EXPRESSIBILITY OF PROPERTIES OF RELATIONS

HAJNAL ANDREKA, IVO DUNTSCH,AND ISTVAN NEMETI

ABSTRACT. We investigatein an algebraicsettingthe questionin which log-
ical languageghe propertiesintegral, permutational andrigid of algebrasof
relationscanbe expressed.

1. INTRODUCTION

Thequestionwhich propertiesof relationscanbe expressedn which logical lan-
guagess of considerablénterestin thefieldsof (finite) modeltheoryanddescrip-
tive complity, andthereadeliis invited to consultfFag87, [Imm82] for morede-
tailedinformation. Amongthe problemsn this areaarethosewhichareconcerned
with theautomorphismsf a givenbinaryrelation;typical questionsnclude

(1) DoesR have anontrivial automorphism?
(2) Isthegroupof automorphismsf R transitve?

We shall investigatetheseand other problemsfrom an algebraic(and sometimes
moreabstractpointof view usingTarski's relationalgebrasndcylindric algebras.
Roughlyspeakingarelationalgebras adescriptionof how variousrelationsmust
interactamongeachother More concretelygivenasetR = {R; : i < n} of
binaryrelationson a setU, we canform the closureof this setunderthe Boolean
operationscompositionof relations,andconverse andaddtheidentity asanextra
constanttheresultwill beanalgebra 2 of binaryrelations(BRA). Sincethe oper
ationsusedarefirst orderdefinableany automorphisnof the first orderstructure
(U, R) will presere all therelationsin A aswell. Suchanautomorphisnwill be
called a baseautomorphisnof the algebrall (We usethe qualifiedterm to dis-
tinguishthemfrom the automorphism®f the algebra). A fundamentakesultby
Tarskistatesthat2l containsexactly thosebinary relationson U which aredefin-
ablein (U, R) by first orderformulashaving at mostthreevariables.Thealgebras
correspondingo n variables(andn-ary relations)arethe cylindric algebrasof di-
mensionn. Thus,the equationalogic of relationalgebragcylindric algebrasof
dimensionn) correspondsoughly to the three(n) variablefragmentof full first
orderlogic. Logic with restrictedresourcehasbeenconsiderecamongothersin
[Imm82], [IK89].

Corversely if we aregiven an abstractrelationalgebra® (to be definedbelaw),
andaBRA 2l onasetU suchthat?l isisomorphicto B (alsocalledarepresentation
of %B), thenthe algebraicstructureof % (or, equivalently of ) prescribeshown
the concreterelationsin 20 mustinteractwith respecto the Booleanoperations,
composition,andcorverse. Thus, insteadof looking at the propertiesof a given
set R of concreterelations,we canlook at the isomorphismtype of the relation
algebra?l whichis generatedy R, andaskwhetherwe cansaysomethingabout
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thealgebraicstructureof 2 whichwill imply ananswerfor our questiornregarding
R. For example,we shav belaw thatthe propertythatarelationalgebra®® hasaa
representatiowith atransitive groupof baseautomorphismss agenerafirst order
propertyby giving a setof axiomswhich describehis property Fromtheform of
theseaxiomsit follows thatin the concretecasea first order structure(U, R) of
binary relationshasa transitve group of automorphismsf andonly if no proper
nonemptysubsets definablein the model,and,furthermore thatthis propertyis
not expressiblein LY, thefinite variablefragmentof L,,,,. We alsogeneralise

wiw?

mostof theresultsto n-ary relations.

Rigidity, i.e. the propertyof a structure(U, R) of having no nontrivial automor
phisms,is diametricallyopposedo having a transitve group of automorphisms:
While in the latter caseno propernonemptysubseis definablein the model,in a
finite rigid structureevery subseis definable.We shall exhibit for everyn < w a
rigid symmetricbinaryrelation R on afinite setU with the propertythatno proper
nonemptysubsebf U is definablen themodel(U, R) by afirst orderformulawith
at mostn variables.The constructiorwill be a concreteexamplefor the factthat
rigidity is notexpressiblen Ly ,. We alsoshav by a concreteexamplethatnon
- rigidity is not expressiblein the fragmentof secondorderlogic wherethe first
orderpartis in theBernays Schonfinlel prefix class,and,with thehelpof aresult
by N. Immermanthatrigidity cannotbe expressedn monadicsecondrderlogic,
evenif abuilt in linearorderis allowed. It is alsoprovedthatfor ary rigid relation
R onasetU having no morethansesen elementsgvery subsef U is definable
in themodel(U, R) by aformulausingno morethanthreevariables.

2. DEFINITIONS AND NOTATION

If U is aset,|U| denoteshecardinalityof U. Weidentify {0, ...,n — 1} with the
ordinaln, andsometimegmphasis¢his by writing n. If no confusionis likely to
arise,algebrasarereferredto by their respectie carrierset. For anordinal a, *U
denoteghesetof all « - termedsequencesf elementf U.

2.1. Logics. We assumehatthe readeris familiar with the basicfactsof first or
secondorderlogic. Our first order (FO) languagesonsistof predicatesymbols,
logical connecties A, —, the existentialquantifier3 andequality andwe usethe
usualabbreviations. When consideringrelationalstructures(U, R) asfirst order
models,we tacitly assumehatanappropriatdirst orderlanguagel is given. For
notationalreasonswe shall sometimesddentify predicatesymbolswith the pred-
icateswhich interpretthem, when no confusionis likely to arise. If ¢(z) is a
formulawith thefreevariablex, and(U, R) is amodelof thelanguagel, thenthe
truth setof ¢(z) in themodel(U, R) is theset

defo ={a €U : (U,R) = p(z/a).
If M C U andM = defy for someyp, thenwe saythat M is definablein the
model (U, R). Similarly, we extend this definition to languagesvith morethan

onepredicatesymbolandformulaswith morethanonefreevariable. Thesymbols
\/ and A will beusedfor infinite disjunction,resp.conjunction,of formulas.

If L isafirst orderlanguageL,, denotests n—variablefragment;in otherwords,
L, hasthe samelogical and predicatesymbolsas L, but only the variables
VOy:--yUp-
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L, is the extensionof first orderlogic which allows infinite disjunctionsand
conjunctions,but only finite quantifierdepth. For1 < k < w let wa be the

fragmentof L, ., which consistsof all formulaswith at mostk distinctvariables,

andset
L8, C UL, 11 <k < w).

wiw wiw

Thisis alsocalledthefinite variablefragmentof L, .

Secondrderlogic (SO)is theenhancemenrdf FO by allowing quantificationover
predicatesWe shallbe consideringvariousfragmentsf SO:

Thefragmentof SOwherequantificationis allowed over unarypredicateonly is
calledmonadicsecondrder logic (MSO).

¥1 formulashave theform
EPR)(3P) ... (3F)Y,
where P, ..., P, are predicatevariables,and v is a first order formula in the
languageenhancedby P, . .., P,,. Similarily, 11 formulashave theform
(VPo)(VPL) ... (Vo).
A Y1TIY formulais a $1 formulawhosefirst orderpartis equivalentto a prene
(Vz)(3y) formula.

L< is thelanguageL enhancedy a binary predicate< which on every structure
with basesetU = {0, ..., n} is to beinterpretedasthenaturalorderonU.

2.2. Groups. The symmetricgroupon U is denotedby Sym(U). If G is asub-
groupof Sym(U) — afactwhich we write asG < Sym(U) —, andif M C U,
we denoteby MC theset{y(z) : z € M, p € G}; for ¢ € Sym(U), M¥ is the
set{p(z) : x € M}. A fixedblok of G is a nonemptysubsetM of U suchthat
M = M%; aminimal fixedblock is calledanorbit of G. If G hasonly oneorbit,
it is calledtransitive

G is calledsemiegular if theidentity is the only elementof G thatfixesa point,
or, equivalently if for all ¢, € G, thefactthatp(z) = (z) for somez € U
impliesthaty = 1. If G is semirgularandtransitve, thenit is calledregular.

2.3. Relation algebras. A relationalgebra (RA)
<A’ +50 Oa 13 o, 71’ 1I>

is astructureof type (2,2,1,0,0,2,1,0) which satisfies

(1) (A,+,-,—,0,1)is aBooleanalgebra.

(2) (A,0,1,1') is aninvolutedmonoid.

(3) Forall a,b, c € A thefollowing conditionsareequivalent:

(@aob)-¢c=0, (atoc)-b=0, (cob™!)-a=0.

Thefull algebra of binary relations

Rel(U) ¥ (Rel(U),U,N, =, 02U, 0,71 ,1')

is arelationalgebrawhereRel(U) is the setof all binaryrelationsonU, N, U, —
arethe usualsettheoreticoperationsand(, 2U are,respeciiely, the emptyand
the universalrelation, o is relationalcomposition,~! the relationalinverse(i.e.

ITheinterestedeadeiis invited to consult{TG87] for thebackgroundf relationalgebras.
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P! = {{z,y) : (y,z) € P}),andl’ istheidentityrelationonUU. We shallusually
useP, @, R, ... to denotebinaryrelationson U. A subsetd of Rel(U) whichis

closedunderthedistinguishedperation®f 2Rel(U) andcontainghedistinguished
constantss calledanalgebra of binary relations(BRA) on U, usuallydenotedby

2. It is a subalgebraof SRel(U), a fact which we denoteby 21 < Rel(U). If

A < Rel(U), then At(A) denotedhe setof atomsof (the Booleanpartof) 2. A

completeandatomic?l is completelydeterminecy therelationcompositiortable
of At(2l). Whenwriting suchatable,we usuallyomitcolumnandrow 1/, if 1’ isan
atomof 2. If Ry, ..., Ry € Rel(U), wedenoteheBRA generatedby Ry, . .., Ry

by (Ro, ..., Ry).

A relationalgebral is calledrepresentabléf it is isomorphicto a subalgebraf a
productof full algebrasf binaryrelations.

Thefollowing fundamentatesultis dueto A. Tarski[TG87]:

Proposition 2.3.1. If Ry, ..., Ry € Rel(U), then(Ry, ..., Ry) isthesetof all bi-
naryrelationsonU which are definablen therelationalstructue (U, Ry, . .., Ry)
by first order formulasusingat most3 variables.

For P,Q € A < Rel(U) andz,y, z € U we usuallywrite z Py if (x,y) € P,and
zPyQz meanst Py andy@z. We alsoset

dom(P) = {x €U : Thereissomey € U suchthatzPy},

ran(P) = {z € U: Thereissomey € U suchthatyPzx},
domp(z) = {yeU:yPxzx},
ranp(z) = {y € U:zPy}.
The setranp(z) is alsocalleda row of P. If |ranp(y)| = |ranp(z)| for all

z,y € dom(P), thenP is calledregular.

If 2 is ary RA, thenz € A is calleda functionalelementf z 1 oz < 1. 2 is
calledintegral if, forall z,y € A, xoy = 0 impliesz = 0 ory = 0. A well known
characterizationf integral RAs[JT57 is givenby

Lemma 2.3.2. Let % be a relation algebra. Then,the following statementsre
equivalent:

(1) «Aisintegral.

(2) 1" isanatomof .

(3) zo1=1foranynonzeo z € A.

(4) Everyfunctionalnonzeo z € A is anatomof 2.

(5) If 2 is a BRAON a finite setU, thendom(R) = ran(R) = U for some

atomR of 2.

If 24 < Rel(U) andE € A is an equivalencerelation, then B def {R € A:

R C E} becomesa BRA on M def dom(E) underthe operationsJ, N, (), 0, 7!

inheritedfrom 2, greatestelementE, identity element{(z,z) : z € M}, and
complementatiobeingrelative to E. Thisalgebrais calledtherelativealgebra of
2 with respecto E. UnlessE = 2U, it is notasubalgebraf .

Supposeahat 2! is not integral; then, thereareatomsFE;, ¢ < k, of 2 suchthat
E; C1fori < k. Fori,j < k, setU; = dom(E;) andU;; = U; x U;. We
obserethatlU;; = E; oZUoEj, sothatU;; € A. SinceeachU;; is anequialence
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relationondom(E;) containedn 2, we canconsideitherelative algebraof 2 with
respecto U;;, whichwe denoteby A;. If R € A;, thenR is anatomof A4; if and
only if R is anatomof 2. ConsequentlyeachA; is anintegral relationalgebra,
and, in looseanalogyto permutationgroups,we call the algebraA; an integral
constituenof 2 andU; its constituenset

If ¢ € Sym(U) andz,y € U, thenwe sety(z,y) = (¢(z),¢(y)), andR? =
{o(z,y) : (z,y) € R}; notethatR¥ = p~! o Ro ¢. If RY = R, theny is called
abaseautomorphisnof R. For 2 < Rel(U) we set

AP ={p e Sym(U): R = Rforall R € A}.

It is not hardto seethat A” is a subgroupof Sym(U), calledthe group of base
automorphismef 2, andthaty € A” if andonly if ¢ commuteswith every atom
of A. If A= (R), wealsowrite R isnsteadf (R)”.

An integral 20 < Rel(U) is calledc—permutationalif A” is transitve. A relation
algebrais permutationalif it is isomorphicto a c—permutationabne.

Corverselyif G is asubgroupf Sym(U) andz,y € U, we set

G(z,y) = {p(z,y) : p € G},

andlet G” betheBRA onU generatedy {G(z,y) : z,y € U}. Obserethatthe
setsG(z,y) arejustthe orbits of the actionof G on 2U, andhencea partition of
2U. Indeed,eachG(z,y) is anatomof G, andevery atomof G? hasthis form.
The assignmentg and o form a Galoisconnectionand?l < Rel(U) is called
Galoisclosedif 2?7 = 2; similarly, H < Sym/(U) is Galoisclosedif H?? = H
(see[J6n84)

Lemma 2.3.3. Let®l havetheintegral constituents;,: < k.

(1) If P € At(Y) and |ranp(z)| = 1 for somez € U, then|ranp(z)| = 1
forall z € dom(P).

(2) Eadch U; is a fixedblodk of A”. If M is a union of constituentsets,B is
the relative subalgebra of 2 with respectto 2M, andy € A”, thenthe
restrictionsy) of ¢ to M is a baseautomorphisnof B.

(3) Suppos¢hati,j < k, |U;| < 3, |U;| < |Uj|, |U;| is notamultipleof |U;],
andthatevery R € At(2;) isregular. Then,U;; € At(2).

(4) Supposdhatk > 1, M = U \ U; for somei < k, andlet B be the
relativesubalgebra of 2 with respecto 2 M. If ¢ € AP andy € B*, then
Uy e AP if Uy; € At() forall j # 4.

Proof 1. Supposehatranp(z) = {a}, andassumehat|ranp(y)| > 2 for some
y € U. Let ¢(z) betheformula

(Fy)(Vz)[zPy A (zPz — y = 2)].

ThetruthsetM of ¢ in themodel(U, P) is thesetof all thoseelementf dom (P)
whose P - rangeconsistsof exactly one element. By our assumptionve have
0 C M C dom(P), andby 2.3.1therelation1’ N2 M is anelementof (P) C 4,
sincey containsonly threevariables.This contradictghefactthat P is anatomof
2A.

2. If kK =1, then2 is integral and Uy = U which is clearly a fixed block of
AP, Otherwiselet k > 1 andassumeherearex € U;, y € Uj,i1 # j, andsome
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¢ € AP suchthaty(z) = y. Then,(z,z) € E;, but (z,z) & o E; 0 ¢!,
contradictingthaty is a baseautomorphisnof 2.

For the secondpart, first notethaty € Sym(M), sinceM is afixedblock of A”.
If R € B, thenalsoR € AandRY = RY = R.

3. Assumethatfor somei # j thereis someP € At() suchthatP C Ujj,

andset@Q = U;; \ P. Lety € Uj; if thereis exactly onez € U; with 2Py, then
P~1is afunctionby thefactthatit is anatomand1. above. Thus,the P-ranges
of elementsof U; partition U;, andfrom the conditionon A; and2.3.2it follows

thatthe classe®f this partitionhave the samenumberof elementsThis, howvever,

contradictghat|U;| is nota multiple of |U;|. Thereforegachy € U; appearsn at
leasttwo rows of P, andthe sameargumentsapplyto Q. Hence for eachy € U;

wehave 2 < |domp(y)| < |U;| — 2, which contradict§U;| < 3.

4. SupposehatP € At(2), andseté = pU1. Weneedo shav thatéo P = Po¢.
If P € B, then

EoP=9%oP=Poiy=Pok.
Similarily, if P € A;, then

EoP=poP=Pop=Pok.
Otherwisejet P = U;; for somej # i. Then,

EoP=poP=Potp)=Poéf:
Justobsere thatran,(z) = U; for all z € Uj, sinceU;; is an atom, and that
Y[U;] = U; by 2. abore. O

2.4. Cylindric algebras. Relationalgebrasarealgebraf binaryrelationswhile
cylindric algebrasarealgebrasof relationsof higherrank. A cylindric algebra of
dimensiona, wherea is a non zeroordinal, is a Booleanalgebra?l with unary
additve operations:; anddistinguishecelementsi;; for i, j < «, suchthatfor all
i,j,k < a andz € A thefollowing conditionshold:

(1) Thec;’sarecomplementedlosureoperationcommutingwith eachother

i.e.
@) z < cijx = ¢icix
(b) ¢; — cizx = —cix

(©) cicjz = cjcix
(2) Theconstantsl;; satisfythefollowing:

(@) dij - dji, < dig, dij =dj;, diz =1

(b) cidij =1, cpdij =di; iFk #1475

(© (czx) - dij =z ifzx < dij, R
Notethat2.cexpresseshatc; is discreteor theidentitywhenrelatvizedto d;;, @ #
j. The (equational)lassof all cylindric algebrasof dimensiona is denotedby
CA,. With somealuseof notationwe alsodenotethe elementf C A, by their
class sothatwe canspeakof analgebra?l beinga C' A,,.

A CA, Ais calledlocally finite if {i < «: ¢;z # z} isfinite for all z € A. The
locally finite C A, s play a crucialrole in the algebraizatiorof first orderlogic in
[HMT71], [HMT85].

For a nonzeroordinal n we let Rel,(U) denotethe setof all n—ary relationson
U. If s € U, wethink of s agsg,...,si,...)i<n. The Booleanoperationsare
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just the settheoreticones. The cylindrifications¢; canbe interpretedas making
the informationin columns irrelevant, since,after applyingc;, this columnwiill

containall information. The constantsl;; denotetheidentity relations.Thus,if R
is ann—aryrelationonU andi, j < n then

R = {<80, vy Si—1, Uy Si41, ) :sER, ue U}, and
dz'j = {S eU" 5= Sj}.

Rel,, (U) will denotethefull algebraof n—aryrelationson U with the above oper
ations.By acylindric setalgebraof dimensiomn —a C's,, — onthe basesetU we
meanasubalgebraf Rel, (U), andIC's,, denotegheclassof all algebragsomor
phicto someC's,,. A cylindric algebrais calledrepresentablef it isisomorphicto
asubdirectproductof cylindric setalgebras.

A binaryrelationR C U x U canalwaysbeconsidere@gsann—aryrelationonU,
n > 2, in anaturalway: Then—aryversion R of R canbedefinedas

R={se€U": (s,51) € R}

(roughly R = R x ™ 2U). Usingthisidea,every C A4,, % with » > 3 hasarelation
algebraic reductra 2 definedasfollows: Forall i, j < n,i # j define

sz = ci(dij - ),

and,usingthis notation for all z,y € A welet

def
= CQ(Sg‘T ) Séy)a

zoy
_1  def
b F s2sdsiz,
def
1= do,
def .
Ra?l = {zcA:cz=xforal2<i<n}.

It canbe checledthat Ra2l is alwaysclosedunderthe Booleanoperationsaswell
asunderthe operationglefinedabose. Now QRa 2 is thealgebra

Ra 2 ¥ (Rast, +,-, —,:,Y,0,1,1).

In cylindric setalgebrastheoperations, ~!, 1’ mearrelationcompositionjnverse
andidentity amongthebinaryelementof thealgebra.

WecallaC A, 2 integral if RRa 2 is integral; thisis equivalentto sayingthatthere
areno properone—dimensionalementsn 2, i.e. that

(Vz e A)[(Vi, 0<i<n)ciz=z= (z=00rz=1).

Thegroup Auty () of aC's, A with baseU is the setof all permutationsp of U
suchthatforall R € A

R ={{p(s0),---,0(8i),...) : s € R}.

2 is calledc—permutationalf Auty(2) is transitve, anda C' A,, is calledpermu-
tationalif it is isomorphicto a c—permutationabne.
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3. INTEGRAL AND PERMUTATIONAL ALGEBRAS

It was asled in [McK66], whetherevery integral RA was permutational. This
guestionwassolvedin [ADN92] whereit wasshovn thatthereis anintegral repre-
sentableRA without a permutationatepresentationf we think of arepresentable
simple RA asan encodingof how the elementf 2L mustbehae asrelationsin
ary representatiorthena non— permutationatepresentabl®A hasa nontransi-
tive groupof baseautomorphismén ary of its representationsl hus,the structure
of 2 sayssomethingaboutall representationsf 2, a somavhat surprisingfactif
oneconsiderghe relationshipbetweerrelationalgebrasand L3. We notein pass-
ing thatfor 2 < Rel(U) with U finite, the property2! is ¢ - permutationals %1
expressiblewith thefirst orderpart having just 3 variables:If the atomsof 2 are
Ry, ..., Ry 1, then2l is c—permutationaif andonly if satisfies

(Vz)(Vy)(3P)[P is apermutationA /\(P o R; = R;o P].

Thefirst orderpartcanbewritten with threevariables andthe quantifiedpredicate
canbemovedto thefront (with its rankincreased)sothattheresultingsentencés
¥1 expressiblelt is notknown whetherbeingnot permutationatanbe expressed
by a¥i sentence.

In this sectionwe will explain the logical backgroundof thesephenomena.We
shallseethatthe differencebetweerthe notionsintegral andpermutationaliesin
thedifferentexpressie powersof the underlyinglanguages.

Let L beary first-orderlanguage L® bethe setof L—formulaswith exactly one
freevariable,and9 = (M, E) be amodelof L. Here, R standsfor a sequence
of relationsof appropriatetypes. If a € M, then (9, a) denoteshe model
expandedwith a constansymbolwhich denotes.

We saythatOt is first—oder integral, if no propersubsebf M is first—orderdefin-
ablein themodel9N, i.e. for all p € L*, theset

{a € M : M= pld]}

is eitheremptyor equalto M. We call (thefirst ordermodel)9t c—permutational
if the groupof all automorphismsf 9 is transitve, i.e. if for all a,b € M there
is anautomorphisny of 9 with o(a) = b. We notethatthis terminologyis in
harmoty with our previousone: In [HMT85] 4.3.4,to ary model9t a¢™ ¢ Cs,,
is associatedpamely ¢ is a C's,, with baseM andwith universe{defy : ¢ €
L}. It is easyto checkthat9 is first order— integral iff €™ is integral and9)t is
c—permutationaiff ¢™ is c—permutationalWe alsonotethatin universalalgebra,
sometimeshetermhomaeneouss usedinsteadof c—permutational

Ourfirst resultshavs thatwithin the classof locally finite C's,,s, integral andper
mutationalcoincide.As a preparationye shall prove a modeltheoreticlemma:

Lemma 3.1. Let L bea first order language and 9 = (M, R) be a modelof L.
then,thefollowing statementsre equivalent:

(1) M isfirstorderintegral.

(2) (Vo € L*)M |= (Tz)p = (V).

(3) (Va,b e M)(M,a) = (IM,b).

(4) 7 hasa c—permutationaklementaryextension.
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Proof Theequialencedl. < 2. < 3. andtheimplication4. = 1. areobvious.

For the rest, supposethat 91 is countableand first orderintegral. By [CK71]
3.2.8,9 hasa countablyhomogeneouslementaryextensionMt’, which is first
orderintegral by 2. Then9’ is c—permutationaby 3. andby [CK71] 3.2.9.(i).
To eliminatethe countability restriction,let IT be a new fourary relationsymbol.
Let ®(II) bethe setof sentencesxpressingthat, for ary z, y, if we fix z andy,
thenII(z,y, u,v) is an automorphisntaking z to y (cf [McK66], p.110.) Now
it is straightforvard to checkthat9t hasa c—permutationaélementaryextension
iff Th(9M,a)qerr U ®(II) is consisteniwhereT'h(9M, a)q,enr denoteshe setof
formulasvalid in (9, a).ecar). By the compactnestheoremwe may assumehat
<M is countable. |

Proposition 3.2. Everylocally finite C A,, is permutational.

Proof. Let € be an integral locally finite CA,,. Then€ is simple by [HMT71]
2.3.14,andtherefore¢ = ¢™ for somemodel 9t by [HMT85] 3.2.8and4.3.5.
By 3.1,9 is elementarilyequivalentto somec—permutationa®t’, andthene™ =
M py [HMT85] 4.3.68(7). SinceM’ is c—permutationalg™ is permutational
andhenceg is permutationaby ¢ = ¢, O

Thefollowing exampleshaws thatlocally finite cannotbe omittedfrom 3.2: Let U

beary infinite set,u,v € U, u # v, R = {{(u,u,u,...)}, S = {{v,v,v,...)},

andlet 2l bethe subalgebraf Rel, (U) generatedy R andS. Then2l is integral

by [HMT85] 3.1.59and[HMT71] 2.1.22.However, 2 is notpermutationall_et 8

beary representationf 2, i.e. B < Rel, (W) andh : A — B is anisomorphism.
Thenh(R) U h(S) C {(w,w,w,...) : w € W}, h(R) # 0, h(S) # 0, and
h(R) N h(S) = 0. Letw, z € W suchthat(w,w,w,...) € h(R), (z,2,2,...) €

h(S). Thenw # z andclearlythereisno ¢ € Auty(*B) suchthaty(w) = z.

Now we turn to relationalgebras.We first give a characterisationf the classP
of permutationaRA's in termsof cylindric algebrasRoughly theresultsays that
arelationalgebrais permutationalf andonly if it canbe extendedto anintegral
cylindric algebraof dimensiomn, for arbitrarylargen.

Proposition 3.3. Let2l bearelationalgebra. Thenthefollowing are equivalent:

((i)) Ais permutational.

((i)) Forall 3 <n < w,U C Ra € for someintegral € € ICs,,.
((ii)) Forall 3 <n < w,A C Ra € for someintegral € € C'A,,.
((iv)) & C Ra ¢ for someintegral € € CA,.

Proof. (i) = (#i) : Assumegl is a permutationatelationalgebrasay 2 = 2’
where2l’ < Rel(U) for somel and2l’ is c—permutationalLet3 < n < w, andlet
¢ bethesubalgebraf 9Rel, (U) generatethy {R : R € A’}. Then(’ isisomorphic
to a subalgebraof SRa €. By [HMT85] 3.1.36we have Auty(€) = Auto(A'),
henceg is permutationalandthusit is integral.

(13) = (413) : Obvious,sincelCs,, C CA,,.

(131) = (iv) : Supposdhat C Ra &, wherec, is anintegral C A,, for each
3 < n < w. Foreachsuchn let €], beanarbitraryexpansiorof ¢,, suchthat¢}, is
analgebrasimilarto CA,’s. Let F' beary nonprincipalultrafilteron N = {n <
w:n > 3} andlet€ = [[(€],|n € N)/F betheultraproductof the algebrasz;,
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with respecto F. Now € € CA, andh : 2 — Ra ¢ is anembeddingwhere
h(a) = (a,a,a,...)/F foralla € A. We will shav thatthe subalgebra&’ of ¢
generatedby the rangeof 4 is integral. Thiswill imply that C SRa ¢” for some
integral¢” € CA,.

Thus,letz € C' bearbitrary Thenz = 7(h(a1), ..., h(ax)) for someC A,~term
T andfor someay,....,ar € A. Letm > 3 beanupperboundof theindices
occurringin 7. Thenrt isaCA,—termfor alln > m andz = (z, : n € N)/F
wherez,, = 7% (a1, ...,a;) foralln > m.

Assumez = ¢;z in ¢’ forall 0 < i < w, i.e. thatz is anatmostone—dimensional
elementof ¢’ . Then,thereis somem; > m, m; € N, suchthatz,, = c;z, in
¢! foralln > m; andall 0 < 7 < m. Letn > my; then,z, = ¢z, in &, for
all 0 < i < n: Thisfollows from the factsthatfor m < 7 < n, i doesnot occur
in 7 by our choiceof m, andthatc;a; = a; forall 1 < j < k. Theintegrality of
¢, now impliesthatz, € {0,1}. Sincethisis truefor all n > m; — hence for
cofinitely mary elementof N —wehave z € {0,1}. Thus¢' isintegral.

(iv) = (i) : Assume2l C Ra € for someintegral € € CA,, andlet ¢’ bethe
subalgebraf ¢ generatedy A. Then, €’ is anintegral locally finite C 4,,, thus
¢’ is permutationaby 3.2. This easilyimpliesthat®Ra ¢’ is permutationaland
therefore?l C Ra ¢’ is permutational. O

Any 2 < Rel(U) canbe consideredafirst ordermodel2t(2), namelyM(A) =
(U,a)qca. Theuniverseof this modelMt(A) is U andall the relationsof Dt(2A)
arebinary From 2.3.1we know thatwhatwe canexpressby RA-termsin 2L is
the sameaswhat we canexpressin 9t(2() by first—orderformulasusingonly 3
variables.Fromthis we obtain

(1) & isintegral iff no propernonemptysubsetof U canbe definedover the
model9t () by formulasusingonly 3 variables.
(2) A is c—permutationaiff M(A) is c—permutational.
It is easyto seethatfor anintegral 2 < Rel(U), MM(A) is not necessarilyfirst—
orderintegral (see[ADN95)): Let S = 23 U 2(7\ 3). S is thedisjointunionof a
K3 andaKy, andit generatesinintegral relationalgebra?l < fRel(7) with atoms
S, T, 1" andthefollowing relative compositiontable:

o ST ]
S[-T| T
T T [-T

By theintegrality of 2L, no propernonemptysubsebf 7 canbe definedwith three
variablesbut {3,4, 5,6} canbe definedwith four variables.Hence () is not
first—orderintegral.

We now turnto thelogical backgroundf the differencebetweerthe notionsinte-
gral andpermutational It will turnoutthatthis differences rootedin thefactthat
3—variablelogic is strictly wealer thanfull first orderlogic.

As in [McK66], p. 108, the representatiotanguageL® of some®l € RA is
definedasfollows: L% is a first-orderlanguagewith equalityandbinary relation
symbols{R, : a € A}. L** isthesetof formulasof L* with justonefreevariable

z, and L%’I the setof formulasof L%~ containingat mostk distinct variables
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(cf. [HMT85], 4.3). ThesetTh, () of sentencesf L* which describe is the
following:

Thy(A) = {(FzIy)Ru(z,y):a € A,a #0}U
{(VaVy) ([Ra- (
'Y

z,y) <> 2 Ro(7,y)] A
[Rovb(z,y) < (Ra(m,y) V Ry(z,9y))] A
[Ra;b(x y) (32)( a( ,Z) /\Rb(z y))]
[Rav (,y) ¢ Ra(y,z)] A

[Ri(z,y) ¢ x =1y]) : a,b € A}.

If 2( is simple,thereis aone—oneorrespondendeetweerrepresentationsf 2( and
modelsof T'h,.(2): SupposehatB < Rel(U) andf : A — B isanisomorphism.
Definedt = M(B, f) = (U, f(a))qca, i-€. in N therelationsymbol R, denotes
fla) C U x U foralla € A. Thendt is a model of the languageZL®, and
M = Thy(A).

Conversely if M = (N, R})4ca is ary model of L* with 9t &= Th, (), the
function f definedby f(a) = RY! for all a € A definesarepresentationf 2, i.e.
f is anisomorphismirom 2( ontoa BRA over N. In particular 2 is representable
iff Th, () is consistent.

Proposition 3.4. Let2l bea simpleandrepresentableelationalgebra. Then,

(1) Aisintegral iff (Vo € L2")Th, () = (3z)p = (Vz)p.
(2) Ais permutational iff Th,(AU{(3z)p — (Vz)p : ¢ € L**} iscon-
sistent.

Proof 1. We have seenthatthereis a one—onecorrespondencbetweenrepre-
sentation®f 2 andbetweermodelsof Th, (). It is provedin [TG87] 3.9andin
[HMT85] 5.3.12,thatin this correspondenceaelationalgebraictermscorrespond
exactly to formulasusingthreevariablestwo of which arefree. More precisely
supposehat2 < Rel(U) andthat9t = (U, a)qca. Then

(1) For all RA—termsr thereis somey € L£3 with at mosttwo freevariables
suchthat

*x) ™ ={(u,v) €U x U : M p(u,v)}.
(2) Corversely for all ¢ € Lg‘ with at mosttwo free variablesthereis an
RA—termr suchthat(x) holds.
Now £ is integral iff for all RA—termsr wehave 7 o 1 € {0,1} by 2.3.2(3). By
1. and2. above this thenholdsiff 9t = (3zp A 3z—y) for all ¢ € Ei"“, i.e. if
M = Jzp — Vzpforall g € Eg"z. By 9t = T'h,(21) we aredone.

2. "=": Supposdhat®l is permutationalfs is c—permutationahndisomorphic

to A, andthati)’Jt o M(B). ThenM |= Th,(A), andevery o € Auto(B) is an

automorphisnof 9. Assumethatu,v € U with M = ¢(u) andM = —p(v).
Since®B is c—permutationalthereis someo € Auty(*B) suchthato(u) = v.
Therefore I = ¢(u) impliesO = (o(u)), sinces is anautomorphisnof 91,
acontradictionHence M = (3z)p — (Vz)y for all ¢ € L aswell

<" LetdM = (U, RM),c 4 beamodelof
Th (%) U{(Bz)p — (Vz)p : o € LI"}.
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Thenno propernonemptysubsef 9 is first—orderdefinable andhencewe may
assumeoy Lemma3.1thatO is c—permutational But then{R™ : a € A)} is a
c—permutationalepresentatioof 2, which shavs that2( is permutational. O

We seefrom this resultthat being permutationalis a generalfirst property for
M(A). In thelanguageof relationalgebrasbeingnot permutationais notgeneral
firstorder:In [ADN92] we have constructedninfinite family of nonpermutational
finitely representableeslationalgebrasanultraproduciof whichis permutational.

We can statethe analogoustheoremfor algebrasof n—ary relations. If 21 €
CA,, n < w, thenthe representatiotanguage£® of 21 hasan n—ary relation
symbolR,, for all a € A, andT'h, () is definedas

Th,(A) = {(3Z)Rue(T):a€ A,a#0}U
{(vVZ)([R,- (Z) < ~Ra(T)] A
[Ra15(T) ¢ (Ra(T) V Rp(T))] A
[Re;a(T) < (Fz:) (Ra(T))] A
[Ra;; (T) <> 73 = z5]) 1 a,b € A, 4,5 <n}.

Clearly asimple2l € C A, is representabldf T'h, (L) is consistentandthereis
aone—oneorrespondenceetweerrepresentationsf 2 andmodelsof T'h, ().

Proposition 3.5. Let3 < n < w andlet? € CA,, besimpleandrepresentable
Then,
(1) Aisintegral iff (Vo € LI Th, () = (3z)p — (V).
(2) Ais permutational iff Th,(AU{(3z)p — (Vz)p : ¢ € L**} iscon-
sistent.

Sincethe proof of 3.5 is completelyanalogoudo that of 3.4 we leave it to the
reader Similartheoremsanbe statedfor variousalgebraizationsf logic, e.g. for
polyadicalgebras.

3.4 hasthefollowing consequenci®r BRAS:

Corollary 3.6. (1) For BRAstheproperty”integral” is expressiblebya L;"j,lw
formula.

(2) For BRAs,the property "c—permutational” is not expressibleby a LY ,
formula.

Proof 1. Let2 beaBRA, andenumeratell formulasof L?’x by {¢n : n < w}.
then,by 3.4,

isintegraliff M(A) = A [(Fz)pn — (V2)en] -

n<w
2. Wesshallshaw thatfor eachn < w thereareBRAs® and®5 suchthat
(1) &Ais c—permutational,
(2) % is notc—permutational,
(3) M(A) andM(B) satisfythesameL , sentences.
Let
1) |U] = 2(n + 1), R C U x U beadisjoint union of two K,;1s, and
A = (R),
2) V] :< 2>n +1, § C V x V beadisjointunionof a K,, andaK,, and
B = (S5).
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Then, A is permutationalwhile 8 is not. To shav 3., we first obsere that it
sufficesto considerthestructures< U, R > and< V, § >, since2l andB areone
- generatedby R, resp.S. Now we play the n—pebblegameof [KV92] 2.14. First
notethata K,andaK,; cannotbedistinguishedn L7, ,: Partialisomorphisms
betweerthesestructureslependonly on the numberof pebbleglayed.Sincethis
numberis never greatetthann, theduplicatorcanatary stagematcha move made
by thespoiler Now, theduplicatorfixesacorrespondendgetweerthecomponents
of R andthecomponent®f S, andmatchesary move madeby the spoilerby the
correspondingcomponentin the other structure. Sincethe duplicatorwins the
gameon the componentsthe spoilercannever win aroundof thegame. O

4. RIGID RELATION ALGEBRAS

In the previous sectionwe have exploredpermutationablgebrasij.e. thosewith a
representatiohaving atransitive groupof baseautomorphismsWe have seerthat
A < Rel(U) is ¢ - permutationaif no propemonemptysubsedf U is definablein
M(2A). At the otherendof the spectrumaretherigid algebraslet 2 < Rel(U).
2 is calledc - rigid if 17 = 1', i.e. if 20 hasno properbaseautomorphismsA
representabl@l is calledrigid if it hasa c - rigid representationFinally, we call
R € Rel(U) rigid if theonly permutatiorof U which preseres R is theidentity.

Throughoutthis sectionwe will supposehat U is a finite set,andthat all RAs
mentionedarefinitely representable,e. for eachsuch?l thereis afinite setU and
someB < Rel(U) suchthatd = 8.

Proposition 4.1. (1) A < Rel(U) is c—rigid if andonlyif AP7 = Rel(U).
(2) If Ais amaximalpropersubalgbra of Rel(U), then2l is eitherc—rigid or
Galoisclosed.

Proof 1. "=": Since2 is c-rigid,2” = {1'}, andit follows thatA*? = Rel(U).

"«<" Supposedhat?l is not c-rigid. Then,therearesomey € 2A? anda,b € U
suchthata # b andy(a) = b. Theatom®”(a,a) of AP’ contains(a, a) aswell
as(b, b). Ontheotherhand,every atomof Rel(U) containsonly oneelementand
thus2#® C Rel(U).

2. If A is notGaloisclosedthen®l is apropersubalgebraf 27, Themaximality
of 2 impliesthat?? = Rel(U), andthus®l is c—rigid by 1. O
Thefollowing wasshavn in [ADN95]:

Proposition 4.2. Let < Rel(U) andD C U benonemptyThen,D is definable
in 9 (A) if andonlyif D is a unionof orbits of A~.

Corollary 4.3. 20 < fRel(U) is c—rigid if andonlyif everysubse{andhenceevery
relation)of U is definablein 9t (A).

Proof If 2 is c—rigid, theneachsingleton{a} is an orbit of 2A”. Corversely if
every subsebf U is definablethentheorbitsof 2(* arethesingletons{a}, a € U,
andit follows that? = {1'}. O

More concretely

Lemma 4.4. SupposehatU = {0,...,n — 1}, andthat R is arigid relationon
U. Then,for everyk € U, ther existsa pren« existentialformulawhich defines
k in themodel(U, R).
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Proof. Forall i,j < n let

~ def | viRvy, if (i,7) € R,
Pii -w;Rv;, otherwise.

Furthermorelet +;; betheformulawv; # v;. Foreachk < n let

Xk = (Fvo) ... (Fve—1) Fverr) - Goar) | N\ 0z A N v | -
ij<n i<j<n
Clearly k € defyg. Assumethat m € defy,, wherem # k. Let
X0y -y Th—1,Th+1,---,Tn—1 DEthe elementsof U whoseexistenceis asserted

by xx, andsetzy, e . Then,for all i, 5 < n, we have
.TZ'R.I]' < iRj,

andthe z; arepairwisedistinct. Hence the mappingwhich carriesz; to 1 for each
1 < n is abaseautomorphisnof R takingk to m. Sincek # m, this contradicts
therigidity of R. O

4.2impliesthat2l < Rel(U) is c—rigid iff thereis somek < w suchthatthe Cs;
with baseU generatedy the canonicalembeddingof 2 into Rely (U) is thefull
k—dimensionatylindric algebrawith baseU .

Theformulagivenin 4.4 uses/U | variablesandonewonderswhetherthis canbe
reducedLetuscall R € Rel(U) (resp.2 < Rel(U)) k—rigid if every subsebf U
is the definableover (U, R) (resp.9t(2)) by afirst orderformulawith at mostk
variables.

B. Jonssorhasraisedthe questionwhetherevery rigid relationon U generates
Rel(U), in otherwords,whetherevery rigid relationis 3-rigid. We obsere thata
positve answerwould imply thatthe propertyrigid is in the compleity classP:

For agiven R, find the atomsof 2 d§f< R > in atmostO(n®) stepsandthentest
in atmostn? stepswhether(a, a) € At(2) for everya € U.

The problem was solved by Andréka and Maddux (and independentlyby R.

McKenzie)who exhibited a symmetricrigid relation on a setwith 11 elements
which generatesinintegral BRA with threeatoms. Herewe give sucha relation
onthesetU = {0,...,9}:

0 — 4579 , 1 — 2679
2 — 13478, 3 — 24568
4 — 02359, 5 — 0347
6 — 1389, 7 — 0125
8 — 2369, 9 — 01468

Thelogical backgroundf Jonssors questionis bestexplainedby usingthe finite
variablefragmentof L, ,:

Proposition 4.5. (1) Theproperty” 2 is k—rigid” is expressibleby a formula
of LK .
(2) Theproperty” 2( isrigid” is notexpressibleby a formulaof LY

wiw*
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Proof. 1. Let {p, :n < w} bethesetof all first orderformulasof L* with &
variablesgexactly oneof whichis free. Then,9(2() is k—rigid if andonly if

(Vz)(¥y) |z #y =D (onlz) A @n(y)

n=0
2. Thiswasshavn in [BH79], seealso[Com8§ for an explanationof thetech-
nique;below, we shallgive amoredirect proof. a

The previous resultimplies thatfor arbitrarily large & < w thereis a c—rigid RA

whichis notk—rigid. Theoriginal proof of thisis probabilistic,usingthecountable
randomgraph.In [BH79] it is statedhatA moretechnical problemis to find graphs
that satisfymanyof our axioms. Theaxiomsmentionedarethe extensionaxioms
T,., which roughly statethatfor a binaryrelation R, themodel(U, R) satisfiesT,

iff for any 2n pointsof U thereis somez € U connectedo thefirst n verticesbut

notto theothern. We shallnow exhibit for eachn € w arigid symmetric(binary)
relationR,, onasetU,, which satisfiesall axiomsT; for i < n, andthenproceedo

shav thatnotall relationscanbe definedin themodel(U,,, R,,) by formulaswith

n variables.As a preparatiorwe shall prove two combinatorialemmas.

Lemma 4.6. For anyn,m € w ther are afinite setS anda functionf : S — S
sud that

() s<z=zAsforall s,z € S.

((ii) |C(z1)|g|0(z2)| >1- Liorall 21,2 € S.

Here,

s<z & (F1,--,80, €8) (T <n)(s=s; A f(s1,---,8n) = 2),

C(z) def {s € §: Neithers < z norz < s}.

Proof. Let H beasetwith |H| =k >n-(n+ 1), and

S (Kuy: K CH, |K|=n+1, ueK).

We definef : *S — S asfollows: Let (S1,u1),...,{(Sn,un) € S; choosesome
L C H andsomew € H suchthat
(1) w ¢ K1 U...U K, (whichexistsby our assumptioron the cardinalityof

H),
(2) {Ul,. i ,un,w} CL,
@) L =nt1
Now, set

FUK L), (K un)) (L, w).

Supposéhat (K7, u1) < (Ka,u2). Thenthereare(T1,v1),...,{T,,v,) € S and
somel < ¢ < n suchthat(Ky,uq) = (T;,v;) and

F(T1,v1), ... (Tnyvn)) = (L,w)

= <K25u2>7
where
(1) w¢T1U...UE,1UK1UE+1U...UT7L,
(2) Lo {v1,.-,0—1,U1,Vit1y---,Un, W},

3) |L|=n+1.
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Thus,u; € Ky, us ¢ K1, andit follows that (i) holds. We alsonotethatu; €
KN Ks.

To shaw (i) lets = (K1,u1), z = (K2, us9), andset

MY (K :KCH\(K UKy, |[K|=n+1, ue K}.
Lett = (K,u) € M; then,u; ¢ K andu ¢ Kj, sinceu € K, u; € Ky, and
K N K; = 0. It follows thatneithers < ¢ nort < s, andhenceM C C(s);
similarily, M C C(z).

If Lisasetwith |L| = A ando(L) & {(K,u): K C L, |[K|=n+1, u€ K},
then
AA=1-r-(A—n)

o(D)] = = (1),
Thus,
C(s)NC)  |o(H\ (K1 UKy))|
5] |o(H)|
 (k=2n-2)-...-(k—3n—2)
B E-...-(k—mn)

S k—3n—2\""
k—n ’

which approached ask approachenfinity. Thus, givenm, we canchooseH

large enoughsothat(ii) will hold for thecorresponding. a
Lemma4.7. Letk,n € w. TherearedisjointsetsH, M andarelationR C Hx M
sud that

|H]|

(1) W > k,and

(2) Forall K C H with |K| = nandall L C K therisap € M sud that
forallu € K,

uRp <— u € L.

Proof. Letm € w, andH bethesetof all 0-1 sequencesf lengthm. Now, set

M (P,Q): PCm, |P|=n2 QC P2},

anddefineR C H x M by
sR(P,Q) & s1Peq.
Here,s | P istherestrictionof thefunctions to P.

Supposehatm > n?, andlet |K| = n, K = {s1,...,s,} C H,andL C K.
Sinceall s; € K aredifferent,it follows thatfor alll < 4,5 < n, ¢ # j, there
is somep(i,j) € m suchthats;(u(i,5)) # sj(u(,5)). Thus,thereis someset
{pGi,j):1<i,j<mn,i#j} C Pwith|P| =n?ands; [ P # s; | P forall
1<4,5<mn, i#j.

Let@ def {si | P:s; € L}. Then(forall s € K,
SR(P,Q) <= s|P€e@ < se€ L.
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Lets % |H| (= 2™). Then,m = log, &, and

|M|Zm'(m—l)-...-(m—nQ—l).(n12)!. 2(?)

If n is fixed,thenit is easyto seethatfor ary positive constant,

li i 1

1m -Cc | = 1.

koo \logy k - ... -logy(k — n? — 1)

Thus,if m increases|M| becomesrbitrarily smallrelative to | H|, sothateventu-

H|

ally we ha/e|— > k. O
Y M|

Proposition 4.8. For anyn € w ther is a symmetriandirr eflexiverigid relation
onafinite setU sud thatfor all K C U with |K| < n andfor all H C K thereis
somep € U sud thatfor all u € K,

uRp <— u € H.

Proof. Fix somen € w, andlet S and f beasin 4.6 with m = 4 and|S| > 5.
Furthermorelet H', M, R' beasin 4.7with k = 4-|S|"-n. Then,R' C H' x M,
andwe maysupposehat|H'| =4-|S|" - n - |M].

Let X def S™ x M, andY beasetwith

1) [Y]=3-|X],
2 XNnY =90,

andsetd % X UY. Thus,we cansupposehat H' = n x H, andconsequently

R' C(nx H)x M.

Chooséwo relations@ C ?(S x Y), Q' C 2X suchthat

(1) Q and@’ aresymmetric,rreflexive, andrigid,
(2) Thedegreeof every pointin @ or Q' is at most5.

Leto: S x § — S x Y beaone-ondunctionwith the propertythat
o(s,z)0 € C(s)NC(z)
forall s,z € S. Suchao exists,sinceC(s) andC(z) arebig by Lemma4.6.

Now, setU % § x H, anddefineR C U x U asfollows: Let (s,u), (z,v) € U.

Then,wesaythat(s, u) R(z, v) if andonly if oneof thefollowing conditionsholds:

@ s <z v={(s0.-58-1,m) € X, f(s0,---,8,—1) = 2, andthereis
exactlyones < n suchthats = s; and(z, u) R'm,
(b) z < s, u = (20,...,2n-1,m) € X, f(20,...,2n—1) = 8, andthereis
exactlyone: < n suchthatz = z; and(i,v) R'm,
(€) s =2z, u,v € X, uQ'v,
(d) s € C(z), s # z and
() ve X, veY,(z,v) €rany(s),or
(i) ueY, ve X, (s,u) €rany(z).
(e) v € Y and(s,u)Q(z,v).
From theseconditionswe immediatelyseethat R is symmetricand irreflexive.
Also,
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Claim: Forall V C U with |V| = n, andfor all V' C V thereis someu € U such
thatforallv € V,
vRu < ve V.

Proof of theclaim: Enumeratd’ by (sg, ug), - . -, (Sn—1, un—1), andchoosesome
V' C V. Let{so,...,8n-1} C {20,---,2n—1} C S with [{20,...,2n—1} = n,
and f(so,---,sn—1) = 2. Foreachj < n fix somev(j) € N with s; = z,(;).

Setk E {(v(j),u) : j < n}, K" E {(v(5),u5) : j < m, (s5,u5) € V'}. Then,
|[K|=nandK' C K Cnx H.

Choosesomem € M suchthatzR'm iff z € K' for all z € K, andlet ¢ def

(20, - ,2n—1,m) andp def (z,q9). Then,g € X, ands; < z for eachj < n.
By the conditionsof Lemma4.6we have z £ s;, if s; # z. Thus,(s;,u;)R(z,q)
iff a. above holds.

Now, v(j) is theuniqueindex with s; = z, ), andtherefore,

i)
(sj,uj)R(z,q) <= (v(j),u;)R'm <= (sj,u;) €V’
by thepropertiesof m. This provestheclaim.
We next shaw that R is rigid. Let g beabaseautomorphisnof R, andchoosesome
o (s,u) € U. Supposéhatu € X; then,by d. abore,
rang(a) D (C(s) xY)\ {o(a,b) : b € S},
andtherefore
frann(a)] > [0(s)V|-18] > >-|8]:3:1X|-18] = 7-IS]-[X]-[8] > 28] |x].

Thelastinequalityfollows from |S| > 5 andX = S™ x M, sothat
1 1
Z 18- IX] > = - |S]-1S|® .
7 1S1-1X1> 7181181 > 18]

If w € Y, thenrang(a) C (S x X) U F, where|F| < 5, bya.—e. above. Hence,
[rang(a)| < S| |X[+5 <2-|5]-[X].
Thisimpliesthatran(g [ (S x X)) =S x X,andran(g [ (SxY)) =85 xY.

SinceQ isrigid, e.impliesthatg [ (S x Y) C idy.

Let(s,u), (z,v) € U, u,v € X, s # z,andsetw def o(s,z). Thenw & rany,(z),
andthus((s, u), w) ¢ R, but (z,u) Rw. Sinceg(w) = wbyw € S x Y, we have
rang({s} x X) ={s} x X foralls € S.

Lets € Sandg’ : X — X suchthatg(s,u) = (s,¢'(u)). Then,g' is abase
automorphisnmof Q' by c., andthereforeg = idx, since@’ is rigid. It follows that
g | (S x X) Cidy aswell, andhence,R is rigid. O

Corollary 4.9. Supposéhat R is asin 4.8. The the relationsdefinablefrom R
with n+1 variablesare exactlythe unionsof relationsof theform

{s € U : ¢4(si,85), i < j <n+1},
whee ¢(z,y) is oneof theformulas

T =y, z#y, tRy, - zRy.
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Proof Usingthe propertieof R, thisfollows by aneasyeliminationof quantifiers
algument. O

By 4.8and4.9, R is arigid relationon afinite setU, with the propertythatnot all
subset®f U aredefinableby n+1variables.

For smallsets theanswerto Jonssors questions positive:

Proposition 4.10. If |U| < 7, theneveryrigid relationon U geneatesRel(U). If
|U| <9, theneverysymmetriaigid relationon U geneatesRel(U).

Proof. It wasshavn in [ADN95] thatfor |U| < 6, every subalgebraf SRel(U) is
Galoisclosed.Hence|if R isrigid, then

(R) = (R)* = Rel(U)

by 4.1. Now, let |U| = 7, and®l be a propersubalgebraof Rel(U); we shall
shav that®l is notrigid. First, considerthe casethat®l is notintegral with intgral
constituentdJ;,7 < k. By 2.3.3(2) andthe fact that no propersubalgebraof
Rel(U'), |U'| < 6, isrigid, we cansupposehatall constituensetscontainmore
thanoneelement.In particular since7 is small,if |U;| # |Uj|, then|U;| is nota
multiple of |U;|. We consideitwo cases:

1. |Up| = |U1| =2, |Uz| = 3: Clearly fori € {0,1}, ary P € At(2A), P C Uji,

andall z,y € U; we have |[ranp(z)| = |ranp(y)|. Thus,U; x Uy andU, x U; are
atomsof 2. Let M = U \ U,, andB betherelative subalgebraf 2 with respect
to 2 M. Sincetheintegral constituent®f 8 hase morethanelementand| M| = 4,

B cannotberigid. By 2.3.3,ary basehomomorphisnof 9 canbe extendecdto 2.

It follows that%2( is notrigid.

2. If k = 2, thenit is not hardto seethatU, x U; is anatomof 2l. Sinceneither
2 nor?; arerigid, 2 is notrigid, againby 2.3.3.

Now, supposehat®l is integral. If 20 containsa permutationR which is not the
identity, R mustmoveall points,andall cyclesof R musthavethesamecardinality
Since7 is prime, R generatethecyclic groupof order7, thus2l = (R) is notrigid.

Otherwise,2l hastwo, threeor four atoms. If 2 hastwo atoms,theseare the
identity andthe diversity element,and®l is not rigid. If 20 hasthreeatoms,then
therearetwo possibletypes,noneof which is rigid on 7 elementscf. [AM88].

Thus,supposéhat®l hasthefour atomsR, S, T, and1’. At leastoneof R, S, T is

symmetricthus,suppose¢hatR = R~!. Sinceno P € {R, S, T} is apermutation,
we have [ranp(z)| = 2for P € {R,S,T} andz € U. If rang(a) = rang(b) =

{c,d} for somea,b € U,a # b, thenit follows from R = R~! that R hasthe
incidencematrix

(R]0[1]2]3]4]5]6]

00j0]1]1]0]0]0
10(0j1|1]0]0|0
2|1(1({0(0|0]0]0
3(1/1(0(0(0]0]|0
410{0]0({0(0 1|1
5110(0(0(0]1]|0]|1
610(0(0j0|1]1]0
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It is easyto checkthat R generates nonintegral algebrasothis caseis not pos-
sible. Similarily, we seethat R cannotcontaina K3, sothat(Ro R)N R = 0,
andthatR is determinedup to a permutationof U in the following sense:lf, in
constructinghe matrix of R, we alwayschoosehesmallesipossiblenumber< 7,
thenwe obtainR as

(£]0]1]2[3[4]5]6]

0j0(1]1(0|0]0]0
11{0{0|1/0|0|0
2|11(0(0(0(1]0]0
3110(1({0](0|0|1]0
410(0(1]0]0]|0]|1
5110(0(0|1]0|0]|1
610(0(0j0|1]1]0

We leave thestraightforvard detailsto thereader R is theunionof thepermutation
¢ = (0135642) andits inverse,andit is easyto checkthat®l is notrigid.

A computerprogramkindly suppliedto us by BrendanMcKay (cf. [McK90])
found 3,696 non—isomorphiaigid graphson eight elements,and 135,004non—
isomorphicrigid graphson nine elements.RELALG ([Dun94)) thentold us that
eachof thesegenerateiel(U). Hence,our exampleof arigid graphon 10 ele-
mentswhich doesnot generatell of 2el(U) is minimalin the classof symmetric
relations. O

Problem 1. If |U| € {8, 9}, doeseveryrigid relationonU geneateall of Rel(U)?

All therigid relationswe know on setswith at most15 elementsare4—rigid. This
givesriseto

Problem 2. Suppos¢hat|U| = n > 4, andthatR € Rel(U) isrigid. IseveryP €
Rel(U) definabldn (U, R) byaformulawith k£ variableswheek = |logy n|+1?
In otherwords,is R k—rigid?

Finally, let us turn to fragmentsof secondorderlogic. R is notrigid canbe ex-
pressedy aX! sentencaisingonly oneextra binary predicateandthreevariables
in thefirst orderpart:

(3f)[f is anon—identitypermutationA f o R = Ro f].

It is unknawvn whetherrigidity is expressiblein 3{. Monadicsecondorderlogic
(MSO) seemsa morehopefulcandidatdo expressrigidity, but we shall shav that
this logic will notdo, evenwith a built in linearorder We needoneresultdueto
N. Immermanwhich appear$erewith his kind permission:

Proposition 4.11. Letr,n < w. Then,there are finite linearly ordeted structues
(Uo, Py), (Vo, Qo) which cannotbedistinguishedy sentencesf MSO+ < having
guantifierdepthr andusingn new unary predicates.

Proposition 4.12. Rigidity is notexpressiblein MSO+ <.

Proof. Assumethat rigidity canbe expressedoy an MSO + < sentencéhaving
qguantifierdepthr and usingn new unary predicatesand choosetwo linear or-
ders(Uy, By), (Vo, Qo) asin 4.11. Let (Uy, P;)beisomorphicto (Uyp, Py), andlet

(U, R) bethedisjointunionof thesestructuresOrderU by z <y y PN
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(1) z,y € U; and(zx,y) € P; fori < 2, or
(2) z € Uy andy € U;.

Then,R C<y, andR is notrigid on U, sincethe component®f R arelinearly
orderedby R andhave thesamdengths.Similarly, let (V, S) bethedisjointunion
of (Uy, Py) and(Vy, Qo), anddefinethelinearorder<y onV analogouslyo <.
Then,S isrigid on V, sincethecomponenthave differentlengths.

We now play the Ajtai—Fagin (n,r) - gameof [FSV9Z: The duplicatorchooses
< U, R > asthefirst structureandletsthe spoilercolourit. Then,the duplicator
chooses< V, S > asthe secondstructureandcoloursit in sucha way, that the
componentof S matchthe component®f R in the way given by 4.11. In the
subsequenEhrenfeucht—Fraissegame, the duplicatoralwaysmatchesa pebble
on one componenbf onestructurewith onefrom the correspondinggcomponent
of the otherstructure.Shewins the gamerestrictedto the componentdy Immer
mans result4.11, and, sincelUy <y U; andUy <y Vp, andshealways plays
correspondingomponentsshecanpresere thelinearordersaswell. a

Finally, we shall seethat non-rigidity is not expressibleby a ¥{ sentencavhere
the first order part hass specialform. The resulthasalreadybeenobtainedvia
probabilisticagumentdcf. [Com88); herewe give a concreteconstruction:

Proposition 4.13. The property of beingnot rigid cannotbe expressedby a %1
sentencéipR,) ... (3P,_1)y, where is of theform (37) (Vy) ¢ andy is quantifier
free

Proof Let y bethesentenc€3R)(3x)(Jy)p, whereR is abinarypredicatesym-
bol and ¢ is the conjunctionof the sentenced.—6. belav; we usethe auxiliary
unary predicated/, andU, with U,(z) & =z = z V xRz, anddefineU, analo-
gously:

(1) (V2)- zRz

(2) (Vz)(Yw)[zRw — — wRz|

(3) (Vu)(v )(Vw)[uR'U A vRw — uRw]

(4) (V2) [(Us(2) V (z)) A —(Uz(2) A Uy(2))]

(5) (Vz)(VYw) [Uz(2) ANUz(w) - 2z =w V zRw V wRZz]

(6) (Vz)(Yw) [Uy(2z) ANUy(w) = z=w V zRw V wRz]

1.-3.saythatR is astrictpartialorder 4. tellsusthat R hasexactly two connected
componentsand>5., 6. statethat R is alinearorderon thesecomponentsR is not
rigid if andonly if thecomponent$iave the samecardinality

Supposehat (3F) ... (3P,—1)v, with ¢ having the prescribedform, saysthat
R is notrigid. Then,by possiblyrenamingvariables,y A (3F)...(3P,-1)¢ is
equialentto a sentencef thedesiredform. Now,

UkExAQ@R)...(3P,-1)yif andonly if |U] is even.

It follows thatthe classof theseformulascanexpressparity which is known notto
bethe case(cf. [Com88). O

It maybeworthy of mentionthat,onthe otherhand the propertyof beingnotrigid
canbeexpressedy a $1113 sentencesincethe propertyof arelationbeinganon—
identity baseautomorphisnof R is expressibleby a prene (Vz)(3y) sentence.
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