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Abstract

In roughset theory, the approximationquality � is the traditionalmeasureto evaluatethe clas-
sificationsuccessof attributesin termsof a numericalevaluationof the dependency properties
generatedby theseattributes.In thispaperwere-interprettheclassical� in termsof MZ andPRE
measures,andexhibit infinitely many possibilitiesto define � -like measureswhich aremeaning-
ful in situationsdifferentfrom theclassicalone.
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1 Introduction

Oneof thestrengthsof roughsettheoryis thefact thatall its parametersareobtainedfrom thegiven
data:

“The numericalvalueof imprecisionis not pre-assumed,asit is in probability theoryor
fuzzy sets– but is calculatedon thebasisof approximationswhich arethe fundamental
conceptsusedto expressimprecisionof knowledge”.[9]

Approximationsare measuredsimply be countingthoseobservationswhich supportthe theoretic
assumptionsof roughsetsandareafterwardnormalisedby thenumberof all observations.Although
this seemsto bestraightforward,two questionsremain:� Giventwo partitions,whatis anobservationin theproblemof approximatingset(or apartition)

by apartition?� Is thereagoodreasonto usethenumberof all observationsasanormalisationfactor?Are there
possiblyothermeaningfulnormalisationfactors?

Weshow in thispaperthattheanswersto bothquestionsleadto theresultthat � astheclassicalrough
setevaluationof approximationis onepossibleinstance– but certainlynot theonly one.Thus,if � is
usedasanapproximationquality, this is a (consciousor unconscious)choicemadeby theresearcher,
andnot anecessitygivenby thedata.�

Equalauthorshipis implied.
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2 Pawlak’s approximation quality

Throughoutthis paper, we supposethat � is a finite nonemptyset. If ���	� , we denotetherelative
number 
 ��

 
�
 of elementsof � with respectto � by � 
 � ��� , or justby � � ��� , if � is understood.

Let usrecalla few factsaboutpartitionsandequivalencerelations.Supposethat � is apartitionof � .
If ����� , we let � � ��� betheclassof � containing� , and ��� betheequivalencerelationassociated
with � , i.e. ������� � !"� � �#�%$&� � �'��((2.1)

We saythat � is finer thana partition ) , andwrite �+*,) , if ���,�-��. , i.e. if every classof of ) is
a unionof classesof � . The identitypartition is thepartitioncontainingonly singletonsets.It is the
finestpartitionon any nonemptyset.

Roughsetdataanalysis(RSDA) [8] is basedon the conviction that knowledgeaboutthe world is
availableonly up to a certaingranularity, andthat granularitycanbe expressedmathematicallyby
partitionsandtheirassociatedequivalencerelations.

If /0�&� and � is a partitionof � , thenthelower approximation(of / by � ) is definedas/ � $21435�6�7�98:�;��/=<?>(2.2)

andtheupperapproximationby / � $&1@35�A�=�+8B�@C=/ED$2F'<?((2.3)

A pair of the form GH/ > / I is calleda roughset. It is easily seenthat the upperapproximationis
expressibleusingsetcomplementandlowerapproximationby/ � $J�LK �NM /O� � ((2.4)

Theareaof uncertaintyor boundaryregion is definedasP � � / ��$ / � KQ/ � ((2.5)

If F=D$J�SRT�&� , we let �VU��SR betherestrictionof � to �SR , i.e.�EUW� R $J3X�0CY� R 8:�A�7�Z<[K\3]F'<?((2.6)

Clearly, �VU^� R partitions � R , andwehave

Lemma 2.1. Let /@�&�_RT�&� . Then,/ � $&/ �a` 
Tb .
Proof. Suppose/@�&� R �&� . Then,�Y�7/ � � !"� � �#�c��/� !"� � �#�^Cd� R ��/c> since/0�e� R >� !"�EUW� R � ���c�f/g>� !h�i�7/ �a` 
 b >
which provestheclaim.
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As a numericalmeasureof imprecision,Pawlak [8, 9] recommendsfor /jD$2F theratiok � �l>m/n��$po / � oo / � o(2.7)

calledthe accuracymeasure of / by � . It expressesthedegreeof completenessof our knowledge
about / , given the granularityof � . This measurenot only dependson the approximationof / ,
becauseby (2.4) it dependson theapproximationof

M / aswell:k � �l>m/n�Q$6o / � oo / � o $ o / � oo � o K o �NM /q� � o ((2.8)

This is not surprising,and,indeed,a necessityof the roughsetview that theworld (andhence,the
complementof / ) is known only up to thegranularitygivenby theclassesof � . As a consequence,
it is worth noting that k � �=>m/n� can be usedin all threestepsof modelling – learning,testingand
applyinga model–, becausethe roughset Gr/ > /nI is properlydefinedwith theknowledgeof the set/ in thelearningandtestingstage,andwithoutknowing / in theapplicationstage.This propertyofk � �l>m/n� is seldomobservedin rulegeneratingprocedures.

Supposethat two views of the world aregiven by the partitions � and ) of the universe � , with
associatedequivalencerelations ��� and ��. . We assumethat a classof a partition correspondsto a
propertyof its members,andwith someabuseof languagewe identify thenameof a classwith the
nameof thepropertyit signifies.Thequestionariseshow well onepartitioncanbeexpressedby the
other. If a class � of � is a subsetof a class / of ) , thenwe canbe surethat any elementof �
having property � alsohasproperty / . In this case,� is calleddeterministicwith respectto ) , or
just deterministic, if ) is understood.On the otherhand,if � intersectsthe ) -classes/Ts5>5(X(5(m>t/^u ,
thenwecanonly saythateachelementof � hasoneof theproperties/Ts5>X(5(X(v>t/^u .
An oftenappliedmeasurefor this situationis thequality of approximationof ) by � , alsocalledthe
degreeof dependency. It is definedby� � �l>t)w�W$yx 3 o / � o 8:/@�7)Y<o � o >(2.9)

and evaluatesthe deterministicpart of the rough set descriptionof ) by countingthoseelements
which can be re-classifiedto blocks of ) with the knowledgegiven by � (seePawlak [9, p.22],
Komorowski et al. [6, p.17],Pawlak [10, p. 52]).

Sinceeachclassof � containedin a classof ) correspondsto a deterministicrule (andvice versa),
we seethat � is alsothe relative numberof elementsof � which canbe describedby deterministic
rules.

3 Re-interpretation of the Pawlak approximation quality

A simplestatisticfor the precisionof (deterministic)approximationof / given � which is not af-
fectedby theapproximationof

M / is z � �=>m/���$6o / � oo / o ((3.1)
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Table 1: { and |
U 1 2 3 4 5 6 7 8 k � �=>m/n� z � �l>m/�� z � �=> M /n��_s x x x y y y y y 0.375 0.750 0.000�a} a a b b b c c c 0.400 0.500 0.750/ * * * *

This is justtherelativenumberof elementsin / whichcanbeapproximatedby � ; clearly, z � �=>m/��a~k � �l>m/n� . It is importantto pointout,that z � �l>t/\� requirescompleteknowledgeof / , whereask does
not, sincethelatterusesonly theroughset Gr/ > /qI . Unlike k � �l>t/n� , theprecisionmeasurez � �=>m/��
canonly beappliedwhile learningfrom dataor testingwith data.Obviously, z � �=>m/�� cannotbeused
in anapplicationstepsuchasprediction.Sincethis is nodrawbackfor a descriptivemeasure,wewill
use z � �l>t/n� in thesequel.

In thesequelweshall requireamonotony property, thesimpleproofof which is left to thereader:

Lemma 3.1. If �_sa*��a} , then z � �_s�>t/q�c~ z � ��}X>m/n� . �
Thefollowingexampledemonstrateshow k andz differ: Consider�-$J3?�B>���>5(X(�(N>��'< , /�$J3?��>���>���>N��< ,
andtwo partitions �_s�>%�a} of � shown in Table1. Since�a} is morestructuredin

M / than �Ss , and k
"knows" only roughsets,we have k � � s >t/q��� k � � } >m/ � . On theotherhand,if we areinterestedin
theprecisionof theapproximationof / by theclassesof � , thenwe expect �_s to deliver thebetter
result.For thisgoal,clearly z is thebetterindex.

The � statisticis an aggregatemeasureof the setsof a partition approximatedby anotherpartition,
andtherefore,accommodatesbothpointsof view – thatof "knowing theworld up to � " andthatof
"approximating/ by � ". Indeed,� turnsout to be a weightedaverageof the z aswell asof the k
statistics:In thefirst case,for eachclass/ of ) , thequalityof approximationof � with respectto /
is weightedby thecardinalityof / relative to thenumberof elementsin � , andweobtain� � �=>m)7�W$6���� . o / oo � o�� z � �l>t/n��$6���� . � � /q� � z � �l>t/\��((3.2)

Therefore� � �=>m)7� is the meanprecisionof the approximationof ) by � . Using k asa basis,we
have � � �l>m)7�T$ ��Q� . o / oo � o � k � �l>t/n��$ ���� . � � /q� � k � �=>m/n��>(3.3)

Thus, � � �=>m)7� canalsoberegardedastheweightedmeanof theaccuraciesof approximationof the
sets/0��) by � .

Yao [12] connectsrough set approximationwith a classicdistancemeasurebasedon sets,called
Marczewski-Steinhausmetric[7] ( ��� ), which is definedby

�J� � ��>t/q��$ o �0�=/ o M o �@C=/ oo �+�7/ o (
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TheindicesabovecanberedefinedusingMZ ask � �=>m���T$�� M �J� � � � > � � �z � �l>t�d�W$�� M �J� � � � >t���� � �l>t)w�W$�� M �J� � 1� � . � � >n1� � . � � ��$�� M �J� � 1� � . � � >��\�
This is a mathematicallyelegant reinterpretion,and MZ itself hasthe nice propertiesof a metric.
Nevertheless,it hasthedisadvantagethatit is not clearwhich modelassumptionsareneededto state
thattheproposedfractionis asameaningfulexpression.

In the work of Hildebrandet al. [3, 4], the ideaof empiricalevaluationof a theory (in termsof a
formal logic) wasformulatedby introducinga systemof measurescalledproportional reductionof
errors (PRE)measures.They have shown thatmostof thecommonlyuseddescriptivestatisticshave
a PREinterpretation,andthatthis interpretationbringsto thefore theimportantcharacteristicsof the
statistic.TheideabehindthePREapproachis to countthenumberof errors,i.e. eventswhichshould
not beobservedin termsof anassumedtheory, andto comparetheresultwith an“expectednumber
of errors”, givenasuitablebenchmarkmodel:

� PRE $ �� � � M numberof observederrors
numberof expectederrors

> if numberof expectederrors D$2��>� otherwise.
(3.4)

We usetheconventionthat � M2�� $	� , becauseif thereis no error, theerrorreductioncanonly be0.

If our theorysaysthat“ � and / arethesamesets”,theneveryelementin
� ����/��#K � ��C /O� canbe

regardedasanerrorfor this statement.In thissense,wecaninterpretMZ asan“error fraction” by�J� � ��>t/q��$6o �0�=/ o M o �@C=/ oo �0�=/ o M o F o (
wherethe denominatoraddressesthe worst case �6C�/�$�F asa benchmarkmodel. Using this
interpretationfor there-interpretedmeasuresweobtainthecombinationof errorsandexpectederrors
givenin Table2.

Table 2: Measures,approximationerrors,andexpectedapproximationerrors

Measure Approximationerror Expectedapproximationerrork � �=>m/n� / � KQ/ � = Boundaryof / / � = Upperboundof /z � �l>t/\� /eKQ/ � = Indeterministiccasesof / / = All elementsin /� � �l>m)=� � K¢¡ ��� . / � = Indeterministiccasesof � � = All elements

As thesemeasuresareinstancesof theMZ metric,we seethat they arePREmeasures,basedon the
assumptionof a maximalerror ratefor thebenchmarkmodel. In caseof k , theelementsoutsidethe
lower approximationbut insidethe upperapproximationareconsiderederrors,andtheseerrorsare
comparedwith a maximumnumberof errors,which is assumedto bethenumberof elementsin the
upperapproximation.Thisoccursexactly in theworstcase,namely, whenthelowerapproximationis
empty. In caseof z , thecomputationof theerror rateassumesthat theset � canbeendescribedby
thedata;up to this difference,theconstructionof thePRE-measurez is thesameastheconstruction
of k .
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4 More PRE measures for rough sets

The ideaof a PREmeasureis to answerthequestionhow muchbettera givenmodelfits – in terms
of percentageof errorreduction– thana “straw man” benchmarkmodel.We have shown, thatrough
setbasedparameterssuchas � arePREmeasures,whenaworst-casebenchmarkerrormodelis used;
therefore,theseindicesareupperboundsfor suitablePRE measuresin that situation,and can be
regardedasoptimisticmeasuresfor errorreduction.In thisSectionwe will show thatit is possibleto
resultin morereasonableestimationsfor theparametersof interest.

Westartwith variables�£>m/ (whichmaybethoughtof assetsof attributesof aninformationsystem),
which generateequivalencerelationsandpartitionsin theusualway: If ¤B>m¥c�£� , then¤5� � ¥��q!"� � ¤5�¦$&� � ¥N��((4.1)

We denoteby � � the partition belongingto � � , and likewise, we define � � and � � . To avoid
trivialities,we assumethat o � � o ~L� .
Accordingto (2.9),theapproximationquality in classicalroughsettheoryis perfectif � � � � >m� � ��$� , i.e. if �¨§^© �7� � � �Hª�« �7� � � © � « ((4.2)

We saythatan equivalenceclass
© �7� � countstowardsanerror, if�¨§^« �=� � � © D� «(4.3)

holds.Theerror function ¬�­a­J8:� �-® 3:¯ >�°±< is now definedby¬�­¢­ �r© >t� � ��$y² ¯ > if (4.3) is true>° > otherwise.
(4.4)

Becausea PREmeasureis definedwith respectto an expectationvalue,the definition of a suitable
randomvariable³ is necessary;therefore,weassumethat � � is drawn at randomfrom aset ³ � � � of
partitions.On thisbasis,PREmeasuresin RSDA cannow bedefinedby� PRE

� � � >t� � ��$´� M x&µ � ��¶ and ·'¸�¸T¹ µcº �W»½¼¿¾WÀ o © oÁ � ¶ �:Â ¹ �%¼�Ã x µ � � ¶ and ·?¸#¸T¹ µcº � » ¼¿¾^À o © o Ä(4.5)

Observe that the “error classes”are weightedwith the numberof elementsthey contain. This is
necessary, sinceit is enoughfor oneelementto “fail” to discardthewholeclass.

Obviously, therearedifferentPREmeasureswhichdiffer in computationof theexpectedvaluein the
denominatorof � PRE (= the normalisationparameter),or by the assumptionsaboutthe structureof³ � � � .
If we regardtheclassical� asa PREmeasure,then�w$ x µ � ��¶ and ·?¸#¸T¹ µcº �W»½¼¿¾^Å o © oo � o$�� M x µ � � ¶ and ·?¸#¸T¹ µcº � » ¼¿¾WÀ o © oo � o >
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which impliesthat Á ��¶ �]Â ¹ �%¼_ÆÇ �µ � � ¶ and ·?¸#¸T¹ µcº � » ¼¿¾^À o © o ÈÉ $ o � o ((4.6)

This is only possibleif � � � � >t� � �a$�� for each� � �£³ � � � . A suitablerandommodel ³ therefore
consistsof (any numberof) partitionsfrom whichno deterministicrulecanbederivedwith respectto
thedependentvariable.Theproblemwith this resultis thattheadmissible� � partitionscanonly be
determinedafterthedataaredrawn.

Sincethereis only onepartitionwhich containsno deterministicclassesfor any � � with at leasttwo
elements,namely, theoneelementpartition � � $´3B�n< , ana-priori modelthatdescribes� asa PRE
measuremustbebasedonthispartition,andtherefore,³ � �q� contains3B�n< asits soleelement.There-
fore,neitherthepossiblea-posteriorinor thea-prioribenchmarkmodeltakeinto accountthestructure
of theempirical � � – which mustof coursebeknown if we wantto performa PREdescription.

Thedescriptionof approximationquality in termsof anerror reductionmeasureofferssomeinsights
into the relevantstatisticalpropertiesof the representationof thedata.As shown above, the � index
is not very informative in this sense,becausethebaselinemodelfor measuringtheerror reductionis
a ratherartificial one. A PREmeasurewith a standardbaselinemodelcanbea valuablesupplement
to thestandardmeasureof approximationquality.

In orderto estimatetheexpectationof errorsbasedonrandomassignment,wewill userandomisation
proceduressimilar to thosewhich we have proposedin [2] for theevaluationof thestatisticalsignif-
icanceof roughsetrules.Randomisationproceduresareparticularlysuitableto RSDA sincethey do
not requireoutsideinformation; in particular, it is not assumedthat the dataunderdiscussionarea
representativesample.

Supposethat Ê is thesetof all permutationsof � . If Ë£�iÊ and � is apartitionof � , we let�nÌn$�3]Ë�Í ©�Î 8 © �7�O<?>(4.7)

where Ë�Í ©�Î $´3]Ë � �#��8'�i� © < . Observe that � Ì preservestheclasssizesof � . We now assumethe
null hypothesisto be Ï � : “Objectsarerandomlyassignedto classes”.

Thevalue � � � � � � >m� � � o Ï � �a8Ð$ o 35� � � Ì� >t� � �c8'Ë£�iÊ and � � � Ì� >m� � �c~�� � � � >t� � ��< oo � oÒÑ(4.8)

measuresthe statisticalsignificanceof the observed approximationquality. If � � � � � � >m� � � o Ï � � is
low, traditionallybelow 5%,thentheapproximationquality is deemedsignificant,andthe(statistical)
hypothesis“The value � � � � >t� � � is dueto chance”canberejected.

With a similar randomassignmentprocedureasa benchmark,we can estimatethe expectationof
errorsusingtherandomised� � � Ì� >m� � � byÁ ÍÓ� � � � >m� � � Î $ �o � oÒÑ � �Ì �BÔ � � � Ì� >m� � � andÁ Í numberof errors

Î $ o � o M o � o � Á ÍÓ� � � � >m� � � Î (
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Now, � PRE
� � � >m� � ��$�� M o � o M o � o � � � � � >m� � �o � o M o � o � Á ÍÓ� � � � >m� � � Î(4.9) $ � � � � >m� � � M Á ÍÓ� � � � >m� � � Î� M Á ÍÓ� � � � >m� � � Î(4.10)

is ourdesiredPRE-measureof approximationquality, using
���Õ�Ör×$Ø� for thedegeneratecase.

The PREmeasurehasnegative values,if the observed numberof errors(approximationquality) is
above (below) thenumberof error (approximationquality) which canbeachievedby random.Fur-
thermore,it is straightforwardto seethat � PRE is not monotonedecreasingwith Ù : If � � consists
only of singletons,� � � � >m� � �S$ Á ÍÓ� � � � >m� � � Î $j� andtherefore� PRE

� � � >m� � �S$@� , if � � con-
sistsof at least2 classes.This maximaldissociationof classical� and � PRE relieson the fact that
theinterpretationof theapproximationof � � by singletonsin � � is totally differentin therespective
measures.Whereasin classical� thesingletonsarethebestcase,becausethey arepartof the lower
approximation,thesamesingletonsarepartof the lower approximationfor every randomisedparti-
tion aswell. This reducesthedenominatorof � PRE, andmay leadto suchdramaticdifferencesin a
situationwith many singletonsin � � .

The computationof the expectationof the distribution of � PRE without simulationis quite costly.
However, a shorthandcorrectioncanbedoneeasily, if we usethefact thatasingletonclassin � Ì� is
never anerrorclassfor any Ë . If ¤ is thenumberof singletonsof � � , theno � o M ¤n~ Á Í numberof errors

Î $ o � o � � � M Á ÍÚ� � � � >t� � � Î ((4.11)

Let ��Û�$ Û
 
[
 , and � � $ ��s M ��Û� M � Û(4.12)

Proposition 4.1. �i~�� � ~�� PRE.

Proof. Notethat � s >m� � and � PRE arefunctionsof � of theformÜ �rÝ ��$y²\ÞBß½às ß�à > if
Ý D$���>��> otherwise.

(4.13)

where Ý $ �á� á� ��> for �â>��Û�> for � � >Á ÍÓ� � � � >m� � � Î > for � PRE((4.14)

If ��Û�$�� or
Á ÍÓ� � � � >m� � � Î $�� , then �7$�� and � � $&� PRE $2� by ourpreviousremarks.Otherwise,

looking at thederivative ã Ü �rÝ �ã Ý $ � M �� � M�Ý � }=ä ��>(4.15)

of
Ü �HÝ � , we seethat

Ü �rÝ � is monotonicallydecreasingfor � ä Ý �y� . By (4.11),
Á ÍÓ� � � � >m� � � Î ~��Ûa~,� , whencetheclaim follows.
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Thevalueof � is thereforeanupperboundfor a PREmeasureof approximationquality, and � � is a
“quick-and-dirty” measurein between� and � PRE.

Another interpretationmakes � � even more interesting: In every rule systemwhich is usedfor a
descriptivepurposewecandistinguishamongtwo typesof “trueness”:

1. Conditional“trueness”,which meansthatthereis thepossibility of counter-examples.

2. Tautologies,i.e. ruleswhicharetruein any model.Theseareexactly theoneswhicharisefrom
singletonclasses.

In termsof description,� � seemstheoptimal measure,becauseit is built by assumingthat tautolo-
giescanby expectedto be part in any benchmarkmodel,and it providesadditionalandinteresting
informationabouttheapproximationquality.

5 Cube measures

Up to now, the paperhasdealtwith the variationof normalisationfactorsfor expressingmeasures
of interestfor roughapproximationandprecision. In this sectionwe will vary the theme“observa-
tion”, becausebeforecountingthenumberof valid “observations”,oneneedsto reflecton what the
“observations”actuallyshouldbe.

If � is apartitionof � and � äLå , we let

� u $ u ß timesæ ç�è é��ê �X�5� ê7�=>$J35�7scê �5�X� ê7�=un8:�Oë¦�7�O<'>$J35� � �Wsv�cê �5�X� ê7� � ��u��a8B��ë��£�n<?(
Clearly, � u is apartitionof � u , andits corresponding+equivalenceis describedbyì��� �¦í ì�n� !"� u � ì����$&� u � ì���� ! �¨§ � ä,î�äLå �N� � ��ëï��$e� � �Xëï��(
The å -th cuberelationgeneratedby � is definedasð u� $ñ1��� � / u ((5.1)

Notethat
ð s� $�� ,

ð }� $2��� , and,in general,
ð u� � ¡ � u .

For lateruse,let uslook at theapproximationof a cube/ u by thepartition � u :
Lemma 5.1. For each /@�&� , � äLå ,� / � � u $&/ u � í and

� / ��� u $ / u � í ((5.2)
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Proof. Gò��só>X(5(X(m>��#u5Ic� � / � � u � ! �¨§ � äLî[äLå �m��ë¦�7/ �� ! �¨§ � äLî[äLå �N� � ��ëï�c��/� !"� � ��sô�cê �X�5� êi� � ��u��c��/ u� !õGò�Ws5>X(5(5(N>���u5Ic��/ u � í >Gò��só>X(5(X(m>��#u5Ic� � / � � u � ! �¨§ � äLî[äLå �N� � ��ëï�WC7/jD$2F� !"� � � s �cê �X�5� êi� � � u �TC=/ u D$2F� !õGò�Ws5>X(5(5(N>���u5Ic� / u � í (
Corollary 5.2. z � �l>t/n� u $ z � � u >m/ u � and k � �l>m/n� u $ k � � u >m/ u � . �
Justlike theclassical� , acube-� index canbedefinedin threeequivalentways:� u � �l>t)w�ö$6���� . o / u oo ð u. o(5.3)

$ ���� . o / u oo ð u. o � z � � u >t/ u �(5.4)

$ ���� . o / u oo ð u. o � k � � u >m/ u ��((5.5)

Notethat ��s � �l>t)w�ö$&� � �l>t)w��>� } � �l>t)w�ö$6���� . o / } oo ��. oT� o / } �T÷ oo / } o$ ���� . o / } �T÷ oo ��. o
Furthermore,observingthat 35/ u 8:/@�7)Y< partitions

ð u. , andusingLemma2.1,weobtain��u � �=>m)7�T$ ��Q� . o / u oo ð u. o � z � � u U ð u. >t/ u ��$&� � � u U ð u. >�35/ u 8B/@�7)Y<]��((5.6)

With Corollary5.2andsomebasicarithmetic,wecanrewrite (5.3)as� u � �=>m)7�T$6���� . o / o ux ��� . o / o u � z � �=>m/�� u $6���� . o / o ux ��� . o / o u � k � �=>m/n� u ((5.7)
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If wewantto compare� u � �l>t)w� for differentvaluesof å , wehavetoconsiderthedifferentdimensions
of the å -cubes.Thiscanbedoneby usingø u � �l>t)w�T$ íù �½u � �l>t)w�t((5.8)

The value

ø u is the length of an edgeof a å -dimensionalcubeof size ��u in one dimension,and
therefore,

ø u -valuescanbecomparedfor differentdimensionså . The

ø u measurescanbeinterpreted
analogousto Minkowski norms: If å $�� , the statisticlooks at onedimensional“cubes” with the
consequencethat the approximationis measuredper element. The larger we chooseå , the higher
becomesthe weight of the larger categoriesin ) for the descriptionof the approximationquality
using � .

Considertheexamplegivenin Table3.

Table 3:

U 1 2 3 4 5 6 7 8 �#s � �cëv> ã � �½} � �cëv> ã � ø } � �cëò> ã �ã
A A A A B B C C�Ss 1 1 1 2 2 3 3 3 0.375 0.375 0.612��} 1 1 2 2 2 3 2 5 0.400 0.250 0.500

The valuesof ��ú � �cëv> ã � show a dissociation:The value of ��s votesfor �a} , whereas�½} votesfor� } . Thedifferenceof � s and � } is that the latterconsistentlyapproximatesmoreelements,but � s
consistentlyapproximatesmorepairsof elementsof the equivalencerelation �Xû . This is dueto the
fact thattheapproximationof ü�s is concentratedin oneclass( ý ) of �Xû .
But doesit matter?Theansweris that �a} is preferredover �_s , if theapplicationcontext requiresrules
of theform �¨§ �Y�£�\��Í Ü]þ � ����$2ÿ þ ! Ü û � ����$2ÿ:û Î >(5.9)

whereas� s shouldbepreferredto � } if theapplicationcontext considersrulessuchas�¨§â� �T>��'�Q�£� } ��Í Ü]þ � �#��$ Ü:þ � �'��! Ü û � �#��$ Ü û � �'� Î ((5.10)

An index suchas ��u is usefulfor modelselectiononly if it hasthesamemonotony propertiesas �#s .
Our next resultshowsthis to bethecase:

Proposition 5.3. 1. If �_sg*��a} , then

(a) ��u � �Ss�> ã �Q~��½u � �a}5> ã � ,
(b)

ø u � �_só> ã �Q~ ø u � �a}X> ã � .
2. If � is theidentitypartition, then � u � �=> ã �T$ ø u � �=> ã �T$�� for all å ~2� .

Proof. 1. Both statementsfollow immediatelyfrom Lemma3.1andthedefinitionsof ��u and

ø u .
2. Sinceevery classof � is a singleton,theapproximationis perfectfor every å ~&� .
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Table 4: Contraceptiondata

Country ��� ��� ��� ��� d
(1) Lesotho 3.9 4 73 0 6
(2) Kenya 0.9 4 108 6 9
(3) Peru 2.7 17 367 0 14
(4) Sri Lanka 3.8 20 142 12 22
(5) Indonesia 1.2 9 61 14 25
(6) Thailand 2.1 8 142 20 36
(7) Colombia 2.7 47 284 16 37
(8) Malaysia 1.6 29 313 18 38
(9) Guayana 6.1 20 318 0 42
(10) Jamaica 6.9 8 593 23 44
(11) Jordan 1.4 53 197 0 44
(12) Panama 5.3 50 570 19 59
(13) CostaRica 4.7 18 464 21 59
(14) Fiji 3.7 15 321 22 60
(15) Korea 4.5 15 188 24 61

Table 5: Recodeddata

Country �	� ��� ��� ��� d
(1) Lesotho 1 0 0 0 0
(2) Kenya 0 0 0 0 0
(3) Peru 1 1 2 0 0
(4) Sri Lanka 1 1 0 1 0
(5) Indonesia 0 0 0 1 0
(6) Thailand 1 0 0 1 1
(7) Colombia 1 2 1 1 1
(8) Malaysia 0 1 2 1 1
(9) Guayana 2 1 2 0 1
(10) Jamaica 2 0 2 2 1
(11) Jordan 0 2 1 0 1
(12) Panama 2 2 2 1 2
(13) CostaRica 2 1 2 2 2
(14) Fiji 1 1 2 2 2
(15) Korea 2 1 1 2 2

Looking at the resultsobtainedin this Section,we concludethat the type of approximationquality
(and the “best setof attributes”) dependson the context of the application– a boundarycondition
which cannotbedefinedby thedataalone.Thevalue å $@� , which is usedin RSDA, is perhapsthe
simplestchoice,but it is by far not theonly onepossible.Onehasto considerwhich ��u is relevantfor
expressingthequalityof approximation,andwhich å -cuberelationis of interest.Thus,theresearcher
hasto makeadecisionhow theweightsof theapproximationof setsareto bechosen.

6 Example

To demonstrateourprocedures,wewill useadatasetpublishedin [1] shown in Table4, with thedata
recodedasin Table5. It is aimedto approximatethevaluesof thecountriesin theattribute� % ever practisingcontraception(d)

from thecharacteristics� Averageyearsof education( 
Xs ),� Percenturbanised( 
�} ),� Grossnationalproductpercapita( 
�� ),� Expenditureson family planning( 
�� ),

andto find thosecharacteristicsthataremostvaluableto approximatethedependentattribute

ã
.

WeusethenotationPREu for � u PRE, where� u PRE is definedin analogyto � PRE(4.5).Theresultsfor the
variousindicesareshown in Table6. Thefull setof variablesresultsin theidentitypartition,andthus
in a perfectapproximationquality ( �#sg$+� ). Sincetherandomassignmentpreservesthecardinalities
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Table 6: Analysisof thecontraceptiondata

Set 
�� ����
���� PRE� 
 �� ��� 
������ PRE
�� 
 ÷ ����
 ÷ � PRE÷ 
�� ����
���� PRE���� ��� � ÷ � � ��� ����� 1 1 0 0 0 0 1 1 0 1 1 0��� ÷ � � � � � � � 0.73 0.62 0.31 0.50 0.28 0.31 0.53 0.42 0.19 0.38 0.31 0.11��� ��� � ��� ����� 0.73 0.81 -0.43 0 0.30 -0.43 0.53 0.68 -0.48 0.38 0.59 -0.51��� ��� � ÷ � ����� 1 0.91 1 1 0.29 1 1 0.83 1 1 0.77 1��� � � � ÷ � � � � 0.60 0.62 -0.06 0.25 0.29 -0.06 0.38 0.43 -0.09 0.24 0.32 -0.11��� � � � � � 0.33 0.34 -0.01 0.17 0.17 -0.01 0.12 0.17 -0.06 0.04 0.10 -0.06��� ÷ � � � � 0.47 0.34 0.20 0.38 0.24 0.20 0.22 0.17 0.06 0.11 0.10 0.01��� ÷ � � � � 0.40 0.31 0.13 0.18 0.13 0.13 0.18 0.13 0.05 0.08 0.07 0.02��� ��� ����� 0.33 0.31 -0.03 0.17 0.19 -0.03 0.12 0.08 -0.08 0.04 0.11 -0.07��� � � � � � 0.40 0.36 0.06 0.18 0.13 0.06 0.18 0.18 0.00 0.09 0.10 -0.01��� � � � ÷ � 0.47 0.44 0.05 0.20 0.16 0.05 0.27 0.24 0.04 0.18 0.15 0.04��� � �

0 0.00 0.00 0 0.00 0.00 0 0.00 0.00 0 0.00 0.00��� � � 0 0.01 -0.01 0 0.01 -0.01 0 0.01 -0.01 0 0.01 -0.01��� ÷ � 0 0.01 -0.01 0 0.01 -0.01 0 0.00 0.00 0 0.00 0.00��� � � 0 0.01 -0.01 0 0.01 -0.01 0 0.00 0.00 0 0.00 0.00

of the partition classes,the expectationof ��s is 1 aswell, andtherefore,� PRE $p� . For the same
reason,� �s $2� .
Because3 
Xs�>�
�}:>�
 � < is a reduct(i.e. a set of attributesminimal with respectto the property �#sl$� ), RSDA prefersthe set as the bestattribute set for describing

ã
. Most of the indicesshow that3 
Xs5>�
�}X>�
 � < is indeeda goodchoice. However, the expectationvaluesof the ��u arequite high; this

meansthat the resultingrulesarebasedon only a small numberof examples,andconsequentlythe
approximationis notsignificant( k $2��( �"! ).

Of someinterestis the comparisonof 3 
�}:>�
��]>�
 � < and 3 
Xs5>�
��:>�
 � < , becauseboth have identical ��u -
values.ThePREinterpretationoffersa differentview: 3 
�}X>�
��B>�
 � < resultsin a positivePRE-measure,
whereasthePREresultsof 3 
Xs5>�
��]>�
 � < arenegative. This meansthata higherapproximationquality
canbeachievedby usingourbenchmarkof randomassignment.

7 Discussion

Our startingpoint werethebasicquestions� Whataretheobservationsthatshouldbecounted?� Whatcouldbeusedasa meaningfulnormalisationfactor?

We have shown that therearevariousreasonablechoicesfor both problems,andthat thesechoices
leadto evaluationsof approximationquality which aredifferentfrom the standard� s statistic. Dif-
ferentiatingamongdifferenttypesof basicinformation led to approximationmeasureswhich show
characteristicssimilar to theMinkowski normin metricdataanalysis.Althoughthesemeasuresex-
hibit a certaindissociationfrom �#s asshown by theexamples,applicationsof different ��u measures
in a reductsearchsituationshows that the reductsdo not differ from thoseconstructedby � s . The
exampleis typical for this observation: Therank orderof theevaluationof theconditionalattribute
setsis verystable,givendifferent ��u , if �#s is moderatelylarge.
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Oneproblemremains: If thereareso many possiblemeasures– what measureshouldbe chosen?
We think thequestionis justified,but hardto solve. It certainlyis dependenton thecontext andthe
intentionsof the researcher. Therearesomeexamplesin the literature,suchasthe well established
RAND index, originally usedfor theevaluationof clusteranalysisresults[5, 11]. This measureacts
on thesamedomainas ��} , andcanbeusedto evaluatetheequivalenceof two partitions.

A differentlook at thenormalisationfactorresultedin dramaticchangesof theevaluationof approxi-
mationquality. Assumingstatisticalindependenceof thedecisionattributefrom theclassassignments� � of theconditionalattributes,a � -like PREmeasureshowsbehaviour extremelydifferentfrom � s ,
if � � containsvery small classes.Whereas�#s tendsto be very high in this situation, � PRE tendsto
show low values.This is explainedby thefact thatsmallclasseshaveahighchanceto bein thelower
approximationof a set. We couldshow additionallythat,at any rate, � s is anoptimisticmeasureof
approximationquality, because��sa~�� PRE. Wethereforerecommendto usebothstatisticsto describe
approximationquality. However, sincethecomputationof � PRE is very costly, we proposea “quick
- and- dirty” measure� �s for the evaluationof approximationquality, which canbe computedwith
minimal additionaleffort. Because��sa~,� �s ~,� PRE, we resultin a betterupperapproximationof the
PREapproximationmeasurethancanbeachievedby �#s . Becausethecomputationof � �s is notcostly
at all, it shouldbeimplementedasa routineprocedurein roughsetalgorithms.

We have shown that the interpretationof � s asa PRE measureleadsto strangeset combinations,
which arenot compatibleto standardstatisticalassumptionssuchasindependence.It is worthwhile
to look at theproblemfrom a differentdirection:Considersetcombinationswhichcanbedefinedby��sS$@� anddefinea “rough independence”axiomatically, which implies ��sS$9� in thesecases.But
this is a differentstory–
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