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Abstract

In roughsettheory the approximationquality ~ is the traditional measurdo evaluatethe clas-
sification succesof attributesin termsof a numericalevaluationof the dependengc properties
generatedby theseattributes.In this paperwe re-interpretheclassicaly in termsof MZ andPRE
measuresandexhibit infinitely mary possibilitiesto definev-like measuresvhich aremeaning-
ful in situationsdifferentfrom the classicalbone.
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1 Introduction

Oneof the strengthof roughsettheoryis thefactthatall its parameterareobtainedfrom the given
data:

“The numericalvalueof imprecisionis not pre-assumedsit is in probabilitytheoryor
fuzzy sets— but is calculatedon the basisof approximationsvhich arethe fundamental
conceptausedto expressimprecisionof knowledge”.[9]

Approximationsare measuredsimply be countingthose obsenationswhich supportthe theoretic
assumptionef roughsetsandareafterwardnormalisecby the numberof all obsenations.Although
this seemgo bestraightforwardfwo questiongemain:

o Giventwo partitions,whatis anobservatiorin the problemof approximatingset(or a partition)
by apartition?

¢ Isthereagoodreasorto usethenumberof all obsenationsasanormalisatiorfactor?Are there
possiblyothermeaningfulnormalisatiorfactors?

We shaw in this paperthattheanswergo bothquestiongeadto theresultthaty asthe classicakough
setevaluationof approximationis onepossibleinstance- but certainlynottheonly one. Thus,if v is
usedasanapproximatiorguality, this is a (consciousor unconsciousghoicemadeby theresearcher
andnotanecessitygivenby thedata.

*Equalauthorshigs implied.



2 Pawlak’sapproximation quality

Throughouthis paper we supposehatU is afinite nonemptyset.If X C U, we denotetherelative

number%} of elementof X with respecto U by pi7(X), orjustby p(X), if U is understood.

Let usrecallafew factsaboutpartitionsandequivalencerelations.Supposehat P is apartitionof U.
If 2 € U, welet P(z) bethe classof P containingz, andép bethe equivalencerelationassociated
with P, i.e.

(2.1) zhpy < P(z) =P(y).
We saythatP is finerthana partition R, andwrite P < R, if #p C 0, i.e. if every classof of R is

aunionof classe®of P. Theidentity partition is the partition containingonly singletonsets.lIt is the
finestpartition on ary nonemptyset.

Roughsetdataanalysis(RSDA) [8] is basedon the corviction that knowledgeaboutthe world is
available only up to a certaingranularity andthat granularity canbe expressednathematicallyby
partitionsandtheir associate@quivalencerelations.

If Y C U andP is apartitionof U, thenthelower approximation(of Y by P) is definedas
(2.2) Yp=|J{xeP:xCV},

andthe upperapproximationby

(2.3) V= Jixer:xny £0).

A pair of the form (YY) is calleda roughset It is easily seenthat the upperapproximationis
expressibleusingsetcomplementndlower approximatiorby

(2.4) V=U\(-Y),

The areaof uncertaintyor boundaryregion is definedas

(2.5) (V) =Y \Yp.

If ) £ U" C U,weletP | U’ betherestrictionof P to U’, i.e.

(2.6) PIU ={XnNnU":XeP}\{0}.
Clearly, P | U’ partitionsU/’, andwe have

Lemma2l LetY CU' CU.ThenYy, =Y.

Proof. Suppose” C U’ C U. Then,
reYp <= Pz)CY
< P(z)NU' CY, sinceY C U’,
P U'(z)CY,
< 1 € X’P[‘U”

which provesthe claim. O



As anumericalmeasuref imprecision Pawlak [8, 9] recommends$or Y # () theratio
(2.7) a(P,Y)= =5

calledthe accuacy measue of Y by P. It expresseghe degreeof completenessf our knowledge
aboutY, giventhe granularityof P. This measurenot only dependson the approximationof Y,
becausdy (2.4)it depend®ntheapproximatiorof —Y aswell:

wip vy~ Yol Yyl
(2.8) (P,Y) = 7 " 0=,

This is not surprising,and, indeed,a hecessityof the roughsetview thatthe world (andhence the
complemenbf Y) is known only up to the granularitygiven by the classef P. As aconsequence,
it is worth noting that «(P,Y) canbe usedin all threestepsof modelling— learning, testingand
applyinga model—, becausehe roughset(Y,Y) is properlydefinedwith the knowledgeof the set
Y in thelearningandtestingstage andwithoutknowing Y in the applicationstage.This propertyof
a(P,Y) is seldomobsenedin rule generatingprocedures.

Supposeahat two views of the world are given by the partitions? and R of the universel, with
associatecquivalencerelationsfp» andfx. We assumehata classof a partition correspondso a
propertyof its membersandwith someakuseof languagewe identify the nameof a classwith the
nameof the propertyit signifies. The questionariseshow well one partition canbe expressedy the
other If aclassX of P is a subsetof aclassY of R, thenwe canbe surethat ary elementof U
having property X alsohaspropertyY . In thiscase,X is calleddeterministicwith respecto R, or
just deterministi¢ if R is understood.On the otherhand,if X intersectghe R-classed, ..., Y,
thenwe canonly saythateachelementof X hasoneof thepropertiesyy, . . ., Yx.

An oftenappliedmeasurdor this situationis the quality of approximationof R by P, alsocalledthe
degreeof dependencyit is definedby
_ 2 AYpl: Y ER}

and evaluatesthe deterministicpart of the rough setdescriptionof R by countingthoseelements
which can be re-classifiedto blocks of R with the knowledgegiven by P (seePawlak [9, p.22],
Komoraowski etal. [6, p.17], Pawlak [10, p. 52]).

Sinceeachclassof P containedn a classof R correspondso a deterministicrule (andvice versa),
we seethat~ is alsothe relative numberof elementsof U which canbe describedby deterministic
rules.

3 Re-interpretation of the Pawlak approximation quality

A simple statisticfor the precisionof (deterministic)approximationof Y given P which is not af-
fectedby theapproximatiorof —Y is

Yol
Y

(3.1) T(P,Y) =



Tablel: a andr

Uull2 3 456 7 8|aP,Y)|nP,Y)|nrP,-Y)
Pi|x x x y vy vy vy y| 0375 0.750 0.000
P,la a b b b c¢c c¢c c| 0400 0.500 0.750
}r’ * * * *

Thisis justtherelatve numberof elementsn Y which canbeapproximatedy P; clearly, 7 (P, Y) >
a(P,Y). Itisimportantto pointout, thatr (P, Y) requirescompleteknowledgeof Y, whereasy does
not, sincethe latter usesonly theroughset(Y, Y). Unlike a(P, Y), the precisionmeasurer (P, Y)
canonly beappliedwhile learningfrom dataor testingwith data.Obviously, 7(P, Y) cannotbeused
in anapplicationstepsuchasprediction.Sincethis is no dravbackfor a descriptve measureywe will
user(P,Y) in thesequel.

In thesequelwe shallrequirea monotory property the simple proof of whichis left to thereader:

Lemma3.l. If P, < Py, thenw(Py,Y) > n(Ps,Y). O

Thefollowing exampledemonstratesow « andr differ: Conside/ = {1,2,...,8},Y = {1,2,3,4},
andtwo partitionsP;, P, of U showvnin Tablel. SinceP, is morestructuredn —Y thanP;, and«
"knows" only roughsets,we have a(P;,Y) < a(P2,Y). Ontheotherhand,if we areinterestedn
the precisionof the approximatiorof Y by the classeof P, thenwe expectP; to deliver the better
result. For this goal, clearly r is the betterindex.

The v statisticis an aggrgjate measureof the setsof a partition approximatedy anotherpartition,
andtherefore,accommodateboth pointsof view — thatof "knowing theworld up to P" andthat of
"approximatingY” by P". Indeed,y turnsoutto be a weightedaverageof the = aswell asof the «
statistics:In thefirst casefor eachclassy of R, thequality of approximatiorof P with respecto Y
is weightedby the cardinalityof Y relative to the numberof elementsn U7, andwe obtain

(3.2) ﬂpnﬁ:Z:ELw@Jq:E:mn-ﬂnyy

vl Yk

Thereforey (P, R) is the meanprecisionof the approximationof R by P. Using « asa basis,we
have

33) 1P.R) = Y I e = 3 o) apy),
YeR YeR

Thus,v (P, R) canalsobe regardedasthe weightedmeanof the accuracie®f approximatiorof the
setsY € R by P.

Yao [12] connectsrough set approximationwith a classicdistancemeasurebasedon sets,called
Marczevski-Steinhausnetric[7] (M ), whichis definedby

. IXUY|-|XNY]|
MZ(X,Y) = x0T




Theindicesabove canberedefinedusingMZ as

a(P,X)=1-MZ(Xp,X)
TP, X)=1- MZ(Xp, X)

PR =1-MZ(|J Xp, | X ) =1-MZ(|J Xp,U)
XeER XeER XeER

This is a mathematicallyelegantreinterpretion,and MZ itself hasthe nice propertiesof a metric.
Neverthelessit hasthe disadwantagethatit is not clearwhich modelassumptionareneededo state
thatthe proposedractionis asameaningfulexpression.

In the work of Hildebrandet al. [3, 4], the ideaof empirical evaluationof a theory (in termsof a
formal logic) wasformulatedby introducinga systemof measuregalled proportional reductionof
errors (PRE)measuresThey have shovn thatmostof the commonlyuseddescriptive statisticshave
a PREinterpretationandthatthis interpretatiorbringsto thefore theimportantcharacteristicef the
statistic. Theideabehindthe PREapproachs to countthe numberof errors,i.e. eventswhich should
not be obsenedin termsof anassumedheory andto comparethe resultwith an“expectednumber
of errors”, givenasuitablebenchmarkmodel:

numberof obserederrors

(3.4) YPRE = ~ numberof expectederrors
0 otherwise.

if numberof expectederrors# 0,

We usethe corventionthat1 — 2 = 0, becauséf thereis no error, theerrorreductioncanonly beO.

If ourtheorysaysthat X andY arethesamesets” theneveryelementn (X UY) \ (X NY) canbe
regardedasanerrorfor this statementin this sensewe caninterpretMZ asan“error fraction” by

IXUY|-|XNY|
4 / X Y =
MZXY) =y —

wherethe denominatoraddresseshe worstcase X N'Y = () asa benchmarkmodel. Using this
interpretatiorfor there-interpretedneasuresve obtainthe combinationof errorsandexpectederrors
givenin Table2.

Table 2: Measuresapproximatiorerrors,andexpectedapproximatiorerrors

Measure Approximationerror Expectedapproximatiorerror
a(P,Y) i \ Y, = Boundaryof Y Y’ = Upperboundof Y
(P,Y) Y \ Y = Indeterministiccaseof Y | Y = All elementsnY
Y(P,R) | U\ Uyer Yp = Indeterministiccaseof U | U = All elements

As thesemeasuresreinstance®f the MZ metric, we seethatthey are PREmeasureshasedon the

assumptiorof a maximalerrorratefor the benchmarkmodel. In caseof o, the elementoutsidethe

lower approximationbut insidethe upperapproximationare considerederrors,andtheseerrorsare
comparedvith a maximumnumberof errors,which is assumedo bethe numberof elementsn the

upperapproximation.This occursexactly in theworstcase namely whenthelowerapproximationis

empty In caseof 7, the computatiorof the errorrateassumeshatthe set X canbeendescribecby

the data;up to this difference the constructiorof the PRE-measure is the sameasthe construction
of a.



4 MorePRE measuresfor rough sets

Theideaof a PREmeasuras to answerthe questionhow muchbettera given modelfits — in terms
of percentagef errorreduction- thana “straw man” benchmarknodel. We have shawn, thatrough
setbasedarametersuchasy arePREmeasuresyhenaworst-casdéenchmarlerrormodelis used;
therefore,theseindicesare upperboundsfor suitablePRE measuresn that situation,and can be
regardedasoptimisticmeasuresor errorreduction.In this Sectionwe will show thatit is possibleto
resultin morereasonablestimationdor the parametersf interest.

We startwith variablesX, Y (which maybethoughtof assetsof attributesof aninformationsystem),
which generateequivalencerelationsandpartitionsin theusualway: If s,t € U, then

(4.1) sxt <= X(s) = X(t).

We denoteby Px the partition belongingto 6x, and likewise, we definefy and Py. To avoid
trivialities, we assumehat|Py| > 2.

Accordingto (2.9),theapproximatiorguality in classicaroughsettheoryis perfectif v(Px, Py) =
1,i.e.if

(4.2) (VK € Px)(3L € Py)K C L.
We saythatan equivalencelasskK € Px countstowardsan error, if
(4.3) (VLePy)K Z L
holds.Theerror functionERR : Px — {T, L} is now definedby

if (4.3)i
(4.4) ERR(K,Py) = LA 3).|strue;
1, otherwise.

Becausea PRE measurés definedwith respecto an expectationvalue,the definition of a suitable
randomvariabley is necessarythereforewe assumehat Py is dravn atrandomfrom asety(P) of
partitions.Onthis basis PREmeasuregn RSDA cannow be definedby

(4.5) vpre(Px, Py) = 1 — EKEPX and ERR(K,pY):T|K|
. ’ _

Epx ex(P) EKE'PX and ERR(K,Py)=T K|

Obserne that the “error classes’are weightedwith the numberof elementsthey contain. This is
necessarsinceit is enoughfor oneelemento “fail” to discardthewholeclass.

Obviously, therearedifferentPREmeasuresvhich differ in computatiorof the expectedvaluein the
denominatof vypre (= the normalisationparameter)pr by the assumptionsboutthe structureof

X(P).

If weregardtheclassicaly asa PREmeasurethen
D KePy and BRR(K,Py)=1| K|
- U]

D KePx and ERR(K,Py)=T K|
U] ’

=1-




which impliesthat

(4.6) Epxex(P) > K[| = U],
KePx andERR(K,Py)=T

This is only possibleif v(Px, Py) = 0 for eachPx € x(P). A suitablerandommodely therefore
consistf (ary numberof) partitionsfrom which no deterministicule canbederivedwith respecto

the dependenvariable. The problemwith this resultis thatthe admissiblePx partitionscanonly be
determinedhfterthedataaredrawvn.

Sincethereis only onepartitionwhich containsno deterministicclassegor ary Py with atleasttwo

elementspamely the oneelementpartition Py = {U}, ana-priorimodelthatdescribesy asa PRE
measurenustbe basedn this partition,andtherefore,y (P) contains{U } asits soleelement.There-
fore, neitherthepossiblea-posteriornor thea-prioribenchmarknodeltakeinto accounthestructure
of theempiricalPx —which mustof coursebeknown if we wantto performa PREdescription.

The descriptionof approximatiorguality in termsof anerrorreductionmeasureffers someinsights
into the relevantstatisticalpropertiesof the representatioof the data. As shovn above, the v index
is not very informative in this sensepecausehe baselinemodelfor measuringhe errorreductionis
aratherartificial one. A PREmeasuravith a standarcaselinemodelcanbe a valuablesupplement
to the standardneasuref approximatiorguality.

In orderto estimatehe expectationof errorsbasedn randomassignmentyve will userandomisation
proceduresimilar to thosewhich we have proposedn [2] for the evaluationof the statisticalsignif-
icanceof roughsetrules. Randomisatioproceduresre particularlysuitableto RSDA sincethey do
not requireoutsideinformation; in particular it is not assumedhat the dataunderdiscussiorarea
representatie sample.

Supposéhat is the setof all permutation®f U. If o € X andP is apartitionof U, welet

4.7) P? ={o[K]: K € P},

whereo[K] = {o(z) : = € K}. ObserethatP? preserestheclasssizesof P. We now assumehe
null hypothesigo be

Hg: “Objectsarerandomlyassignedo classes”.

Thevalue

_ v (P%, Py) : 0 € X andy(P%, Py) > v(Px, Py)}|

B Ul

measureshe statisticalsignificanceof the obsened approximationquality. If p(y(Px, Py )|Ho) is

low, traditionallybelow 5%, thentheapproximatiomuality is deemedignificant,andthe (statistical)
hypothesisThe valuey(Px, Py ) is dueto chance’canberejected.

(4.8) p(v(Px, Py )|Ho) :

With a similar randomassignmenprocedureas a benchmarkwe can estimatethe expectationof
errorsusingtherandomisedy (P%, Py) by
1
Elv(Px, Py)] = o > 7(P%, Py) and
=)

E[numberof errorg = |U| — |U| - E[y(Px, Py)].



Now,

\U| = [U]-v(Px, Py)
\Ul = U]+ Elv(Px, Py)]
_ 7(Px,Py) = E[v(Px, Py)]
B 1= &[v(Px,Py)]

(4.9) vpre(Px,Py) =1—

(4.10)

is our desiredPRE-measuref approximationquality, using% 210 for thedegeneratease.

The PRE measurédhasnegative values,if the obsened numberof errors(approximationquality) is

above (below) the numberof error (approximationguality) which canbe achiezed by random. Fur-

thermore,it is straightforwardio seethat vpre is not monotonedecreasingvith D: If Px consists
only of singletons;y(Px, Py) = E[v(Px, Py)] = 1 andthereforeypre(Px, Py) = 0, if Py con-

sistsof at least2 classes.This maximaldissociationof classicaly and~pge relieson the fact that
theinterpretatiorof the approximatiorof Py by singletongn Py is totally differentin therespectie

measuresWhereasn classicaly the singletonsarethe bestcase becausehey are partof the lower
approximationthe samesingletonsare part of the lower approximatiorfor every randomisedarti-

tion aswell. This reduceghe denominatoof vprg, and may leadto suchdramaticdifferencesn a
situationwith mary singletonsn Px.

The computationof the expectationof the distribution of ypre Without simulationis quite costly.
However, a shorthandcorrectioncanbe doneeasily if we usethefactthatasingletonclassin P§ is
never anerrorclassfor ary o. If s isthenumberof singletonsf Px, then

(4.11) |U| — s > &[numberof error§ = |U| - (1 — £[y(Px, Py)]-
Letps = ﬁ and
(4.12) N = 17 Ps

1—ps

Proposition 4.1. v > v* > vpre

Proof. Notethat~;,v* andyprg arefunctionsof v of theform
Y1, Y Y Y

= ifz#£1
4.13 Z) = =2’ k
( ) JG) {0, otherwise.
where
0, for ~,
(4.14) z =X ps, for v*,

Elv(Px,Py)], forypre

If ps = 10r&[y(Px,Py)] = 1,theny = 1 andy* = ~ypre = 0 by our previousremarks.Otherwise,
looking atthederivative

df(z) _ v—-1
4.1 = <
(4.19) dz (1-2)2~ 0
of f(z), we seethat f(z) is monotonicallydecreasindor 0 < z < 1. By (4.11) [y(Px, Py)] >
ps > 0, whencetheclaimfollows. O



Thevalueof v is thereforean upperboundfor a PREmeasuref approximationguality, andy* is a
“quick-and-dirty” measuren betweerny andvypre

Another interpretationmakesy* even more interesting: In every rule systemwhich is usedfor a
descriptive purposewe candistinguighamongtwo typesof “trueness”:

1. Conditional“trueness” which meanghatthereis the possibility of counterexamples.

2. Tautologiesj.e. ruleswhicharetruein ary model. Theseareexactly the oneswhich arisefrom
singletonclasses.

In termsof description,y* seemshe optimal measurebecausét is built by assuminghat tautolo-
giescanhby expectedto be partin ary benchmarkmodel,andit providesadditionalandinteresting
informationaboutthe approximatiorquality.

5 Cubemeasures

Up to now, the paperhasdealtwith the variation of normalisationfactorsfor expressingmeasures
of interestfor roughapproximationand precision. In this sectionwe will vary the theme“obsena-
tion”, becausédeforecountingthe numberof valid “obsenations”,one needso reflecton whatthe
“obsenations”actuallyshouldbe.

If P isapartitionof U and1 < k, welet

k—times
Pt =P x - x P,
={X; x---x X} : X; € P},
={P(z1) X -+ x P(ay) : z; € U}.

Clearly, P* is apartitionof U*, andits corresponding-equivalences describedy
ZOprij = P*(7) = P*(#)
= (V1 <i<k)P(x;) = Plyi).

The k-th cuberelationgeneatedby P is definedas

(5.1) Ch = U Y.
YeP
NotethatCh = U, C% = 6p, and,in generalCy C |J P*.
For lateruse,let uslook atthe approximatiorof a cubeY * by the partition P*:

Lemmab.l. ForeahY C U, 1 < k,

Dk
(5.2) (Vp)F = Yipu and(Vp)F = VE



Proof.
<$1,...,$k> € (X'p)k = (Vl S 7 S k).fz € X'p
<= V1<i<k)P(z;) CY
= P(z1) X - x P(zg) CYF
= (z1,...,71) € Y,

(21,.. 7)€ (V) = (VI <i<B)P(z)NY #0

= Pr) X x Plep) NYF£0

_'pk
< (21,...,25) EYF

Corollary 5.2. #(P,Y)* = n(P*, Y¥) anda(P,Y)* = a(P*, YF).

Justlike theclassicaly, acube« index canbedefinedin threeequivalentways:

yF
(5.3) (P, R)= el
YeR |CT\’,|
Yk
YG'Rl 'Rl
—k
Y
(5.5) =) |(J—k| ca(PEYH),
YG'Rl T\’,l
Notethat

Z V2] Y250
o ZIEE

Z|Y V2|

YER

Furthermorepbservinghat{Y* : Y € R} partitionsC%, andusingLemma2.1,we obtain

(5.6) Z (PRI CR YR =y (PR T R YR Y € RY).
YeR |CR|

With Corollary 5.2 andsomebasicarithmetic,we canrewrite (5.3)as
Y|*

Y ¥
YeR ZY€R|Y|k

W'T(P,Y)k = Q(P,Y)k
YeR €

(5.7) (P, R) =

10



If wewantto comparey (P, R) for differentvaluesof &, we have to considethedifferentdimensions
of the k-cubes.This canbe doneby using

The value g;, is the length of an edgeof a k-dimensionalcube of size v, in one dimension,and
therefore g;-valuescanbe comparedor differentdimensions:. The g, measuresanbeinterpreted
analogougo Minkowski norms: If & = 1, the statisticlooks at one dimensional‘cubes” with the
consequencéhat the approximationis measureger element. The larger we choosek, the higher
becomeghe weight of the larger cateyoriesin R for the descriptionof the approximationquality
using?P.

Considertheexamplegivenin Table3.

Table 3:
d |[A A A A B B CC
P11 1 1 2 2 3 3 3 0.375 0.375 0.612
P11 1 2 2 2 3 2 5 0.400 0.250 0.500

The valuesof +;(P;, d) shov a dissociation: The value of v, votesfor P,, whereasy, votesfor
P,. Thedifferenceof P, and P, is thatthe latter consistentlyapproximatesnore elementsput P,
consistentlyapproximatesnore pairsof elementsf the equivalencerelationf;. This is dueto the
factthatthe approximatiorof P is concentrateth oneclass(A) of 4.

But doesit matter?Theanswelis thatP, is preferredover P, if theapplicationcontext requiresrules
of theform

(5.9) (Vz € U)[fy(z) = vg = fa(z) = vd],

whereasP; shouldbepreferredo P, if theapplicationcontext considersulessuchas

(5.10) (V(z,y) € U)[fy () = fo(y) = fal2) = fa(y)]-

An index suchasy is usefulfor modelselectiononly if it hasthe samemonotory propertiesas~y; .
Our next resultshavs this to be the case:

Proposition 5.3. 1. If P; < Py, then

(@ v&(P1,d) > Y& (P2, d),
(b) gk(Phd) > gk(PQ’ d)

2. If P istheidentitypartition, then~; (P, d) = gx(P,d) = 1 forall k > 1.

Proof 1. Bothstatementfollow immediatelyfrom Lemma3.1andthedefinitionsof v, andg;.

2. Sinceevery classof P is asingleton the approximatioris perfectfor every & > 1.

11



Table 4: Contraceptiordata Table5: Recodeddata

Country @1 ¢ g3 qs4 | d Country 91 g2 q3 g4 | d
(1) Lesotho 39 4 73 0] 6 (1) Lesotho 1 0 0 0|0
(2) Kerya 09 4 108 6| 9 (2) Kerya 0O 0 0o 0|0
(3) Peru 27 17 367 0] 14 (3) Peru 1 1 2 0|0
(4) SriLanka | 3.8 20 142 12| 22 (4 SriLanka | 1 1 0 1|0
(5) Indonesia | 1.2 9 61 14| 25 (5) Indonesia| 0O 0O O 1|0
(6) Thailand | 2.1 8 142 20| 36 (6) Thailand 1 0 0 1)1
(7) Colombia | 2.7 47 284 16| 37 (7) Colombia | 1 2 1 1|1
(8 Malaysia | 1.6 29 313 18| 38 (8) Malaysia 0O 1 2 1|1
(99 Guayana | 6.1 20 318 0] 42 (9) Guayana 2 1 2 0]1
(10) Jamaica |69 8 593 23| 44 (10) Jamaica 2 0 2 2]1
(11) Jordan 14 53 197 0| 44 (11) Jordan 0O 2 1 01
(12) Panama 53 50 570 19| 59 (12) Panama 2 2 2 1|2
(13) CostaRica | 4.7 18 464 21| 59 (13) CostaRica| 2 1 2 2|2
(14)  Fiji 3.7 15 321 22|60 (14)  Fiji 1 1 2 2|2
(15) Korea 45 15 188 24| 61 (15) Korea 2 1 1 2|2

Looking at the resultsobtainedin this Section,we concludethat the type of approximationquality
(andthe “best setof attributes”) dependson the contet of the application— a boundarycondition
which cannotbe definedby the dataalone. Thevaluek = 1, which is usedin RSDA, is perhapghe
simplestchoice,butit is by far notthe only onepossible.Onehasto considemwhich+y;, is relevantfor
expressinghequality of approximationandwhich k-cuberelationis of interest.Thus,theresearcher
hasto makeadecisionhow the weightsof the approximatiorof setsareto bechosen.

6 Example

To demonstrateur proceduresywe will useadatasetpublishedn [1] shovnin Table4, with thedata
recodedasin Table5. It is aimedto approximatehe valuesof the countriesin the attribute

e % ever practisingcontraceptior{d)
from the characteristics

o Averageyearsof education(¢; ),
e Percenurbanisedy,),
o Grossnationalproductpercapita(qs),

e Expendituren family planning(qs),

andto find thosecharacteristic¢hataremostvaluableto approximatehe dependenattributed.

We usethenotationPRE; for vx,.., Whereyy,.. is definedin analogyto ypre (4.5). Theresultsfor the
variousindicesareshovnin Table6. Thefull setof variablegesultsin theidentity partition,andthus
in a perfectapproximatiorguality (y; = 1). Sincethe randomassignmenpreseresthe cardinalities

12



Table 6: Analysisof thecontraceptiordata

Set 7 Em] PRE | v &mx] PRE | v» £[v.] PRE | v &[] PRE
{q1,92,93,q4} 1 1 0 0 0 0 1 1 0 1 1 0
{q2,93,q4 } 0.73 0.62 0.31 | 0.50 0.28 0.31 | 0.53 0.42 0.19 | 0.38 0.31 0.11
{q1,93,q4} 0.73 0.81 -0.43 0 0.30 -0.43 | 053 068 -0.48 | 0.38 059 -051
{q1,q2,q4} 1 091 1 1 0.29 1 1 083 1 1 077 1
{q1,q2,93} 0.60 0.62 -0.06|0.25 0.29 -0.06 | 0.38 043 -0.09| 0.24 032 -0.11
{gs,q4} 0.33 034 -0.01|0.17 0.17 -0.01 | 0.122 0.17 -0.06 | 0.04 0.10 -0.06
{q2,q4} 0.47 0.34 0.20 | 0.38 0.24 0.20 | 0.22 0.17 0.06 | 0.11 O0.10 0.01
{q2,9:} 040 031 013 | 0.18 0.13 0.13 | 0.18 0.13 0.05 | 0.08 0.07 0.02
{q1,q4} 0.33 031 -0.03|0.17 0.19 -0.03 | 0.12 0.08 -0.08 | 0.04 0.1 -0.07
{q1,4:} 040 036 0.06 | 0.18 0.13 0.06 | 0.18 0.18 0.00 | 0.09 0.10 -0.01
{q1, 42} 0.47 0.44 0.05 | 0.20 0.16 0.05 | 0.27 0.24 0.04 | 0.18 0.15 0.04

{qa} 0 0.00 0.00 0 0.00 0.00 0 0.00 0.00 0 0.00 0.00
{a:} 0 0.01 -0.01 0 0.01 -0.01 0 0.01 -0.01 0 0.01 -0.01
{a2} 0 0.01 -0.01 0 0.01 -0.01 0 0.00 0.00 0 0.00 0.00
{1} 0 0.01 -0.01 0 0.01 -0.01 0 0.00 0.00 0 0.00 0.00

of the partition classesthe expectationof v, is 1 aswell, andtherefore,ypre = 0. For the same
reasony;y = 0.

Because{q, ¢2, ¢4} is areduct(i.e. asetof attributesminimal with respectto the propertyy, =
1), RSDA prefersthe setasthe bestattribute setfor describingd. Most of the indicesshav that
{¢1, 42, ¢4} is indeeda goodchoice. However, the expectationvaluesof the v, arequite high; this
meansthat the resultingrulesare basedon only a small numberof examples,and consequentlyhe
approximatioris notsignificant(ow = 0.29).

Of someinterestis the comparisorof {q¢2, ¢3, ¢4} and{qi, ¢s, ¢4}, becauseéoth have identical v-
values.ThePREinterpretatioroffersa differentview: {q2, ¢3, ¢4} resultsin a positive PRE-measure,
whereaghe PREresultsof {¢, ¢3, ¢4} arenegative. This meanghata higherapproximationquality
canbeachiezedby usingour benchmarlof randomassignment.

7 Discussion

Our startingpoint werethe basicquestions

o Whataretheobservationshatshouldbe counted?

¢ Whatcouldbeusedasa meaningfulnormalisatiorfactor?

We have shown thattherearevariousreasonablehoicesfor both problems,andthat thesechoices
leadto evaluationsof approximationquality which are differentfrom the standardy; statistic. Dif-
ferentiatingamongdifferenttypesof basicinformationled to approximationmeasuresvhich shov
characteristicsimilar to the Minkowski normin metric dataanalysis.Althoughthesemeasuresx-
hibit a certaindissociatiorfrom +; asshavn by the examples,applicationsof differenty; measures
in a reductsearchsituationshows that the reductsdo not differ from thoseconstructedyy ;. The
exampleis typical for this obsenation: Therank orderof the evaluationof the conditionalattribute
setsis very stable givendifferentyy, if v, is moderatelylarge.
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Oneproblemremains: If thereare so mary possiblemeasures- what measureshouldbe chosen?
We think the questionis justified, but hardto solve. It certainlyis dependenon the context andthe

intentionsof the researcherThereare someexamplesin the literature,suchasthe well established
RAND index, originally usedfor the evaluationof clusteranalysisresults[5, 11]. This measureacts
onthesamedomainas~;, andcanbe usedto evaluatethe equivalenceof two partitions.

A differentlook atthe normalisatiorfactorresultedn dramaticchange®f the evaluationof approxi-
mationquality. Assumingstatisticaindependencef the decisionattributefrom the classassignments
Px of theconditionalattributes,ay-like PREmeasureshavs behaiour extremelydifferentfrom 4,
if Px containsvery smallclassesWhereasy, tendsto be very high in this situation,ypre tendsto
show low values.This is explainedby thefactthatsmallclassedave a high chanceo bein thelower
approximationof a set. We could shav additionallythat, at ary rate,~; is anoptimistic measureof
approximatiorguality, because; > ~vpre We thereforerecommendo usebothstatisticsto describe
approximationquality. However, sincethe computationof vpreg is very costly, we proposea “quick
- and- dirty” measurey; for the evaluationof approximationquality, which canbe computedwith
minimal additionaleffort. Becausey; > ~7 > vprg We resultin abetterupperapproximatiorof the
PREapproximatiormeasurehancanbeachiezedby v, . Becausehe computatiorof ;7 is notcostly
atall, it shouldbeimplementedasa routineproceduren roughsetalgorithms.

We have shown that the interpretationof v, asa PRE measurdeadsto strangesetcombinations,
which arenot compatibleto standardstatisticalassumptionsuchasindependencelt is worthwhile

to look atthe problemfrom a differentdirection: Considersetcombinationsvhich canbe definedby

v1 = 0 anddefinea “rough independenceéxiomatically which implies~, = 0 in thesecases.But

thisis adifferentstory—
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