}.
We invite the readerto consult[4, 5, 17] for axiomatisationof the Shaplg and
Banzhafvalues.

Apartfrom the“first order” powerindicesmorecomplicatedndicescanbebuilt as
well. If KCU andi, j €K, let

MK, 1}) = uK Ui, §3) — uKU{i}) — (KU {j}) + u(K). (6)

Weightedaverage®f these'secondorder” differences- calledinteractionvalues—
resultin the Shaple interactionindex

(n—|K|—2)1[K]!

R R

KCU\{i,j}

MK, i, j}) (7)



andthe Banzhafinteractionindex

O8N =g Y KT, ®)

KCU\{i,j}

respectiely [21, 27]. Following [18], we saythati, j € U shov a negativeinterac-
tion if

O*({i,i}) 0, (9)

they donotinteract or areuncorrelated, if

¢u({|aj)} =0, (10)

andthey showa positiveinteraction, if

o({i, )} = 0. (11)

4.2 Qualitativeindices of power and interaction

As analternatve to theassumptiorof aninterval scalefor y(K), Grabisch12] and
Duboisetal. [6] offer anindex which assumesnly ordinalscalinganduseseither
differenceshor the meanto calculatetheinfluenceof anelementLet @ denotethe
maximumof anorderedset(if it exists),andset

a, ifa>b,
acbh= -
0, otherwise.

Thequalitativepowervalueofi is definedby

o) = D HKU{i})euK). (12)

KCU\{i}

This expressiorcanbe handledformally astheindicesintroducedn Sectiord. The
valuedq(i) is thelargestvalueof i for a setcontainingi, which will drop, wheni

is left out. Basedon investigationof Grabisch[12], Duboisetal. [6] notethatthis
value“seemgo betheonly reasonabléefinitionfor a qualitatve Shaple value”. It

is basedonly on the ordinal scalingassumptionbecauseq is monotonenvariant
with respecto , sincefor ary monotonemappingT : R — R we have

o (m) =T (94(m)).

Therefore ¢ is aninstanceof the ordinal meaningfulaggregationfunctionspro-
posedby MarichalandMathone{19].



Although ¢g sharessomestructuralpropertieswith ¢g and¢s, the interpretation
of ¢q is quite different: Whereasho computesa maximum,the quantitatze coun-
terpartscomputeanaverage(basedn differentweights).Anotherdifferences due
the monotoneinvarianceof ¢qo: Becauseary monotonetransformatiorof p is ad-
missible thereis no needto restrictp to theinterval [0, 1].

It is interestingto note,thatthe applicationof ¢ is not restrictedto capacitiesbut
is meaningfulwith ary setfunction: Evenif we droptheassumptiorof monotory of
pwith respecto C, thevalueof ¢o(i) is of interestbecauséts valueis thelargest
onefor whichi shavs a non-redundantontributionto p.

Let usnotethefollowing “relative commutatvity" of theoperationo:
Lemmal. (acb)ec=(acc)obforall ab,c.

Proof. Theconclusiorfollows from thefollowing table:

acbaoc(acb)oc(aoc)ob
a a a a

a o0 0 0
0 a 0 0
0O O 0 0

It is now straightforvardto definea qualitative value of interaction aswell, using
the@® ande operators:

d{i,ih= @ MmKU{i,ih)euKu{i})enKu{j}). (13)

KCQU\{i,j}

By Lemmal, ¢o({i, j}) is well defined,andit canbe shown thatthis expression
is formally the sameas the quantitative interactionindices. The index ¢o({i, j})

addressethe largestvalue of p for which i, j truly interactin the sensethat both
elementscontribute a partto 1, that cannotbe expressedy the otherelement.If

do(i, j) = 0, no suchinteractionamongi, j is obsenable.Becausepg usesmono-
toneinvariantoperatorsit is monotondnvariantaswell, andthe name“qualitative
valueof interaction”is justified.

4.3 Applicationsof capacitiesin Rough Set Data Analysis
Choquet-typeaggreyationmeasurepave beenconsideredn the context of RSDA:

“All theseindices can be useful to study the informational dependence
amongtheconsideredttributesandto chooseéhebestreducts. . . the Shap-
ley values...canbe interpretedas measure®f importanceof the corre-
spondingattributesin theroughapproximatiori. [13, p. 102f]

5 This constructiormay be known



We will investigatebelow, whetherthe aimsaddresseth the quotecanbe fulfilled
by quantitatve powerindicesin question.

We startwith aminor obsenation:If quantitatve powerindicesareused,onehasto
differentiatebetweertheinterpretatiorof the Shaplg andthe Banzhafindex, since
it is possiblethatds(p) < ¢s(a) andds(p) > ds(q) [33, for anexampleseeTable
4]. Thereforejt is not clearwhich of theseindices,if arny, tells us somethingabout

Table 4. A non-monotoneelationshipof Banzhaf-andShaplg-values

K H WS(K) A(Ka p) A(K7q) WS(K)'A(Ka p) WS(K)A(K1q)
0 01 025] 05 0 0.125 0
{r} |01]0.0833 0.5 0.8 0.0417 0.0667
{s} | 00.0833 0.5 0.8 0.0417 0.0667
{pJ |0.5/0.0833 0 0
{q} |010.0833 0.5 0.0417
{r,s} | 0(0.0833 1 1 0.0833 0.0833
1r,p} |0.50.0833 05 0.0417
{r,q) [0.80.0833 0.2 0.0167
{s,p} |0.50.0833 0.5 0.0417
{s,q) 0.80.0833 0.2 0.0167
{r,s,p}| 1 (0.0833 0 0
{r,5q}| 1]0.0833 0 0
Sum] 3.4 3.6 0.3668 0.3

the“informationaldependencef the consideredttributes”[14].

A more severeproblemis the factthat comparingBanzhaf— or Shaplg — values
leadsdirectly to acomparisorof averagedasedn a collectionof sets, which may
leadto “strange’results,asthe examplein Section3.3 demonstratesThis canalso
be seenquite easilyasfollows: If we comparesetfunctionsof thetype

oH(i) = E\ W(IK]) - (K U{i}) = K(K)),
KcOW{it

a straightforwardcalculationshows that
OH(i) — ¢H(j) = (W(K]) +w(K]+1)) - (MK U{i}) —p(KU{j})-
KCU\{i,j}
Thereforethe differenceof Banzhafvaluescanberewritten as
080~ 0h() = (5o 3 HKUN) - (5 3 MKULID).

KCU\{i,j} KCU\{i,j}

This leadsto a very simpleinterpretationof Banzhafvalue differencesi <g j iff
d5(1) — dk(j) < 0, which meangthatthe averageof p basedon the setsk U {i} is
lessthanthe averageof pbasednthesetsK U {j}.




For differenceof Shaplg valueswe find

. . n—|K|—=2)!|K|! . .
o —osy =y OTIIERIRE (u iy —wu ),
whichaddressethecomparisorof Shaplg-weightedaverageof p-valueshasen
differentsets.

ComparingBanzhafor Shaple valuesleadsto a comparisorof meanvaluesbased
on disjoint sets— which is exactly the situationwe have discussedn Section3.3.
Onemight arguethat this cannotbe obsenedin RSDA, but a morerefinedexam-
ple canbeconstructed Usingthedatain Table5 we obserey({p}) =y({a,p}) =

Table 5. Informationsystenwhich approximatiomqualitiesshouldnot be averaged

conditionattributegdecisionattr.||conditionattributegdecisionattr.
abclp q d abclp q d
1100 1 0 1111 1 4
210[0 2 0 2111 2 4
1101 2 1 1112 2 5
2201 1 1 2211 1 5
1201 1 2 1211 1 6
220[1 2 2 2211 2 6
1201 2 3 1211 2 7
2101 1 3 2111 1 7

v({b,p}) =v({c, p}) =v({a,b,p}) =v({a,c, p}) =v({b,c, p}) =0.125y({a,b,c, p}) =
0.25,y({a}) =v({a,a}) = v({b,a}) = v({c,a}) = v({a,b,a}) = v({a,c,a}) = v({b,c,q}) =
0.0,andy({a,b,c,q}) = 1. Now it is easyto calculatethat0.140= dp}(p) > dk(q) =
0.125,andonceagain,a setof attribute setswith very low approximationgualities
dominatesanothersetwith oneperfectattribute combination.

Whatever powerindex will beused,it shouldbe notedthatthisindex cannotbein-
terpretedn termsof usefulnessAs anexample considethecasewvhereQ = {p,q},
y(p) = cwith ¢ < 1,andy(q) = 1. TheBanzhafvaluesandqualitative Shaple val-
uesare

be(p) = 5((1-1)+ (c=0)= 5.

4e(0) = 5(1-0)+(1-0) =17,

do(p) = max{1o1,co0}=c,
do(a) = ma{loc,160} = 1.

Now, ¢x(p) < ¢x(q) holdsfor every x € {B,S Q} andary valueof c strictly less
thanl, regardlesof the“quality” of theattributeq —it maybearunningnumberor



an attribute with low entropy. It is easyto constructsituationsin which attribute p
is moreusefulthanattribute g, but neitherof the power indiceswould detectthis.

Recallfrom (10) thatin MCDM two objectsp,q are“uncorrelated”or “indepen-
dent”, if u({p,q}) = K(p) + K(q). The applicationof the quantitatve interaction
valuesin RSDA areproblematicaswell, but theterm“uncorrelated’shouldbeused
with caution:Assumeanattribute g with y(q) = 0 anduseanotheranotherattribute
g, which generatethe samepartitiononU. Theng andg’ shav nointeractionwith
d andcanbe called“uncorrelated” but their dependengis maximal.

4.4 A qualitative power value based on rough entropy

In [8] we have notedthaty is a conditionalmeasureandthereforecomparisonsf y
valuesareonly valid in socallednestednodelswhichmeanghaty(P) andy(Q) are
only comparablén a meaningfulmannerif eitherP C Q or Q C P holds.To allow
model selectionfrom all possibleattribute setswithin RSDA, we have presented
a measurecalled entropy of deterministicroughapproximationwhich is basedon
the maximumentrofy principle asa worstcase.Supposeve have a fixed decision
attribute d generatinghe equivalencerelation8y onU. If Q is a setof attributes
generatingq, we defineanew equi/alencee‘(’?‘Et by

xagty s XBqy, if Bg(X) = Bo(y) andBg(x) C B4(2) for someze U,
Q x=Y, otherwise

Its associategrobabilitydistribution,basedntheprincipleof indifferenceijs given
by {Qk : K € P(6F")} with

(14)

The entropy of deterministiccoughapproximation(with respecto Q andd) is now
definedby

HY(Q ZL]J Iog2 ).

O
09, 7~ |L‘

Hdet(Q) canbestandardisetly

. H
NRE(Q) = 1= Tog(n) —Fi(d)



assumingH (d) < log,(n). We obtaina measureof approximationsuccesavithin

RSDA, which canbe usedto comparedifferentmodelsin termsof the combination
of codingcompleity anduncertaintyoutsidethe approximationin the sensehata
perfectapproximatiorresultsin NRE(Q) = 1, andtheworstcasds at NRE(Q) = 0.

Unlike y, NRE is an unconditionalmeasurepecauséoth, the compleity of the
rulesgeneratedy the independenattributesandthe uncertaintyafter approxima-
tion, aremeigedinto onemeasure.

We arenow ableto definethe qualitativepowerindex of an attribute m usingNRE
by

¢ (m) = max{NRE(KU {m}) © NRE(K) : K CU \ {m}}. (16)

This valueis meaningful becausét addressethe valueof the maximumNRE (or
minimum roughentrogy) for which attribute m contributesa non-zeroamountof
additionalinformation.It is easyto seethat

mnz]ixq)(m) = mKaxNRE(K)

sothatthe maximumof ¢ alsois the highestNRE overall subsetof U.

5 Anexample

Oneof the first publishedapplicationsof RSDA wasa studywhich describegpa-
tientsafterhighly selectve vagotomyfor duodenallcer[25]. An enhancediataset
of 122 patientswasusedin [30], andthis datasetwill beusedin thesequel.

Theinformationsystemconsistedf 11 conditionattributesanda decisionattribute
“Visick grading”. Comparingapproximationgualities,it wasdecidedthat the at-
tribute setP, consistingof

Durationof disease
Complication

BasicHCI concentration
BasicVol. of gastricjuice

. StimulatedHCI concentration
10: StimulatedVol. of gastricjuice

Coukw

is a good basisto approximateattribute “Visick grading” with an approximation
quality y(P) = 0.795. Inspectingthe declineof the approximationquality (2) un-

derthe assumptiorof an admissibilitythresholdof ¢ = 0.55, it wasfound thatthe

attribute sets

A: {47576797 10}7 B: {37476797 10}7 C = {374757 679}



Table 6. Analysisof theduodenabllcerdata,l

Attributeset y Interpretatiof ds Interpretation
3,4,5,6,9,1QP) |0.795  admissible
-4,5,6,9,1qA) |0.590 admissibl¢0.500nonadmissiblegain
3,,5,6,9,10 0.516notadmissible0.576 admissiblegain
3,4;,6,9,10(B) |0.680 admissiblg¢0.359nonadmissiblegain
3,4,5;,9,10 0.549not admissible0.545 admissiblegain
3,4,5,6,,10(D*)|0.631  admissible0.444nonadmissiblegain
3,4,5,6,9,(C) |0.648 admissiblgd.418nonadmissiblegain

are candidatedor future researchTheseare presentedn Table6; it turnsout the
attribute setD* = {3,4,5,6,10} with y = 0.631 shouldhave beenincludedaswell
for furtheranalysis.

Thegainanalysiswith d3 canbeinterpretedn the sameway: Leaving out attribute
4 or 6 resultsin models,which arenot admissiblejf we setcg = 0.5. The analysis
of gaincomplementshe setadmissibility:If asubsedf P is labelledasadmissible,
the gainis labelledto be non admissibleandvice versa.This resultis not a trivi-
ality, becausehe admissibilitylabelsfor setsandgainsaredrivenby the different
constantg andcy.

As we have discussedbore, the analysisof usefulnessand significancerequires
a simulationframe: The results,basedon 1000simulatedrandomisationgor each
analysisaregatheredn Table7. Columnl shavstheattributesunderconsideration,
column2 theobsenedapproximatiorguality y of this set,column3 the expectation
of y giventhe benchmarkmodel,column4 the correspondind®RE-measuréuse-
fulness),andcolumn5 the estimatedpositionof y in thedistribution of therandom
matchingassumptior{significance).

Thefirst partof Table7 presentghe resultsof usefulnes@ndsignificancefor sets.
Theadmissiblesets(P, A, B,C, D*) aresignificantaswell. P offersa mediumeffect
size,whereaghe usefulnes®f theadmissiblesubset®of P is smaller

The analysisof gainwithin P (secondpartof Table7) achievesanastonishinge-

sult: All attributesareconditionalcasualwithin P. This meanghattherearealways
only a few of the 122 obsenationswhich canbe approximatedadditionallyby in-

troducingtheattributeunderstudyinto theset. Thus,onecanarguethatthenumber
of obsenationsin theduodenallcerinformationsystemis too small,andthegood
resultsof P arepusheddueto overfitting. Becauseoughentroypy is helpfulto check
the complexity of therule systembasedon the attributes— andthereforehelpful to

preventagainsbverfitting—, inspectiorof thenormedRoughEntropy (NRE) values
in Table8 providesfurtherinsight: Amongthegivenalternatves,setC hasthehigh-

estNRE (or thelowestcompleity) , andfrom this point of view canberegardedas
afavourablemodel.



Table 7. Analysisof theduodenallcerdata,ll

Analysisof theattribute set

Attributeset | vy Z[y] UsefulnessSignificance Interpretation

3,4,5,6,9,10 |0.7950.703 0.311 0.013 |significant,mediumusefulness
-4,5,6,9,10/A) |0.5900.554 0.081 0.153 notsignificant, notusefu
3,,5,6,9,10 (0.5160.484 0.063 0.199 notsignificant,notusefu

3,4,,6,9,10(B) |0.68700.579 0.241 0.018 significant,smallusefulnes|
3,4,5;,9,10 |0.5490.487 0.121 0.084 notsignificant,low usefulnes|
3,4,5,6,,10(D*)(0.6310.515 0.240 0.008 significant,smallusefulnes|
3,4,5,6,9,(C) |0.6480.524 0.259 0.011 significant,smallusefulnes|
Analysisof thegainwithin {3,4,5,6,9, 10}
Attribute y |E[y] UsefulnessSignificance Interpretation

(2N )

3 0.7950.769 0.112 0.182 | notsignificant,low usefulness
4 0.7950.751 0.178 0.099 | notsignificant,low usefulness
5 0.7950.792 0.017 0.394 notsignifican
6 0.7950.760 0.145 0.107 | notsignificant,low usefulness
9 0.7950.763 0.137 0.127 | notsignificant,low usefulness
10 0.7950.786 0.044 0.310 notsignifican

Table 8. Analysisof theduodenallcerdata,lll

Attributeset y NRE
3,4,5,6,9,10 |0.7950.063
-,4,5,6,9,10A) |0.5900.046
3,,5,6,9,10 0.5160.07Q
3,4,,6,9,10(B) |0.6800.079
3,4,5;,9,10 0.5490.064
3,4,5,6,,10(D*)|0.6310.076
3,4,5,6,9,(C) |0.6480.092

Finally, we presentheresultsof the qualitative power index analysisfor this exam-
plein Table9. In termsof NRE, the uniqueoptimal setis {3,4,6,10} andthere-

Table 9. Analysisof theduodenallcerdata,lV

Attribute ¢ Dueto attribute set
3 0.1006 3,4,6,1(
4 0.1006 3,4,6,1(
5 0.0982 3,459
6 0.1006 3,4,6,1(
9 0.0947 3,4,9
10 0.1006 3,4,6,1




fore, by constructiorof ¢q in Section4.2, we resultin ¢o(3) = do(4) = ¢o(6) =
$o(10) = NRE({3,4,6,10}). Fortheelement$ and9 thereexist two furtherunique
conditionaloptimalsetswhichareusedo determingheirqualitatve powerindices.

To sumup, we concludethat setC seemsto be the optimal choice: It shavs an
admissibleapproximatiorguality, its usefulnesss nearthe optimalvalue, it is sig-
nificant,andits complexity is closeto the optimalvalueaswell.

6 Conclusion

The paperdemonstratethatthereis morethanoneway to evaluatea non-numeric
model,but it shavs aswell thatan“anything goes”approachdoesnot work: Form-
ing simpledifference®r averageposeproblemsdor interpretatiorandthe Choquet-
type aggregationschemewill achiese strangeresultsundercertaincircumstances.
This doesnot meanthatthe suchapproachesvill not work mostof the time, but
thereis no guaranteghatthey do. It is notable that Banzhaf[1] begins his analy-
sisof voting schemesvith exactly the sameideas.The replacementf quantitatve
indicesby their qualitative counterpartss a cure,but the resultsof thesequalitative
indicesarenot overwhelming:They aresimply pointersto maximalvaluesof some
basicevaluationfunction (y, NRE) andmostof theresultsareachiezedwithoutthe
needof anextratheory simply by readingout the resultsof the optimisationof the
basicevaluationfunction.

Becausehereareseveralindices,onehasto find a guidelinewhenandhow these
indicesshouldbe applied. The examplesdemonstratehatin RSDA a reasonable
startof evaluationis theinspectionof the approximationquality, becausét is very
easyto seta first restrictionfor a goodmodel.A further restrictioncanbe setby
comparingthe usefulnesawith the given standardof effect sizes— modelswith
very low effect sizes(< 0.1) have to be excluded,andthe final modelshouldbe
not too far away from the maximumeffect size. The approximationquality of the
final modelmustbesignificant,andits complexity (NRE) shouldbe nearlyoptimal.
The examplesdemonstrataswell, that thesefour qualitiesneednot be presentn
one model. Furthermorethere neednot even be a successfutombinationat all:
We have shavn that the indicesmay dissociate pecausehey arelooking only at
partially overlappingfeaturesof amodel.lt mayhapperthatapproximatiorquality
is high, but eitherusefulnesss very low or significanceis lacking; in suchcases,
thedatado notvotefor usingRSDA — andthisis afair resultaswell.
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