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Abstract: Representationtheoremsfor systemsof regionshavebeenof interestfor sometime,andvarious
contextshave beenusedfor this purpose:Mormann[17] hasdemonstratedthefruitfulnessof themethods
of continuouslatticesto obtaina topologicalrepresentationtheoremfor his formalisationof Whiteheadian
ontologicaltheoryof space;similar resultshave beenobtainedby Roeper[20]. In this note,we provea
topologicalrepresentationtheoremfor a connectionbasedclassof systems,usingmethodsandtools from
thetheoryof proximity spaces.Thekeynoveltyis anew proximity semanticsfor connectionrelations.

Categories & Descriptors: I.2.4 [ARTIFICIAL INTELLIGENCE]: KnowledgeRepresentation,For-
malismsandMethods—Relationsystems,representations
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1. Introduction

FollowingdeLaguna[5], Whitehead[27] developedatheoryof spaceknown as point-
lessapproach to geometry. Whiteheadiantheoryis basedon the primitive notion of
spatialregionandabinaryrelationC betweenregions,calledconnectionrelation. The

Equalauthorshipis implied.
Co-operationfor thispaperwassupportedby EU COSTAction 274“TheoryandApplicationsof Relational
StructuresasKnowledgeInstruments”(TARSKI), www.tarski.org
I. Düntsch’s addressfrom 2002: Departmentof ComputerScience,Brock University, St. Catherines,
Ontario,Canada,L2S3AI.

Permissionto makedigital or hardcopiesof all or partof thiswork for personalor classroomuseis granted
without fee providedthat copiesarenot madeor distributedfor profit or commercialadvantageand that
copiesbearthis noticeandthe full citation on the first page. To copy otherwise,or republish,to poston
serversor to redistributeto lists, requiresprior specificpermissionand/ora fee.
FOIS’01, October17-19,2001,Ogunquit,Maine,USA.
Copyright2001ACM 1-58113-377-4/01/0010...$5.00.



notion of “point”, the basicprimitive notion of classicalgeometry, is now (second-
order)definablein variouswaysasaspecialcollectionof regions;thiswayit becomes
oneof the very complex notionsof the theory. We will elaboratebriefly on this in
Section2, and refer the readerto the paperby Gerla[10] for a survey on pointless
geometry.

Thefact that relationssuchas“part-of”, “overlap”, “non-tangentialinclusion” and
otherscanbedefinedin termsof theconnectionrelationrelatessomepointlessgeome-
tries to the field of mereology[16] andto its fusion with topology– mereotopology
[26]. Thelatteris closelyrelatedto naiveor qualitativephysics, introducedby [12], in
particular, to its subfieldQualitativeSpatialReasoning(QSR)[3]. It hasbeenrealised
that searchingfor modelsof mereologicalsystems,methodsof lattice theoryandthe
theoryof relationalgebrascanbe fruitfully employed,seee.g. [22; 21; 8; 7]. It is
remarkable,however, that in the fastgrowing field of mereologyandmereotopology
little attentionhasbeenpaidto thetheoryof proximity spaces,theonly exceptionbe-
ing theearly paperby [23], in which thenotion of proximity distributive latticewas
introduced,anda topologicalrepresentationtheoremwasproved. It wasmentioned
there, that the papercan be consideredas an attemptto build a pointlessanalogue
to the notion of proximity space.The paperhadbeenwritten underthe directionof
theRussianProfessorV. A. Efremovic, thefounderof thetheoryof proximity spaces
[9]. This makesit clearthat thepossibility to build a pointlessanalogueto proximity
theory, andin general,to topology, hadbeenknown to its originators.

Roughlyspeaking,a proximity spaceis a non-emptysetX with a binary relation
δ betweensubsets,calledproximity, with theintuitivemeaningthatAδB holds,when
“A is nearB” in somesense.Theproximity relationsatisfiesaxiomswhich areidenti-
cal with someof thetypical axiomsof theconnectionrelation. Eachproximity space
determinesa naturaltopologywith niceproperties,andthetheorypossessesdeepre-
sults,rich machineryandtools; themainwork on proximity spacesis thebookby S.
A. NaimpallyandB. D. Warrack[18].

In thispaperwewill applythetheoryof proximity spacesto aconcretemereological
system,basedon a connectionrelation,calledconnectionalgebra. Naturalexamples
of connectionalgebrasareBooleanalgebrasof (closed)regularsubsetsof completely
regular topologicalspaces;it is well known that thesetopologiescorrespondto prox-
imity spaces.Weprovethateachconnectionalgebracanbeisomorphicallyembedded
into thealgebraof closedregionsof acertainproximity space.Usingthefactthateach
proximity spacecanbe isomorphicallyembeddedinto a densesubsetof a compact
Hausdorff spaceby Smirnov’s compactificationtheorem,we obtaina representation
theoremfor connectionalgebraswith theclassicalstandardtopologicalinterpretation
of theconnectionrelation,namely,

xCy if f thethe(closed)regionsx andy sharea commonpoint.

Otherformsof connectionhave beenstudiedby A. G. CohnandA. Varzi [4]. Ap-
plicationsof proximity spacesto similarproblemscanbefoundin [25] and[6]. There,
proximity spacesareusedto formalisethe notionsof local andglobal similarity re-
lations. A local similarity relationhasa semanticsjust astheoverlappingrelationin
mereology, andaglobalsimilarity relationis interpretedjustby theproximity relation.



Thisshowsanotherpossibleapproachto thetheoryof mereologicalrelations– thethe-
ory of similarity relations(or, moregenerally, informationalrelations)in information
systems(see[24] for references).This,however, will besubjectof futureresearch.

The paperis organisedas follows. In Section1 we introducethe notion of con-
nectionalgebra,asa Booleanalgebrawith an additionalbinary relationC satisfying
a numberof additionalaxioms.In Section2 we give somedefinitionsandfactsfrom
thetheoryof proximity spaces.Herewe introducethenotionof proximityconnection
algebra as the algebraof closedregular subsetsof a proximity space;the connec-
tion relationbetweenregions is just theproximity relation. We prove herethateach
proximity connectionalgebrais isomorphicto a standardconnectionalgebrain which
closedregionsareconnectedif andonly if they sharecommonpoint. In Section3
we introducethenotionof cluster, which is an analogueof point just asmaximalfil-
tersmaybe identifiedwith pointsin the theoryof Booleanalgebras.Clustersin the
theoryof connectionalgebrasarelattice-theoreticalanaloguesof clustersin the the-
ory of proximity spaces.Themainresultof thepaperis a representationtheoremfor
connectionalgebras:Every connectionalgebracanbe isomorphicallyembeddedinto
a proximity connectionalgebraandinto standardconnectionalgebra.The represen-
tation constructionsimulatesthe correspondingproof of Smirnov’s compactification
theoremfor proximity spaces,usingclusters.In Section4 we discussthenew proxim-
ity semanticsfor theconnectionrelation,somerelatedworks,andmentionsomeopen
problems.

If X is aset,wedenoteby 2X thepowersetof X. If Y
�

X, weusejust � Y to denote
thesetcomplementof Y in X. ThebasesetX will alwaysbeclearfrom thecontext. It
shouldalsobementionedthatwe regarda relationR on a setX asa subsetof X � X.
Thus,x ��� R� y hasthesamemeaningas � xRy. For a topologyτ on X we denoteits
closureoperatorby clτ, andits interior operatorby intτ. If no confusioncanarise,we
just write cl or int. Recallthatcl andint areinter-definableby cl � Y ���	� int ��� Y � . We
invite thereaderto consult[13] or [15] for undefinednotionsin topology, and[14] for
Booleanalgebras.

Many of theresultsbelow aretranslationsof factsaboutproximity spacesof which
proofsare available in [18]. Sincespaceis at a premium,we will usually cite this
sourcefor thoseproofswhich areknown andnot immediatelyobvious.

2. Connection algebras

An algebraicsystemB �
� B � 0 � 1 ������������ C� is calleda connectionalgebra (CA), if
� B � 0 � 1 ����������� is a BooleanalgebraandC is a binary relation on B, satisfyingthe
following axioms:

(1) If x � y �� 0 thenxCy.

(2) If xCy thenx � y �� 0.

(3) xCy impliesyCx.

(4) xC � y � z� if f xCy or xCz.

(5) If x ��� C � y thenx ��� C � z andy ��� C � z� for somez � B.



(6) If x �� y thenzCx andz��� C � y for somez � B.

Usually, we shall just write � B � C � for a connectionalgebra.The elementsof B will
be called(spatial)regions andthe relationC the connectionrelation. Note that our
definitionof CA differsfrom thatof [21]. Axiom C6 is anextensionalityaxiom,since
it impliesin thepresenceof theotheraxiomsthat

x � y ����� � z � B�"! zCx ��� zCy#%$
We definenon-tangentialinclusion & by

x & y ��� x ��� C � y�(2.1)

Thisrelationhasdifferentnamesin theliterature:“well-insiderelation”,“well below”,
“interior parthood”,or “deep inclusion”. The relationsC and & areinter-definable,
andthe axiomatisationof C canbe equivalently rewritten in termsof non-tangential
inclusion.Onepossibleaxiomatisationis asfollows:

(1) 1 & 1,
(2) x & y impliesx

�
y.

(3) x
�

y & z
�

t impliesx & t .
(4) x & y andx & z impliesx & y � z.
(5) If x & z thenx & y & z for somey � B.
(6) x & y impliesy�'& x� .
(7) If x �� y thenz & x andz �& y for somez � B.

We usetheseequivalentaxiomatisationsof connectionalgebras,becausethey corre-
spondto the axiomaticsystemsof proximity spacesgiven below. Note that axiom
( & 5) correspondsto axiomC5.

Our connectionalgebrasarestronglyrelatedto the structuresof [11] and[2]. All
of our axioms,exceptC5, areeitheraxiomsor theoremsin theGrzegorczyksystem.
GrzegorczykassumesB to beacompleteBooleanalgebrabut wehavedecidedto drop
this assumptionin order to obtaina first-ordernotion of connectionalgebra. Grze-
gorczykalsoassumestwo non-trivial axiomsin his system,containingthe definable
notion of point. In pointlessgeometry, the definition of point is oneof the central
problems,andit is defined(in differentways)asa collectionof sets(or sequences)
of regions. Including the notion of point in the setof axioms,asGrzegorczyk did,
makeshis systemcomplicatedandnot first-order. [1] have discussedtheproblemof
equivalenceof thenotionof point in thesystemsof GrzegorczykandWhitehead.They
provedthatthetwo notionsareequivalentif theGrzegorczyksystemis enrichedwith
axiom ( & 5) above. They alsonotedthat this axiom is satisfiedin themodelsof the
connectionrelationin “good” topologicalspaces,for instancein all normalspaces,in
particular, in n-dimensionalEuclideanspaces.Therefore,we includeaxiom( & 5) (or
its equivalentform C5) in orderto obtaina representationtheoremsuchasthe topo-
logical representationtheoremin Grzegorczyk’s systemwithout thenotionof point.

Thefollowing Lemmacollectssomeeasypropertiesof theconnectionrelation:

LEMMA 2.1. Supposethat � B � C � is a connectionalgebra.



(1) If xCy andx
�

x( andy
�

y( thenx( Cy( ,
(2) xCx iff x �� 0,

(3) x
�

y iff � � z�"� zCx implieszCy� .

3. Proximity spaces and their topologies

In thisSectionweexplorethebasicdefinitionsandpropertiesof proximity spacesand
their associatedtopologies.It will turn out thata connectionalgebracanberegarded
asa specialkind of proximity space.

If X is a nonemptyset, then a binary relation δ on the powersetof X is calleda
proximity, if it satisfiesC1 – C5 on the Booleanalgebra � X � /0 � X ��)���*����+� ; the pair
� X � δ � is calleda proximity space. If A � B �

Y
�

X, thenAδYB ��� AδB definesa
proximity on Y which – with someabuseof notation– we will also denoteby δ.
Furthermore,insteadof writing , x - δ , y - , we will simplywrite xδy.

A proximity (space)is calledseparated if it satisfies

(6) xδy impliesx � y.

DefiningA & δ B if f A ��� δ �.��� B� we obtaintheanalogueof non-tangentialinclusion.
As with C and the non-tangentialinclusion & , the relationsδ and & δ are inter-
definable,andthedefinitionof proximity spacecanbere-axiomatisedin termsof & δ
by using( & 1) – ( & 6).

Herearea few examplesof proximity spaces:

(1) Let A � B �
X, andsetAδB ��� A �� /0 andB �� /0. This is the trivial proximityon

X. Notethatin generalit doesnotsatisfyC6.

(2) Let � X � τ � bea normaltopologicalspaceanddefine

AδB ��� clA * clB �� /0 $(3.1)

We call this proximity thestandard proximity. It is separatedif f � X � τ � is a Haus-
dorff space.

(3) Let � X � τ � bea locally compactHausdorff space,A � B �
X, anddefineA ��� δ � B if f

clA * clB � /0 andclA or clB arecompact.

(4) Let � X � d � be a metric space,A � B �
X, anddefineAδB if f d � A � B�'� 0, where

d � A � B��� inf , d � x � y� : x � A � y � B - .

(5) Let � X � τ � be a completelyregular space.Two subsetsA � B of X arefunctionally
distinguishableif f thereis a continuousreal-valuedfunction f : X /0! 0 � 1# such
that f � A�1� 0 and f � B�2� 1. Thenwe candefinea proximity δ in X by A ��� δ � B
if f A andB arefunctionallydistinguishable.

Defineanoperatorcl on 2X by

cl � A�1�3, x � X : xδA -�$(3.2)

Proofsof thefollowing resultscanbefoundin [18]:



THEOREM 3.1. (1) The operation of (3.2) definesthe closure operator of a
topologyτ � δ � on X.

(2) � X � τ � δ �%� is a completelyregular space. If δ is separated, then � X � τ � δ �%� is
Tihonoff space,i.e. completelyregular andT1.

(3) AδB iff cl � A� δ cl � B� .
If � X � τ � is a topological space,we say that X admitsa proximity, if there is a

proximityδ on X such that τ � τ � δ � .
(4) If � X � τ � is a compactHausdorff space,then it admitsa uniqueproximity δ,
definedbyAδB iff cl � A�4* cl � B���� /0.

(5) A & δ B impliescl � A�5& δ B andA & δ int � B� .
We saythata subsetA of X is regular closedif A � cl � int � A�%� . Clearly, A is regular
closed,if it is a closureof anopensetB. Thenext resultshows thatthedensityaxiom
( & 5) is witnessedby a regularclosedset:

LEMMA 3.2. If A & δ B then there exists a regular closedsetC such that A & δ
C & δ B.

PROOF. By ( & 5) thereexists someD suchthatA & D & B. Applying Theorem
3.1.vwe obtain

A & δ int � D � �
cl � int � D �%�5& δ B �

andthus,A & δ cl � int � D �6�5& δ B by ( & 3).

Next, we will considerconnectionalgebrasover proximity spaces.First, recall that
for any topologicalspace � X � τ � , the collectionRC � X � of regular closedsetscanbe
madeinto a completeBooleanalgebra� RC � X �.� 0 � 1 �����������7� , by setting

1 � X � 0 � /0 � A� � cl ��� A�"� A � B � A ) B � A � B �8� A� � B� � � $
Then, � RC � X �"� δ � is a systemof the sametype as a connectionalgebra,whereδ is
inheritedfrom � X � τ � . Indeed,moreis true:

LEMMA 3.3. Let � X � δ � be a proximity space. Then, � RC � X �"� δ � is a connection
algebra.

PROOF. Theverificationof axiomsC1– C4is straightforward.C5(whichis equiva-
lent to ( & 5)) followsfrom Lemma3.2.Finally, C6followsfrom thefactthat � X � τ � δ �6�
is (completely)regular(seeTheorem3.1,ii).

� RC � X �"� δ � is calledthe proximity connectionalgebra over � X � δ � . Following the
definitionin Example2, we call it a standard connectionalgebra, if

AδB if f A * B �� /0 $(3.3)

for all A � B � RC � X � . Thenext resultshows that it sufficesto consideronly standard
connectionalgebras.



Let � X � δ � and � X (�� δ (9� betwo proximity spaces.A one-onemappingf from X onto
X ( is calledδ-homeomorphismif for any subsetsA � Bof X wehaveAδB if f f � A� δ ( f � B� .
It is known that f is also topologicalhomeomorphismfrom the topologicalspaces
� X � τ � δ �%� onto � X (:� τ � δ (;�6� [18].

THEOREM 3.4. (Isomorphism theorem) Each proximity connectionalgebra is
isomorphicto a standard connectionalgebra.

PROOF. Let � RC � X �.� δ � be the proximity connectionalgebraover � X � δ � . By the
Smirnov CompactificationTheorem(see[18], Theorem(7.7)) thereexist a compact
Hausdorff space� Y � τ � anda δ-homomorphismf from X ontoa densesubspaceY0 of
Y, suchthat for any A � B �

X, AδB if f clτ � f � A�6�<* clτ � f � B�%�=�� /0. Example2 tells us
that

PδYQ ��� clτ � P�4* clτ � Q���� /0

definesa standardproximity onY. Now let � RC � Y0 �"� δY � betheproximity connection
algebraoverY0 inheritedfrom � Y � δY � . Since f is alsoa homeomorphism,theconnec-
tion algebra � RC � X �"� δ � is isomorphicto thecorrespondingconnectionalgebrain the
densesubspaceY0 of Y. Now, observingthat f � A� is closedin τY for any closedsetA
of τ, we obtainfor all A � B � RC � X �

AδB ��� clτ � f � A�4* clτ � f � B�%���� /0 ��� f � A��* f � B���� /0 $
The equivalencesabove show that � RC � Y0 �"� C0 � is standard,andthat f is an isomor-
phismfrom � RC � X �.� C � onto � RC � Y0 �"� C0 � .

4. A representation theorem for connection algebras

In this sectionwe shallprove thateachconnectionalgebracanbeisomorphicallyem-
beddedinto a proximity connectionalgebraandthus,into a standardproximity con-
nectionalgebra. Our strategy follows the proof of the Stonerepresentationtheorem
for Booleanalgebras.In a StonespaceS� B� , pointsaremaximalfilters. In connection
algebras,pointsof therepresentationspacewill beanaloguesof maximalfilters,called
clusters. We will takethenotionof a clusterfrom thetheoryof proximity spaces,and
our definitionis just thelattice-theoretictranslationof thecorrespondingdefinitionof
clusterfrom [18], Definition 5.4. Many statementsfor clustersin connectionalgebras
have identicalproofs(up to the aforementionedlattice-theoreticaltranslation)asthe
proofsof the correspondingstatementsfor clustersin proximity spaces.Whensuch
identicalproofsexist we will refer to thecorrespondingstatementandits proof given
in [18].

Throughoutthis Sectionwesupposethat � B � C � is a connectionalgebra.

A nonemptysubsetΓ of B is calledaclusterif thefollowingconditionsaresatisfied:

(1) If x � y � Γ thenxCy.

(2) If xCy for every y � Γ, thenx � Γ.

(3) If x � y � Γ thenx � Γ or y � Γ.



The setof all clustersof B is denotedby Clust� B� . It is not hard to seethat each
maximalfilter U of B is containedin exactlyoneclusterm� U � , andthattheassignment
U >/ m� U � is anontomappingfrom S� B� to Clust� B� .

Our strategy is as follows: First, we definea suitableproximity δB on Clust� B� .
Then,wefind aone-oneBooleanhomomorphismh whichpreservesC from B into the
proximity connectionalgebraover � Clust� B�"� δB � . Finally, we invokeTheorem3.4for
anisomorphismfrom � Clust� B�"� δB � into astandardconnectionalgebra.

Thefollowing propertiesof clusterswill behelpful later:

LEMMA 4.1. LetΓ � Clust� B� , anda � b � B.

(1) If a � Γ anda
�

b, thenb � Γ.

(2) If aCb, thenthere is some∆ � Clust� B� such thata � ∆ andb � ∆.

(3) a�?� Γ iff for all b � c � B, c � Γ andb � a � 1 imply cCb.

PROOF. i. Supposethat a � Γ anda
�

b. Let d � Γ; then,aCd by CL1, andit
followsfrom Lemma2.1.i thatdCb. Hence,b � Γ by CL2.

ii. [18], Theorem5.13.

iii. If a�@� c � Γ anda � b � 1, thena� �
b. It followsfrom i. thatb � Γ, andhence,

cCb by CL1.

Conversely, supposethat for all b � c � B, c � Γ andb � a � 1 imply cCb. Setting
b � a� , we obtainthatcCa� for all c � Γ, andthus,a�A� Γ by CL2.

We defineafunctionh : B / Clust� B� by

h � a���B, Γ � Clust� B� : a � Γ -(4.1)

in analogyto the Stonerepresentationtheoremfor Booleanalgebras.The following
propertiesareeasilyprovedfrom Lemma4.1:

LEMMA 4.2. (1) h � 0��� /0, h � a��� Clust� B�1��� a � 1.

(2) h � a � b�C� h � a�4) h � b� .
(3) aCb iff h � a�4* h � b�A�� /0.

Next, we setfor X � Y �
Clust� B�

XδBY if f � � x � y � B�"! x �ED X andy �FD Y imply xCy#%$
By definitionof h, we have

XδBY if f � � x � y � B�.! X �
h � x� andY

�
h � y� imply xCy#%$

Let PS� B� be the structure � Clust� B�.� δB � . The proof of the next resultcanbe ob-
tainedby (partof) theproofof theSmirnov CompactificationTheoremin [18], Lemma
7.2:



THEOREM 4.3. PS� B� is a separatedproximityspace.

Let X bethepowersetof Clust� B� , andτ bethetopologyonX inducedby δB. Then,
for eachM � X wehave

cl � M ���3, Γ � Clust� B� : �G� x � y � B�.! x � Γ andM
�

h � y�1��� xCy#�-
We arenow readyto proveour mainresult:

THEOREM 4.4. (Representation Theorem)

(1) Each connectionalgebra can be embeddedinto a proximity connectionalge-
bra.

(2) Each connectionalgebra canbeembeddedinto a standard connectionalgebra.

PROOF. Let � B � C � beaconnectionalgebraandh : B / Clust� B� bedefinedby (4.1).
Our aim is to prove thath is aone-oneBooleanhomomorphismB / RC � X � suchthat
aCb ��� h � a�H* h � b�'�� /0. Thiswill show that � B � C � is isomorphicto asubstructureof
theproximity connectionalgebraover � Clust� B�"� δB � , andthus,prove i. By Theorem
3.4,thisalgebrain turn is isomorphicto a standardconnectionalgebra,which finishes
theproof.

We first show thath � a�I�1� cl ��� h � a�6� :
Γ � h � a� ����� a� � Γ

����� � b � c � B�"! c � Γ andb � a � 1 ��� cCb#%� by Lemma4.1.iii.

����� � b � c � B�"! c � Γ andh � b � a�C� Clust� B�1��� cCb#�� by Lemma4.2.i.

����� � b � c � B�"! c � Γ andh � b�4) h � a�J� Clust� B�5��� cCb#%� by Lemma4.2.ii.

����� � b � c � B�"! c � Γ and � h � a� �
h � b����� cCb#%�

��� Γ � cl ��� h � a�6�"$
This impliesthath is well defined,i.e. thath � a�1� RC � X � , since

h � a��� cl ��� h � a� �%��� cl ��� cl ��� h � a�%�%��� cl � int � h � a�%�6�"$
Furthermore,it shows that h � a�I�2� cl ��� h � a�6�A� h � a�%� , so that h preservescomple-
ments.Togetherwith Lemma4.2,it followsthath is a Booleanhomomorphism.

To show thath is one-one,supposethata �� b, andlet w.l.o.g a K b. By C6, there
is somec � B suchthataCc andb ��� C � c. Let Γ � Clust� B� suchthata � c � Γ, which
existsby Lemma4.1.ii. It followsnow from b ��� C � c andCL1 thatb �� Γ.

If aCb, thenLemma4.1.ii tellsusthath � a�H* h � b���� /0. Conversely, if h � a�H* h � b�L��
/0, thenaCb by CL1.

5. Concluding remarks

In this note,we have demonstratedthe usefulnessof the theoryof proximity spaces
in connectionbasedmereology. The proximity definition of the connectionrelation



between(closed)regions is a new semanticsfor this type of relation which hasnot
beenusedso far. The standardmeaningof the connectionbetweenregions is not
alwayssuitableto describethespatialconfigurationbetweenthem. For instance,the
closedregions in the topologicalspaceM of rationalnumbershave the samespatial
natureas thosein the spaceN of real numbers. But in M , the closedregions A �
, x : 1

�
x2 �

2 - and B �
, x : 2
�

x2 �
4 - are not standardlyconnected,because

they do not sharea commonpoint, while in N they areconnected.This stemsfrom
the fact that M doesnot have enoughpoints. If we considerM asa proximity space,
definedby thenaturalmetricδ in M (seeExample4 of proximity spaces),thenwehave
AδB, becaused � A � B�5� 0; thus,they areconnectedby theproximity definitionof the
connectionrelation. According to the IsomorphismTheorem,proximity connection
algebrasdescribethe samespatialpictureasthe correspondingstandardoneswhich
are obtainedby the compactificationconstructionof Smirnov’s Theorem,in which
new pointsareadded.Thisshowsthatproximity semanticsandthestandardsemantics
for the connectionrelationare in a senseequivalent. For instance,by applying this
theoremto the spaceM of rationalnumbers,we obtainthe spaceN of real numbers
with thetwo infinities O ∞ and � ∞, which containsM asa densesubspace.

The representationtheoremfor connectionalgebras,which we have presentedin
thepaper, shows thattheaxiomsindeedcharacterisetheintendedspatialpropertiesof
the regions. As we have mentioned,topologicalrepresentationtheoremshave been
obtainedearlier by Roeper[20] and Mormann[17]. Both authorsassumethat the
Booleanalgebraof regions is completeandboth obtainsimilar results– the region-
basedmereotopologyis equivalent to the point-basedtopology of locally compact
Hausdorff spaces.Thesespacescanbeconsideredascompactificationsof local prox-
imity spaces,andit canbenotedthattheaxiomsof Roeper’ssystemarealmostidenti-
cal to thosefor local proximity spaces[18]. Thus,thetheoryof proximity spacescan
beappliedto thesystemsof MormannandRoeperaswell to obtaintheirrepresentation
results.

We hopeto extend our representationtheoremto the region connectioncalculus
(RCC)of [19], in which theconnectionrelationsatisfiesC1– C4,C6,andalso

(7) If x �� 0 � 1 � thenxCx� .
Note that the BooleanConnectionAlgebras(BCA) of [21] are just anotherformu-
lation of RCC. Thereare two difficulties here. One, that BCAs do not satisfy the
axiom C5, which is essentialin the applicationof proximity spaces,andalso plays
a prominentrole in slightly differentversionsin the representationtheoremsof Mor-
mannandRoeper. Grzegorczyk [11] doesnot useC5, but to obtaina representable
systemheusesaxiomscontainingthe(second-order)notionof point. Our conjecture
is thatBCAs,andconsequentlyRCC,arenot topologicallyrepresentablein thesense
thatthey donotcontainenoughaxiomsin orderto obtaina topologicalrepresentation.
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