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ABSTRACT. We investigatein an algebraicsettingthe questionin which log-
ical languagesthe propertiesintegral, permutational, and rigid of algebrasof
relationscanbeexpressed.

1. INTRODUCTION

Thequestion,which propertiesof relationscanbeexpressedin which logical lan-
guagesis of considerableinterestin thefieldsof (finite) modeltheoryanddescrip-
tivecomplexity, andthereaderis invited to consult[Fag87], [Imm82] for morede-
tailedinformation.Amongtheproblemsin thisareaarethosewhichareconcerned
with theautomorphismsof agivenbinaryrelation;typicalquestionsinclude

(1) Does
�

have anontrivial automorphism?
(2) Is thegroupof automorphismsof

�
transitive?

We shall investigatetheseandotherproblemsfrom an algebraic(andsometimes
moreabstract)pointof view usingTarski’s relationalgebrasandcylindric algebras.
Roughlyspeaking,arelationalgebrais adescriptionof how variousrelationsmust
interactamongeachother. More concretely, given a set

�����������
	���
��
of

binaryrelationson a set � , we canform theclosureof this setundertheBoolean
operations,compositionof relations,andconverse,andaddtheidentityasanextra
constant;theresultwill beanalgebra � of binaryrelations(BRA). Sincetheoper-
ationsusedarefirst orderdefinable,any automorphismof thefirst orderstructure� ��� ��� will preserve all therelationsin A aswell. Suchanautomorphismwill be
calleda baseautomorphismof the algebra� (We usethe qualified term to dis-
tinguishthemfrom the automorphismsof the algebra).A fundamentalresultby
Tarskistatesthat � containsexactly thosebinary relationson U which aredefin-
ablein

� ��� ��� by first orderformulashaving at mostthreevariables.Thealgebras
correspondingto



variables(and



-ary relations)arethecylindric algebrasof di-

mension



. Thus,the equationallogic of relationalgebras(cylindric algebrasof
dimension



) correspondsroughly to the three(



) variablefragmentof full first

orderlogic. Logic with restrictedresourceshasbeenconsideredamongothersin
[Imm82], [IK89].

Conversely, if we aregiven an abstractrelationalgebra� (to be definedbelow),
andaBRA � onaset � suchthat � is isomorphicto � (alsocalledarepresentation
of � ), then the algebraicstructureof � (or, equivalently, of � ) prescribeshow
the concreterelationsin � must interactwith respectto the Booleanoperations,
composition,andconverse. Thus,insteadof looking at the propertiesof a given
set
�

of concreterelations,we canlook at the isomorphismtype of the relation
algebra� which is generatedby

�
, andaskwhetherwe cansaysomethingabout
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thealgebraicstructureof � whichwill imply ananswerfor ourquestionregarding�
. For example,we show below thatthepropertythata relationalgebra� hasaa

representationwith atransitivegroupof baseautomorphismsis ageneralfirst order
propertyby giving a setof axiomswhich describethis property. Fromtheform of
theseaxiomsit follows that in the concretecase,a first orderstructure

� ��� ��� of
binary relationshasa transitive groupof automorphismsif andonly if no proper
nonemptysubsetis definablein themodel,and,furthermore,that this propertyis
not expressiblein �
������ , thefinite variablefragmentof � ����� . We alsogeneralise
mostof theresultsto



-ary relations.

Rigidity, i.e. the propertyof a structure
� ��� ��� of having no nontrivial automor-

phisms,is diametricallyopposedto having a transitive groupof automorphisms:
While in the lattercaseno propernonemptysubsetis definablein themodel,in a
finite rigid structureevery subsetis definable.We shallexhibit for every


 �"!
a

rigid symmetricbinaryrelation
�

onafinite set � with thepropertythatnoproper
nonemptysubsetof � is definablein themodel

� ��� ��� by afirst orderformulawith
at most



variables.Theconstructionwill bea concreteexamplefor the fact that

rigidity is not expressiblein �#����$� . We alsoshow by a concreteexamplethatnon
- rigidity is not expressiblein the fragmentof secondorder logic wherethe first
orderpartis in theBernays- Schönfinkel prefixclass,and,with thehelpof a result
by N. Immerman,thatrigidity cannotbeexpressedin monadicsecondorderlogic,
evenif abuilt in linearorderis allowed. It is alsoprovedthatfor any rigid relation�

on a set � having no morethansevenelements,every subsetof U is definable
in themodel

� ��� ��� by a formulausingnomorethanthreevariables.

2. DEFINITIONS AND NOTATION

If � is aset, %&�'% denotesthecardinalityof � . We identify
��( �*)*)*)+� 
-,/.+� with the

ordinal



, andsometimesemphasisethis by writing 0 . If no confusionis likely to
arise,algebrasarereferredto by their respective carrierset.For anordinal 1 , 23�
denotesthesetof all 1 - termedsequencesof elementsof � .

2.1. Logics. We assumethat the readeris familiar with thebasicfactsof first or
secondorderlogic. Our first order(FO) languagesconsistof predicatesymbols,
logical connectives 4 , 5 , theexistentialquantifier 6 andequality, andwe usethe
usualabbreviations. Whenconsideringrelationalstructures

� ��� ��� asfirst order
models,we tacitly assumethatanappropriatefirst orderlanguage� is given. For
notationalreasons,we shall sometimesidentify predicatesymbolswith thepred-
icateswhich interpret them, when no confusionis likely to arise. If 7�8�9;: is a
formulawith thefreevariable9 , and

� ��� ��� is amodelof thelanguage� , thenthe
truth setof 7�8�9<: in themodel

� ��� ��� is theset

def 7 �=��>@? � � � ��� ��� % � 7�8�9<A > :B)
If C DE� and C �

def 7 for some 7 , thenwe saythat C is definablein the
model

� ��� ��� . Similarly, we extend this definition to languageswith more than
onepredicatesymbolandformulaswith morethanonefreevariable.ThesymbolsF

and G will beusedfor infinite disjunction,resp.conjunction,of formulas.

If � is a first orderlanguage,�
H denotesits



–variablefragment;in otherwords,�IH has the samelogical and predicatesymbols as � , but only the variablesJLK �*)*)*)�� J H .
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� � � � is the extensionof first order logic which allows infinite disjunctionsand
conjunctions,but only finite quantifierdepth. For

.NMPOQMR!
let ��S�T�U� be the

fragmentof � ���$� which consistsof all formulaswith at most
O

distinctvariables,
andset � ����$�

VXWUY�RZ[� � S���U� �\.]M^O@�N!_� )
This is alsocalledthefinite variablefragmentof � ���$� .
Secondorder logic (SO)is theenhancementof FOby allowing quantificationover
predicates.Weshallbeconsideringvariousfragmentsof SO:

Thefragmentof SOwherequantificationis allowedover unarypredicatesonly is
calledmonadicsecondorder logic (MSO).`baa formulashave theform

8c6�d K :X8c6�d a :e)*)*)f8c6�dgHh:jib�
where d K �*)*)*)��kdlH are predicatevariables,and i is a first order formula in the
languageenhancedby d K �*)*)*)��kdgH . Similarily, m aa formulashave theform

8on3d K :X8on3d a :e)*)*)f8on3dgHh:jib)
A
` aa m Kp formula is a

` aa formula whosefirst orderpart is equivalent to a prenex8on 9<:X8c6 q\: formula.

�sr is the language� enhancedby a binarypredicate
�

which on every structure
with baseset � �t��( �*)*)*)+� 
�� is to beinterpretedasthenaturalorderon � .

2.2. Groups. Thesymmetricgroupon � is denotedby u�qwvx8j�]: . If y is a sub-
groupof uzqTvx8j�{: – a fact which we write as y M u�qwvx8j�]: – , andif C D|� ,
we denoteby CQ} theset

� 7�8�9<: � 9 ? C~�B7 ? y � ; for 7 ? uzqwvx8j�]: , CQ� is the
set
� 7�8�9;: � 9 ? C � . A fixedblock of y is a nonemptysubsetC of � suchthatC � C } ; a minimal fixedblock is calledanorbit of y . If y hasonly oneorbit,

it is calledtransitive.

y is calledsemiregular if the identity is theonly elementof y that fixesa point,
or, equivalently, if for all 7I��i ? y , the fact that 7�8�9;: � i�8�9<: for some 9 ? �
impliesthat 7 � i . If y is semiregularandtransitive, thenit is calledregular.

2.3. Relation algebras. A relationalgebra1 (RA)�$� �B���*��� , � ( � . �B�w�X� a � .X�o�
is astructureof type

�U� � � � . � ( � ( � � � . � (w� whichsatisfies

(1)
�$� �B���*��� , � ( � .�� is aBooleanalgebra.

(2)
�$� �B�w� � a � . � � is aninvolutedmonoid.

(3) For all
> �����k� ? � thefollowing conditionsareequivalent:

8 > ���*:g��� �"( �s8 > � a ����:z�f� �"( ��8$�I��� � a :�� >'��( )
Thefull algebra of binary relations�@�B� 8j�{: VXWUY� � �]��� 8j�{:B�B���B��� , ���T�

p
���B�w� � a � . � �

is a relationalgebra,where
�]��� 8j�]: is thesetof all binaryrelationson � , �_�B��� ,

aretheusualsettheoreticoperations,and �T�
p
� are,respectively, theemptyand

the universalrelation, � is relationalcomposition, � a the relationalinverse(i.e.

1Theinterestedreaderis invited to consult[TG87] for thebackgroundof relationalgebras.
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d � a��=� � 9g��q ��� � q3��9 �_? d � ), and
. �

is theidentityrelationon � . Weshallusually
use d��B��� � �*)*)*) to denotebinary relationson � . A subset

�
of
�]��� 8j�{: which is

closedunderthedistinguishedoperationsof
�@�B� 8j�{: andcontainsthedistinguished

constantsis calledanalgebra of binary relations(BRA) on � , usuallydenotedby� . It is a subalgebraof
�@�B� 8j�]: , a fact which we denoteby � M��@�B� 8j�{: . If� Mt�@��� 8j�{: , then

�b� 8���: denotesthesetof atomsof (theBooleanpartof) � . A
completeandatomic � is completelydeterminedby therelationcompositiontable
of
�b� 8���: . Whenwriting suchatable,weusuallyomit columnandrow

. �
, if
. �

is an
atomof � . If

� K �*)*)*)�� � S ?��]��� 8j�{: , wedenotetheBRA generatedby
� K �*)*)*)f� � S

by
� � K �*)*)*)�� � S � .

A relationalgebra� is calledrepresentableif it is isomorphicto a subalgebraof a
productof full algebrasof binaryrelations.

Thefollowing fundamentalresultis dueto A. Tarski[TG87]:

Proposition 2.3.1. If
� K �*)*)*)�� � S ?��]��� 8j�{: , then

� � K �*)*)*)�� � S � is thesetof all bi-
naryrelationson � which aredefinablein therelationalstructure

� ��� � K �*)*)*)�� � S �
byfirst order formulasusingat most3 variables.

For d��B� ? � M �@��� 8j�{: and 9l��q3�k� ? � we usuallywrite 9ed]q if
� 9g��q ��? d , and93d{qh�]� means9ed{q and q\�{� . Wealsoset ¢¡ vx8$d£: � � 9 ? � � Thereis someq ? � suchthat 9ed{q � �¤ >¢
 8$d�: � � 9 ? � � Thereis someq ? � suchthat qTd]9 � � ¢¡ v�¥�8�9;: � � q ? � � q�d{9 � �¤ >¢
 ¥_8�9;: � � q ? � � 93d{q � )

The set ¤ >w
 ¥�8�9<: is also called a row of d . If % ¤ >w
 ¥�8�q\:*% � % ¤ >w
 ¥�8�9<:*% for all9g��q ?  w¡ vx8$d£: , then d is calledregular.

If � is any RA, then 9 ? � is calleda functionalelementif 9 � a �b9 M�. � . � is
calledintegral if, for all 9l��q ? � , 9s�3q �"( implies 9 �"( or q �"( . A well known
characterizationof integral RAs [JT52] is givenby

Lemma 2.3.2. Let � be a relation algebra. Then,the following statementsare
equivalent:

(1) � is integral.
(2)
. �

is an atomof � .
(3) 9�� .b�¦. for anynonzero 9 ? � .
(4) Everyfunctionalnonzero 9 ? � is an atomof � .
(5) If � is a BRAon a finite setU, then

 ¢¡ vx8 � : � ¤ >w
 8 � : � � for some
atom

�
of � .

If � MP�@�B� 8j�]: and § ? � is an equivalencerelation, then ¨ V�WcY� ���©? � �� Dª§ � becomesa BRA on C VXWUY�  ¢¡ vx8$§�: underthe operations�_�B�����T�B�w� � a
inheritedfrom � , greatestelement§ , identity element

� � 9l��9 �«� 9 ? C � , and
complementationbeingrelative to § . Thisalgebrais calledtherelativealgebra of� with respectto § . Unless§ �

p
� , it is notasubalgebraof � .

Supposethat � is not integral; then, thereareatoms § � � 	���O , of � suchthat§ � D . � for
	��ªO

. For
	 �­¬ ��O , set � � �  ¢¡ vx8$§ � : and � �¯® � � ��° � ® . We

observe that � �±®�� § � �
p
�²��§ ® , sothat � �¯®{? � . Sinceeach� �³� is anequivalence
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relationon
 ¢¡ vx8$§ � : containedin � , wecanconsidertherelativealgebraof � with

respectto � �³� , which we denoteby
� �

. If
�´? � �

, then
�

is anatomof
� �

if and
only if

�
is an atomof � . Consequently, each

� �
is an integral relationalgebra,

and, in looseanalogyto permutationgroups,we call the algebra
� �

an integral
constituentof � and � � its constituentset.

If 7 ? uzqTvx8j�{: and 9g��q ? � , thenwe set 7 � 9l��q ��� � 7�8�9;:B�B7�8�q\: � , and
� � �� 7 � 9l��q ��� � 9g��q �s?«��� ; notethat

� � � 7 � a � � �b7 . If
� � �t� , then 7 is called

abaseautomorphismof
�

. For � MN�@�B� 8j�]: we set�bµ �=� 7 ? u�qwvx8j�]: �¢� � �"� for all
�¦? � � )

It is not hardto seethat
� µ

is a subgroupof uzqTvx8j�{: , called the group of base
automorphismsof � , andthat 7 ? � µ if andonly if 7 commuteswith every atom
of � . If

� � � ���
, we alsowrite

� µ
isnsteadof

� ��� µ
.

An integral � Mt�@�B� 8j�{: is calledc–permutational, if
� µ

is transitive. A relation
algebrais permutational, if it is isomorphicto ac–permutationalone.

Conversely, if y is asubgroupof uzqwvx8j�]: and 9g��q ? � , we set

y'8�9g��qh: �=� 7 � 9l��q �_� 7 ? y � �
andlet y·¶ betheBRA on � generatedby

� y'8�9g��qh: � 9g��q ? � � . Observe thatthe
sets y'8�9l��q\: arejust theorbitsof theactionof y on

p
� , andhencea partitionofp

� . Indeed,each y'8�9l��q\: is anatomof y·¶ , andevery atomof y·¶ hasthis form.
The assignmentş and ¹ form a Galoisconnection,and � Mº�@�B� 8j�{: is called
Galoisclosedif � µ ¶ � � ; similarly, » M uzqwvx8j�]: is Galoisclosedif » ¶ µ � »
(see[Jón84])

Lemma 2.3.3. Let � havetheintegral constituents
� � � 	��^O .

(1) If d ? �b� 8���: and % ¤ >¢
 ¥_8�9;:*% �º. for some9 ? � , then % ¤ >w
 ¥_8�9;:*% �º.
for all 9 ?  ¢¡ vx8$d£: .

(2) Each � � is a fixedblock of
� µ

. If C is a union of constituentsets,̈ is
the relativesubalgebra of � with respectto

p
C , and 7 ? � µ , then the

restriction i of ¼ to C is a baseautomorphismof ¨ .
(3) Supposethat

	 �­¬ �^O ��%&� � % M^½ �_%&� � % � %&� ® %¾��%&� ® % is nota multipleof %&� � % ,
andthatevery

�¦? �b� 8�� ® : is regular. Then, � �¯® ? ��� 8���: .
(4) Supposethat

OÀ¿[.
, C � �ÂÁÃ� � for some

	Ä�ÅO
, and let ¨ be the

relativesubalgebra of � with respectto

p
C . If 7 ? � µ� and i ? ¨ µ , then7@�-i ? � µ , if � �¯® ? ��� 8���: for all ¬«Æ�Ç	 .

Proof. 1. Supposethat ¤ >w
 ¥_8�9;: �=��>È� , andassumethat % ¤ >w
 ¥�8�q\:*%�É � for someq ? � . Let 7�8�9<: betheformula

8c6Tq\:X8on3�w:XÊ 93d{q�4Ë8�9ed]��ÌÅq � �w:­Íc)
Thetruthset C of 7 in themodel

� ���kd � is thesetof all thoseelementsof
 w¡ vx8$d£:

whose d - rangeconsistsof exactly one element. By our assumptionwe have�@Î~C Î  ¢¡ vx8$d£: , andby 2.3.1therelation
. � �
p
C is anelementof

� d � D � ,
since 7 containsonly threevariables.Thiscontradictsthefactthat d is anatomof� .

2. If
OÏ�Ð.

, then � is integral and � K � � which is clearly a fixed block of� µ
. Otherwise,let

OÑ¿Ò.
andassumethereare 9 ? � � �
q ? � ® � 	 Æ� ¬ , andsome
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7 ? � µ suchthat 7�8�9<: � q . Then,
� 9g��9 �Ä? § � , but

� 9l��9 � Æ? 7Ó�]§ � ��7 � a ,
contradictingthat 7 is abaseautomorphismof � .

For thesecondpart,first notethat i ? uzqTvx8UCQ: , since C is a fixedblock of
� µ

.
If
�¦? ¨ , thenalso

�¦? �
and
�·ÔÕ�"� � ��� .

3. Assumethat for some
	 Æ� ¬ thereis some d ? �b� 8���: suchthat dÖÎE� �¯® ,

andset � � � �¯® Ásd . Let q ? � ® ; if thereis exactly one 9 ? � � with 93d{q , thend � a is a functionby the fact that it is anatomand1. above. Thus,the d -ranges
of elementsof � � partition � ® , andfrom theconditionon

� ®
and2.3.2it follows

thattheclassesof thispartitionhave thesamenumberof elements.This,however,
contradictsthat %&� ® % is notamultiple of %&� � % . Therefore,eachq ? � ® appearsin at
leasttwo rows of d , andthesameargumentsapplyto � . Hence,for eachq ? � ®
we have

� M %  w¡ v�¥s8�qh:*% M %&� � % , � , whichcontradicts%&� � % M^½ .
4. Supposethat d ? �b� 8���: , andset× � 7���i . Weneedto show that ×h�wd � dØ�¢× .
If d ? ¨ , then ×��_d � iÑ�_d � dÏ��i � dÏ��×�)
Similarily, if d ? � � , then

×��_d � 7@�_d � dÏ�s7 � dÏ�_×T)
Otherwise,let d � � �±® for some¬�Æ�"	 . Then,

×���d � 7@�_d � dÏ��i � dÏ��× �
Justobserve that ¤ >w
\Ù 8�9;: � � ® for all 9 ? � � , since � �¯® is an atom, and thati·Ê¾� ® Í � � ® by 2. above. Ú
2.4. Cylindric algebras. Relationalgebrasarealgebrasof binaryrelations,while
cylindric algebrasarealgebrasof relationsof higherrank. A cylindric algebra of
dimension1 , where 1 is a non zeroordinal, is a Booleanalgebra� with unary
additive operations� � anddistinguishedelements

  �±®
for
	 �­¬ � 1 , suchthatfor all	 �­¬Û� O�� 1 and 9 ? � thefollowing conditionshold:

(1) The � � ’sarecomplementedclosureoperationscommutingwith eachother,
i.e.
(a) 9 M � � 9 � � � � � 9
(b) � � , � � 9 �Â, � � 9
(c) � � � ® 9 � � ® � � 9

(2) Theconstants
  �¯®

satisfythefollowing:
(a)
  �±® �   ® S M   � S �   �¯® �   ®k� �   �Ü� �Â.

(b) � �   �¯® �¦. ��� S   �±® �   �¯® if
O Æ�"	 �­¬

(c) 8$� � 9;:z�   �¯® � 9 if 9 M   �¯® � 	 Æ� ¬ .
Notethat2.cexpressesthat � � is discreteor theidentitywhenrelativizedto

  �¯® � 	 Æ�¬ . The (equational)classof all cylindric algebrasof dimension1 is denotedbyÝ � 2 . With someabuseof notationwe alsodenotetheelementsof
Ý � 2 by their

class,sothatwecanspeakof analgebra� beinga
Ý � 2 .

A
Ý � 2 � is calledlocally finite if

��	�� 1 � � � 9ÞÆ� 9 � is finite for all 9 ? � . The
locally finite

Ý � 2 s play a crucial role in thealgebraizationof first orderlogic in
[HMT71], [HMT85].

For a nonzeroordinal



we let
�]��� H38j�{: denotethe setof all



–ary relationson� . If ß ? H � , we think of ß as

� ß K �*)*)*)���ß � �*)*)*) �j� r H . The Booleanoperationsare
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just the set theoreticones. The cylindrifications � � canbe interpretedasmaking
the information in column

	
irrelevant, since,after applying � � , this columnwill

containall information.Theconstants
  �¯®

denotetheidentity relations.Thus,if
�

is an



–aryrelationon � and
	 �­¬ �N
 then

� � �t�Q� � ß K �*)�)�)���ß � � a ��àl��ß ��á a �*)�)�) ��� ß ?�� �gà ? � � � and  �¯® �=� ß ? � H � ß � � ß ® � )�@�B� H<8j�{: will denotethefull algebraof



–aryrelationson � with theabove oper-
ations.By a cylindric setalgebraof dimension



– a
Ý ß�H – on thebaseset � we

meanasubalgebraof
�@�B� H<8j�{: , and â Ý ß�H denotestheclassof all algebrasisomor-

phic to some
Ý ß H . A cylindric algebrais calledrepresentableif it is isomorphicto

asubdirectproductof cylindric setalgebras.

A binaryrelation
� D"� ° � canalwaysbeconsideredasan



–aryrelationon � ,
 É � , in anaturalway: The



–aryversion

�
of
�

canbedefinedas�t�Q� ß ? � H � � ß K ��ß a ��?����
(roughly,

�t�"� ° H �
p
� ). Usingthis idea,every

Ý � H�� with

 É ½ hasa relation

algebraic reduct
�@ã � definedasfollows: For all

	 �­¬ �N
 � 	 Æ� ¬ define

ß �® 9 � � � 8   �¯® �*9;:B�
and,usingthisnotation,for all 9g��q ? � we let

9'��q VXWUY� � p 8Uß Kp 9Ø��ß ap qh:B�
9ä� a VXWUY� ß

pK ß K a ß ap 9l�. � VXWUY�   K a ��{> � VXWUY� � 9 ? � � � � 9 � 9 for all
� MN	��N
�� )

It canbecheckedthat
�{> � is alwaysclosedundertheBooleanoperationsaswell

asundertheoperationsdefinedabove. Now
�@ã � is thealgebra

�@ã � VXWUY� � �{> �]�B���*��� , �*å*��æl� ( � . � . � � )
In cylindric setalgebras,theoperations�w� � a � . � meanrelationcomposition,inverse
andidentityamongthebinaryelementsof thealgebra.

Wecall a
Ý � H�� integral if

�@ã � is integral; this is equivalentto sayingthatthere
arenoproperone–dimensionalelementsin � , i.e. that

8one9 ? � :XÊ�8on 	 � (Ø�N	I�N
 :ç� � 9 � 9Õè©8�9 �"( ¡ ¤ 9 �Â. :­Íc)
Thegroup

� à � K 8���: of a
Ý ß�H{� with base� is thesetof all permutations7 of �

suchthatfor all
�¦? �

�t�=� � 7�8Uß K :B�*)*)*)��B7�8Uß � :B�*)*)*) ��� ß ?���� )
� is calledc–permutationalif

� à � K 8���: is transitive, anda
Ý � H is calledpermu-

tational if it is isomorphicto ac–permutationalone.
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3. INTEGRAL AND PERMUTATIONAL ALGEBRAS

It was asked in [McK66], whetherevery integral RA was permutational. This
questionwassolvedin [ADN92] whereit wasshown thatthereis anintegral repre-
sentableRA withoutapermutationalrepresentation.If we think of a representable
simpleRA asan encodingof how the elementsof � mustbehave asrelationsin
any representation,thena non– permutationalrepresentableRA hasa nontransi-
tivegroupof baseautomorphismsin any of its representations.Thus,thestructure
of � sayssomethingaboutall representationsof � , a somewhatsurprisingfact if
oneconsiderstherelationshipbetweenrelationalgebrasand ��é . We notein pass-
ing that for � MÂ�@�B� 8j�{: with U finite, the property � is c - permutationalis

`baa
expressiblewith thefirst orderparthaving just

½
variables:If theatomsof � are� K �*)*)*)�� � S � a , then � is c–permutationalif andonly if satisfies

8one9;:X8on3qh:X8c6�d�:XÊ d is apermutation 4´êë8$d"� � � �"� � �_d·Íc)
Thefirst orderpartcanbewrittenwith threevariables,andthequantifiedpredicate
canbemovedto thefront (with its rankincreased),sothattheresultingsentenceis`baa expressible.It is not known whetherbeingnot permutationalcanbeexpressed
by a
` aa sentence.

In this sectionwe will explain the logical backgroundof thesephenomena.We
shallseethat thedifferencebetweenthenotionsintegral andpermutationallies in
thedifferentexpressive powersof theunderlyinglanguages.

Let � be any first–orderlanguage,�
ì be thesetof � –formulaswith exactly one
freevariable,and í � � Ct� ��� be a modelof � . Here,

�
standsfor a sequence

of relationsof appropriatetypes. If
>"? C , then

� í¦� >�� denotesthe model í
expandedwith aconstantsymbolwhichdenotes

>
.

Wesaythat í is first–order integral, if nopropersubsetof C is first–orderdefin-
ablein themodel í , i.e. for all 7 ? �
ì , theset��>@? C � í % � 7�Ê > Í �
is eitheremptyor equalto C . We call (thefirst ordermodel) í c–permutational
if thegroupof all automorphismsof í is transitive, i.e. if for all

> ��� ? C there
is an automorphism¹ of í with ¹
8 > : � � . We notethat this terminologyis in
harmony with our previousone:In [HMT85] 4.3.4,to any model í a î3ï ? Ý ß �
is associated,namely, î3ï is a

Ý ß � with baseC andwith universe
�
def 7 � 7 ?� � . It is easyto checkthat í is first order– integral iff î;ï is integral and í is

c–permutationaliff î3ï is c–permutational.Wealsonotethatin universalalgebra,
sometimesthetermhomogeneousis usedinsteadof c–permutational.

Our first resultshows thatwithin theclassof locally finite
Ý ß � s, integral andper-

mutationalcoincide.As apreparation,weshallprove amodeltheoreticlemma:

Lemma 3.1. Let � bea first order language and í � � C~� �£� bea modelof � .
then,thefollowingstatementsareequivalent:

(1) í is first order integral.
(2) 8on<7 ? � ì :jí % � 8c6T9;:�7Ëè©8on39;:�7 .
(3) 8on > ��� ? CQ: � í¦� >h�Ið � í¦��� � .
(4) í hasa c–permutationalelementaryextension.
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Proof. Theequivalences
. )¢ñ � )¢ñ ½ ) andtheimplication òh)Tè . ) areobvious.

For the rest, supposethat í is countableand first order–integral. By [CK71]
3.2.8, í hasa countablyhomogeneouselementaryextension í � , which is first
order–integral by 2. Then í � is c–permutationalby 3. andby [CK71] 3.2.9.(i).
To eliminatethe countabilityrestriction,let m be a new fourary relationsymbol.
Let ó{8$m{: be the setof sentencesexpressingthat, for any 9l��q , if we fix 9 and q ,
then m�8�9g��qe��àg� J : is an automorphismtaking 9 to q (cf [McK66], p.110.) Now
it is straightforward to checkthat í hasa c–permutationalelementaryextension
iff ô�õg8�í¦� > :çö�÷ùøº�xó{8$m·: is consistent(where ô�õg8�í¦� > :çö�÷ùø denotesthe setof
formulasvalid in 8�í¦� > :çö*÷Lø ). By thecompactnesstheorem,we mayassumethatí is countable. Ú
Proposition 3.2. Everylocally finite

Ý � � is permutational.

Proof. Let î be an integral locally finite
Ý � � . Then î is simple by [HMT71]

2.3.14,andthereforeî"ú� î3ï for somemodel í by [HMT85] 3.2.8and4.3.5.
By 3.1, í is elementarilyequivalentto somec–permutationalí � , andthen î;ï ú�î3ï£û by [HMT85] 4.3.68(7). Since í � is c–permutational,î3ï£û is permutational
andhenceî is permutationalby î ú� î3ï û . Ú
Thefollowing exampleshows thatlocally finitecannotbeomittedfrom 3.2: Let �
be any infinite set, àl� J ? ���_à=Æ� J � �º�º� � àg��àl��àl�*)*)*) ��� , u �º� � J � J � J �*)*)*) ��� ,
andlet � bethesubalgebraof

�@�B� � 8j�{: generatedby
�

and u . Then � is integral
by [HMT85] 3.1.59and[HMT71] 2.1.22.However, � is notpermutational:Let �
beany representationof � , i.e. � MN�@�B� � 8cüÂ: and õ � �ÇÌÖ� is anisomorphism.
Then õl8 � :��xõg8cu
:�D � ��ý � ý � ý �*)*)*) ��� ý ? ü � ��õg8 � :²Æ��( �·õg8cu
:xÆ�þ( , andõg8 � :l�Õõg8cu
: �~( . Let

ý �k� ? ü suchthat
��ý � ý � ý �*)*)*) ��? õl8 � :B� � �h�k�h�k�\�*)*)*) �s?õg8cu
: . Then

ý Æ� � andclearlythereis no 7 ? � à � K 8U��: suchthat 7�8 ý : � � .
Now we turn to relationalgebras.We first give a characterisationof the class ÿ
of permutationalRA’s in termsof cylindric algebras.Roughly, theresultsays,that
a relationalgebrais permutationalif andonly if it canbe extendedto an integral
cylindric algebraof dimension



, for arbitrarylarge



.

Proposition 3.3. Let � bea relationalgebra. Thenthefollowingare equivalent:

((i)) � is permutational.
((ii)) For all

½�M 
²�N!
, �tD �@ã î for someintegral î ? â������ .

((iii)) For all
½�M 
²�N!

, �tD �@ã î for someintegral î ? Ý � H .
((iv)) �tD �@ã î for someintegral î ? Ý � � .

Proof. 8 	 :{è 8 	c	 : � Assume,� is a permutationalrelationalgebra,say, � ú� � �
where� � M/�@��� 8j�{: for some� and� � is c–permutational.Let

½ÃMN
²�N!
, andletî bethesubalgebraof

�@�B� H 8j�{: generatedby
� �¦�Û�¦? � � �

. Then� � is isomorphic
to a subalgebraof

�@ã î . By [HMT85] 3.1.36we have
� à � K 8cîä: � � à � K 8�� � : ,

henceî is permutational,andthusit is integral.

8 	c	 :Iè©8 	c	­	 : � Obvious,since â Ý ß�HØD Ý � H .
8 	c	­	 :�è 8 	 J : � Supposethat �ºD �@ã î3H where î;H is an integral

Ý � H for each½'M 
Ñ� !
. For eachsuch



let î �H beanarbitraryexpansionof î;H suchthat î �H is

analgebrasimilar to
Ý � � ’s. Let � beany nonprincipalultrafilter on � �|��
^�!~�È
 É ½w� andlet î �	� � î �H % 
^? � � A�� betheultraproductof thealgebrasî �H
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with respectto � . Now î ? Ý � � and õ � ��
 �@ã î is an embedding,whereõg8 > : � � > � > � > �*)*)*) � A�� for all
>Þ? �

. We will show that thesubalgebraî � of î
generatedby therangeof õ is integral. This will imply that �ÀD �@ã î � � for some
integral î � � ? Ý � � .
Thus,let 9 ? Ý � bearbitrary. Then 9 �
� 8Uõg8 > a :B�*)�)�)���õl8 > S :�: for some

Ý � � –term�
and for some

> a �*)�)�)�� > S ? � . Let v É ½ be an upperboundof the indices
occurringin

�
. Then

�
is a
Ý � H –termfor all


 Étv and 9 � � 9 H �e
Ç? � � A��
where9eH ������� 8 > a �*)�)�)�� > S : for all


 ÉNv .

Assume9 � � � 9 in î � for all
(��^	_� !

, i.e. that 9 is anat mostone–dimensional
elementof î � . Then,thereis somev a ÉÂvË��v a ? � , suchthat 9ÈH � � � 9ÈH inî �H for all


 ÉQv a andall
(Ë�Q	�M v . Let


 ÉQv a ; then, 9ÈH � � � 9ÈH in î �H for
all
(«�=	{�Q


: This follows from the factsthat for v �Q	{�=
 , 	 doesnot occur
in
�

by our choiceof v , andthat � � > ® �Â> ® for all
.ÃM ¬ MtO . The integrality ofî H now implies that 9 H ?"��( � .+� . Sincethis is true for all


 É¦v a – hence,for
cofinitelymany elementsof � – wehave 9 ?Ñ��( � .+� . Thus î � is integral.

8 	 J :]è 8 	 : � Assume�ºD �@ã î for someintegral î ? Ý � � , andlet î � be the
subalgebraof î generatedby

�
. Then, î � is an integral locally finite

Ý � � , thusî � is permutationalby 3.2. This easily implies that
�@ã î � is permutational,and

therefore�tD �@ã î � is permutational. Ú
Any � M=�@�B� 8j�{: canbeconsidereda first ordermodel íÒ8���: , namely íÒ8���: �� ��� >�� ö�÷�� . Theuniverseof this model íÒ8���: is � andall the relationsof íÒ8���:
arebinary. From 2.3.1we know that what we canexpressby RA–termsin � is
the sameaswhat we canexpressin íÒ8���: by first–orderformulasusingonly 3
variables.Fromthis weobtain

(1) � is integral iff no propernonemptysubsetof � canbe definedover the
model íÒ8���: by formulasusingonly 3 variables.

(2) � is c–permutationaliff íÒ8���: is c–permutational.

It is easyto seethat for an integral � MÀ�@�B� 8j�]: , íÒ8���: is not necessarilyfirst–
orderintegral (see[ADN95]): Let u �

p��
�
p
8��£Á � : . u is thedisjoint unionof a

K é anda K � , andit generatesanintegral relationalgebra� M"�@��� 8��h: with atomsuz� ôb� . � andthefollowing relative compositiontable:

� u ôu , ô ôô ô , ô
By theintegrality of � , no propernonemptysubsetof � canbedefinedwith three
variables,but

�f½ ��òh���T��� � canbedefinedwith four variables.Hence,íÒ8���: is not
first–orderintegral.

We now turn to thelogical backgroundof thedifferencebetweenthenotionsinte-
gral andpermutational. It will turnout thatthisdifferenceis rootedin thefactthat½
–variablelogic is strictly weaker thanfull first orderlogic.

As in [McK66], p. 108, the representationlanguage��� of some � ?ë� � is
definedasfollows: � � is a first–orderlanguagewith equalityandbinary relation
symbols

��� ö �Û>�? � � . ��� � ì is thesetof formulasof ��� with justonefreevariable9 , and � �!� ìS the set of formulasof � �!� ì containingat most
O

distinct variables
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(cf. [HMT85], 4.3). Theset ô�õ�"ù8���: of sentencesof � � which describe� is the
following:

ô�õ#"L8���: � � 8c6T9;6Tq\: � ö¢8�9l��q\: �¢>-? � � > Æ�"(T� �� 8one9hneq\:X8�Ê � ö%$ 8�9l��q\:�&Ö5 � ö 8�9g��qh:­Íe4Ê � ö á(' 8�9l��q\:�&©8 � öw8�9g��qh:*) � ' 8�9g��qh:�:­Íe4Ê � ö�+ ' 8�9l��q\:�& 8c6��T:X8 � öT8�9l�k�w:g4 � ' 8$�h��qh:�:­Íe4Ê � ö-, 8�9l��q\:�& � öw8�q3��9;:­Íe4Ê � a û 8�9l��q\:�& 9 � q¢Í�: �Û> ��� ? � � )
If � is simple,thereis aone–onecorrespondencebetweenrepresentationsof � and
modelsof ô�õ�"ù8���: : Supposethat � M �@�B� 8j�{: and . � �"ÌÖ� is anisomorphism.
Define í � íÒ8U�Ä��.ä: � � ����.#8 > : � ö�÷�� , i.e. in í therelationsymbol

� ö denotes.#8 > :²D[� ° � for all
>À? �

. Then í is a model of the language� � , andí % � ô�õ#"L8���: .
Conversely, if / � � �«� �10ö � ö�÷�� is any model of ��� with / % � ô�õ�"ù8���: , the
function . definedby .#8 > : �Q�10ö for all

>�? �
definesa representationof � , i.e.. is anisomorphismfrom � ontoa BRA over � . In particular, � is representable

iff ô·õ " 8���: is consistent.

Proposition 3.4. Let � bea simpleandrepresentablerelationalgebra. Then,

(1) � is integral iff 8on<7 ? � �!� ìé :­ô�õ#"L8���:s% � 8c6T9<:�7ËÌ©8one9<:�7 .
(2) � is permutational iff ô�õ " 8��²� � 8c6T9<:�7²Ì©8one9<:�7 � 7 ? � �!� ì � is con-

sistent.

Proof. 1. We have seenthat thereis a one–onecorrespondencebetweenrepre-
sentationsof � andbetweenmodelsof ô�õ#"L8���: . It is provedin [TG87] 3.9andin
[HMT85] 5.3.12,that in this correspondence,relationalgebraictermscorrespond
exactly to formulasusingthreevariablestwo of which arefree. More precisely,
supposethat � MN�@��� 8j�{: andthat í � 8j��� > :çö*÷2� . Then

(1) For all RA–terms
�

thereis some7 ?43 � é with at mosttwo freevariables
suchthat

865\: � � �=� 8�àl� J : ? � ° � � í % � 7�8�àg� J : � )
(2) Conversely, for all 7 ?	3 � é with at most two free variablesthereis an

RA–term
�

suchthat(5 ) holds.

Now � is integral iff for all RA–terms
�

we have
� � .Ã?/��( � .+� by 2.3.2(3). By

1. and2. above this thenholdsiff í Æ% � 8c6T9;7«4Ä6�9;5
7�: for all 7 ?73 �!� ìé , i.e. ifí % � 6T9;7ÑÌ�ne9<7 for all 7 ?83 �!� ìé . By í % � ô�õ�"ù8���: we aredone.

2. ” è ": Supposethat � is permutational,� is c–permutationalandisomorphic

to � , andthat í VXWUY� íÒ8U��: . Then í % � ô�õ�"ù8���: , andevery ¹ ? � à � K 8U��: is an
automorphismof í . Assumethat àg� J ? � with í % � 7�8�à<: and í % � 5
7�8 J : .
Since � is c–permutational,thereis some ¹ ? � à � K 8U��: suchthat ¹
8�à<: � J .
Therefore,í % � 7�8�à<: implies í % � 7�8$¹
8�à<:�: , since ¹ is anautomorphismof í ,
acontradiction.Hence,í % � 8c6T9;:�7ËÌ 8one9;:�7 for all 7 ? � aswell

" 9 ": Let í � � ��� � ïö � ö�÷�� beamodelof

ô·õ " 8���:ä� � 8c6T9<:�7ËÌ©8one9;:�7 � 7 ? � �!� ìé � )
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Thenno propernonemptysubsetof í is first–orderdefinable,andhencewe may
assumeby Lemma3.1 that í is c–permutational.But then

��� ïö �Û>@? � ��� is a
c–permutationalrepresentationof � , whichshows that � is permutational. Ú
We seefrom this result that being permutationalis a generalfirst property foríÒ8���: . In thelanguageof relationalgebras,beingnotpermutationalis notgeneral
first order:In [ADN92] wehaveconstructedaninfinite family of nonpermutational
finitely representablerelationalgebrasanultraproductof which is permutational.

We can statethe analogoustheoremfor algebrasof



–ary relations. If � ?Ý � He� 
|�R! , then the representationlanguage
3 � of � hasan



–ary relation

symbol
� ö for all

>-? �
, and ô�õ#"L8���: is definedas

ô�õ " 8���: � � 8c6 9ä: � ö 8 9;: �Û>-? � � > Æ�"(T� �� 8on 9ä:X8�Ê � ö�$ 8 9ä::&Ð5 � ö¢8 9<:­Í\4Ê � ö á(' 8 9ä::& 8 � öw8 9<:;) � ' 8 9;:�:­Íe4Ê �1<>= ö¢8 9ä::&©8c6T9 � :X8 � ö�8 9;:�:­Íe4Ê �1? = @ 8 9;:�&Å9 � � 9 ® Í�: �Û> ��� ? � � 	 �­¬ �N
�� )
Clearly, a simple � ? Ý � H is representableiff ô�õ " 8���: is consistent,andthereis
aone–onecorrespondencebetweenrepresentationsof � andmodelsof ô�õ�"ù8���: .
Proposition 3.5. Let

½�M=
Ï�~!
andlet � ? Ý � H besimpleandrepresentable.

Then,

(1) � is integral iff 8on<7 ? � �!� ìé :­ô�õ#"L8���:s% � 8c6T9<:�7ËÌ©8one9<:�7 .
(2) � is permutational iff ô�õ�"ù8��²� � 8c6T9<:�7²Ì©8one9<:�7 � 7 ? � �!� ì � is con-

sistent.

Sincethe proof of 3.5 is completelyanalogousto that of 3.4 we leave it to the
reader. Similar theoremscanbestatedfor variousalgebraizationsof logic, e.g.for
polyadicalgebras.

3.4hasthefollowing consequencefor BRAs:

Corollary 3.6. (1) For BRAs,theproperty”integral” is expressiblebya �Ié���$�
formula.

(2) For BRAs,the property ”c–permutational” is not expressibleby a �#����$�
formula.

Proof. 1. Let � beaBRA, andenumerateall formulasof � � � ìé by
� 7äH �Û
²�N!_� .

then,by 3.4,

� is integral iff íÒ8���:b% � êH r � Ê�8c6T9;:�7lHÃÌ©8one9<:�7äHwÍÛ)
2. Weshallshow thatfor each


Ë�N!
thereareBRAs � and � suchthat

(1) � is c–permutational,
(2) � is not c–permutational,
(3) íÒ8���: and íÒ8U��: satisfythesame� H� � � sentences.

Let

(1) %&�'% � � 8 
 � . :B� � D � ° � be a disjoint union of two K H á a s, and� � � ��� ,
(2) %BA�% � � 
 � . ��u~DCA ° A bea disjoint unionof a DÃH anda K H á a , and� � � u � .
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Then, � is permutational,while � is not. To show 3., we first observe that it
sufficesto considerthestructures

� ��� �¦¿ and
� A
�Bu ¿ , since� and � areone

- generatedby
�

, resp. u . Now we play the



–pebblegameof [KV92] 2.14.First
notethata K H anda K H á a cannotbedistinguishedin � H�T�U� : Partial isomorphisms
betweenthesestructuresdependonly on thenumberof pebblesplayed.Sincethis
numberis nevergreaterthan



, theduplicatorcanatany stagematchamovemade

by thespoiler. Now, theduplicatorfixesacorrespondencebetweenthecomponents
of
�

andthecomponentsof u , andmatchesany move madeby thespoilerby the
correspondingcomponentin the other structure. Sincethe duplicatorwins the
gameon thecomponents,thespoilercannever win a roundof thegame. Ú

4. RIGID RELATION ALGEBRAS

In theprevioussectionwe have exploredpermutationalalgebras,i.e. thosewith a
representationhaving atransitive groupof baseautomorphisms.Wehaveseenthat� MN�@��� 8j�{: is c - permutationalif nopropernonemptysubsetof � is definableiníÒ8���: . At theotherendof thespectrumaretherigid algebras:Let � M��@��� 8j�{: .� is calledc - rigid if � µ ��. � , i.e. if � hasno properbaseautomorphisms.A
representable� is calledrigid if it hasa c - rigid representation.Finally, we call�¦?��]��� 8j�{: rigid if theonly permutationof � whichpreserves

�
is theidentity.

Throughoutthis sectionwe will supposethat � is a finite set, and that all RAs
mentionedarefinitely representable,i.e. for eachsuch� thereis afinite set � and
some� MN�@��� 8j�{: suchthat � ú� � .

Proposition 4.1. (1) � M/�@�B� 8j�{: is c–rigid if andonly if � µ ¶ �Ç�@�B� 8j�{: .
(2) If � is a maximalpropersubalgebra of

�@�B� 8j�{: , then � is eitherc–rigid or
Galoisclosed.

Proof. 1. " è ": Since� is c–rigid, � µ �=�¢. � � , andit follows that � µ ¶ �Ç�@��� 8j�{: .
" 9 ": Supposethat � is not c–rigid. Then,therearesome7 ? � µ and

> ��� ? �
suchthat

> Æ� � and 7�8 > : � � . Theatom � µ 8 > � > : of � µ ¶ contains
� > � >h� aswell

as
� �f��� � . On theotherhand,every atomof

�@�B� 8j�]: containsonly oneelement,and
thus � µ ¶-Î �]��� 8j�]: .
2. If � is notGaloisclosed,then � is apropersubalgebraof � µ ¶ . Themaximality
of � impliesthat � µ ¶ �"�]��� 8j�]: , andthus � is c–rigidby 1. Ú
Thefollowing wasshown in [ADN95]:

Proposition 4.2. Let � M �@��� 8j�{: and ERD�� benonempty. Then,E is definable
in íÒ8���: if andonly if E is a unionof orbits of � µ .
Corollary 4.3. � M/�@�B� 8j�]: is c–rigid if andonly if everysubset(andhenceevery
relation)of � is definablein íÒ8���: .
Proof. If � is c–rigid, theneachsingleton

��>\�
is an orbit of � µ . Conversely, if

every subsetof � is definable,thentheorbitsof � µ arethesingletons
��>È�

,
>-? � ,

andit follows that � µ �=�¢. � � . Ú
More concretely,

Lemma 4.4. Supposethat � �´��( �*)*)*)�� 
�,^.+� , and that
�

is a rigid relationon� . Then,for every
O²? � , there existsa prenex existentialformulawhich definesO

in themodel
� ��� ��� .
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Proof. For all
	 �­¬ �N
 let

7 �±® VXWUY�GF J � � J ® � if
� 	 �­¬ �s?�� �5 J � � J ® � otherwise.

Furthermore,let i �±® betheformula J � Æ� J ® . For each
O@� 


letH S � 8c6 J K :e)*)*)+8c6 J S � a :X8c6 J S á a :e)*)*)+8c6 J H � a :JIK ê� � ® r H 7 �¯® 4 ê� r ® r H i �¯®�LM )
Clearly,

O ?
def H S . Assume that v ?

def H S , where v Æ� O
. Let9 K �*)*)*)f��9 S � a ��9 S á a �*)*)*)���9eH � a be the elementsof � whoseexistenceis asserted

by H S , andset 9 S
VXWUY� v . Then,for all

	 �­¬ �N
 , wehave

9 � � 9 ® 9Ãè 	­� ¬Û�
andthe 9 � arepairwisedistinct.Hence,themappingwhichcarries9 � to 	 for each	���


is a baseautomorphismof
�

taking
O

to v . Since
O Æ� v , this contradicts

therigidity of
�

. Ú
4.2 implies that � Mt�@�B� 8j�{: is c–rigid iff thereis some

OË�t!
suchthat theCsS

with base� generatedby thecanonicalembeddingof � into
�@��� S 8j�]: is the fullO

–dimensionalcylindric algebrawith base� .

Theformulagivenin 4.4uses%&�Ã% variables,andonewonderswhetherthis canbe
reduced.Let uscall

�Ò?��]��� 8j�{: (resp. � M �@�B� 8j�]: ) k–rigid if every subsetof �
is thedefinableover

� ��� ��� (resp. íÒ8���: ) by a first orderformulawith at most
O

variables.

B. Jónssonhasraisedthe questionwhetherevery rigid relation on � generates�@�B� 8j�]: , in otherwords,whetherevery rigid relationis 3–rigid. We observe thata
positive answerwould imply that the propertyrigid is in the complexity classP:

For agiven
�

, find theatomsof � VXWUY�Ó� �À¿ in at most NØ8 
PO : steps,andthentest
in at most


 p
stepswhether

� > � >h��? �b� 8���: for every
>-? � .

The problem was solved by Andréka and Maddux (and independentlyby R.
McKenzie)who exhibited a symmetricrigid relation on a set with

.L.
elements

which generatesan integral BRA with threeatoms.Herewe give sucha relation
on theset � �=��( �*)*)*)+��Q � :( Ì ò1�1RSQÖ� . Ì � �1RTQ� Ì .�½ òJRTUT� ½ Ì � òV�W�SUò Ì ( � ½ �WQT�X� Ì (·½ òVR� Ì .�½ U1QÖ�YR Ì (�. � �U Ì � ½ �1QÖ�XQ Ì (�. ò1�SU
Thelogical backgroundof Jónsson’s questionis bestexplainedby usingthefinite
variablefragmentof � ���$� :
Proposition 4.5. (1) Theproperty” � is k–rigid” is expressibleby a formula

of ��S����� .
(2) Theproperty” � is rigid” is notexpressibleby a formulaof � �� � � .
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Proof. 1. Let
� 7lH �¢
²�N!_� be the setof all first order formulasof � � with

O
variables,exactlyoneof which is free.Then, íÒ8���: is

O
–rigid if andonly if

8one9<:X8oneqh:1Zj9ÞÆ� q'è [\H2] K 8c7lH<8�9;:ä4Õ5
7lH;8�qh:_^')
2. This wasshown in [BH79], seealso[Com88] for an explanationof the tech-
nique;below, we shallgiveamoredirectproof. Ú
Theprevious result implies that for arbitrarily large

O/�Â!
thereis a c–rigid RA

whichis not
O
–rigid. Theoriginalproofof this is probabilistic,usingthecountable

randomgraph.In [BH79] it is statedthatAmoretechnicalproblemis to findgraphs
that satisfymanyof our axioms. Theaxiomsmentionedaretheextensionaxiomsô;H , which roughlystatethatfor a binaryrelation

�
, themodel

� ��� ��� satisfiesô;H
if f for any

� 

pointsof � thereis some� ? � connectedto thefirst



verticesbut

not to theother



. Weshallnow exhibit for each

²?Õ!

a rigid symmetric(binary)
relation

� H onaset �gH whichsatisfiesall axiomsô � for
	�MN


, andthenproceedto
show thatnot all relationscanbedefinedin themodel

� � H � � H � by formulaswith
n variables.As apreparationwe shallprove two combinatoriallemmas.

Lemma 4.6. For any

 ��v ?Õ! there area finiteset u anda function . � H u²Ì[u

such that

((i)) ßa` ��èÅ��Æ`Ïß for all ß¢�k� ? u .

((ii))
% Ý 8$� a :l� Ý 8$� p :*%%±u�% ¿~.s, ab for all � a �k� p ? u .

Here,

ß�` � VXWUY9Ãè 8c6 a �*)*)*)���ß�H ? uI:X8c6 	�MN
 :X8Uß � ß � 48.#8Uß a �*)*)*)���ß�H�: � �w:B�Ý 8$�w: VXWUY� � ß ? u � Neither ßJ` � nor �c`Ïß � )
Proof. Let » beasetwith % »N% ��O@¿N
 �¢8 
 � . : , and

u VXWUY��� � D«��à ��� DÅD »«��% D % �Ç
 � . �zà ? D � )
We define . � H u^Ì u asfollows: Let

� u a ��à a � �*)*)*)�� � u H ��à H �{? u ; choosesome�ÏD » andsome
ý ? » suchthat

(1)
ý Æ? D a �Ä)*)*)ù�dDØH (which existsby our assumptionon thecardinalityof» ),

(2)
� à a �*)*)*)���à H � ý � D � ,

(3) % ��% �Ç
 � . .
Now, set .#8 � D a ��à a � �*)*)*)f� � DÃH3��àÈH � : VXWUY� � ��� ý � )
Supposethat

� D a ��à a � ` � D p ��à p � . Then,thereare
� ô a � J a � �*)*)*)�� � ô3H3� J H ��? u and

some
.{MN	�MN


suchthat
� D a ��à a �
� � ô � � J � � and.#8 � ô a � J a � �*)*)*) � ô;He� J H � : � � �s� ý �� � D p ��à p � �

where

(1)
ý Æ? ô a �Ä)*)*)+�-ô � � a �dD a �-ô � á a �«)*)*)ù�Øô;H ,

(2) �fe � J a �*)*)*)�� J � � a ��à a � J � á a �*)*)*)�� J H3� ý � ,
(3) % ��% �Ç
 � . .
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Thus, à a ? D p , à p Æ? D a , andit follows that (i) holds. We alsonotethat à a ?D a �dD p .
To show (ii) let ß � � D a ��à a � ��� � � D p ��à p � , andset

C VXWUY�P� � D«��à �s� DÅD »ëÁ{8gD a �dD p :B��% D % �"
 � . �zà ? D � )
Let
� � � D«��à �Ø? C ; then, à a Æ? D and àÂÆ? D a , since à ? D«��à a ? D a , andD��hD a � � . It follows that neither ß7` � nor

� `ºß , andhenceC D Ý 8Ußù: ;
similarily, C D Ý 8$�w: .
If � is a setwith % ��% �ji

and ¹
8$��: VXWUY�Å� � D«��à �s� DÅD �s�s% D % �Ç
 � . ��à ? D � ,
then

% ¹
8$�_:*% � i �¢8 i�, . :z�L)*)*)¢�¢8 i�,Ë
 :
:k �¢8 
 � . :B)
Thus,

% Ý 8Uß+:l� Ý 8$�w:*%%±us% ¿ % ¹
8$»ªÁ·8gD a �lD p :�:*%% ¹
8$»Ñ:*%� 8 O', � 
�, � :��L)*)*)Û�w8 O�,x½+
�, � :O �Û)*)*)Û�w8 O�,²
 :
¿ m O�,x½+
�, �O�,²
 n H á a �

which approaches
.

as
O

approachesinfinity. Thus,given v , we canchoose»
largeenoughsothat(ii) will hold for thecorrespondingu . Ú
Lemma 4.7. Let

O � 
x?@! . Therearedisjointsets»«��C anda relation
� D » ° C

such that

(1)
% »/%% DN% ¿^O , and

(2) For all D D~» with % D % �Q
 andall �tDoD there is a p ? C such that
for all à ? D , à � pq9Ãè à ? ��)

Proof. Let v ?Õ! , and » bethesetof all 0-1sequencesof length v . Now, set

C VXWUY�þ� � d��B� ��� dÒDNvË�s% d�% �Ç

p
�
�ÀD ¥ � � �

anddefine
� D » ° C by

ß � � d��B� � VXWUY9Ãè ßsr�d ? ��)
Here, ß8r�d is therestrictionof thefunction ß to d .

Supposethat v ¿À

p
, andlet % D % �|
 �tD �E� ß a �*)*)*)���ß�H � D » , and � DuD .

Sinceall ß � ? D aredifferent, it follows that for all
.ÄM´	 �­¬ M´
 � 	 Æ� ¬ , there

is some vI8 	 �­¬T: ? v suchthat ß � 8wvI8 	 �­¬w:�:�Æ� ß ® 8wvI8 	 �­¬T:�: . Thus,thereis someset� vI8 	 �­¬T: �È.�MN	 �­¬ MN
 � 	 Æ� ¬ � D¦d with % d�% � 

p

and ß � r�d Æ� ß ® rgd for all.]M 	 �­¬ M 
 � 	 Æ� ¬ .
Let � VXWUY��� ß � r�d � ß � ? � � . Then,for all ß ? D ,

ß � � d��B� � 9Ãè ß8r�d ? �x9Ãè ß ? ��)
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Let y VXWUY� % »N%¢8 � � b : . Then, v ��z6{}| p y , and

% C|% � vë�¢8�v ,^. :z�L)*)*)Û�w8�v ,Ë

p , . :�� .8 
 p : k � � p-~ �-��� )

If



is fixed,thenit is easyto seethatfor any positive constant� ,z����
S�� [ m Oz6{}| p O �¢)*)*)Û� z6{}| p 8 O',²
 p ,^. : ��� n �Â. )

Thus,if v increases,% C´% becomesarbitrarily smallrelative to % »N% , sothateventu-

ally we have
% »N%% C|% ¿^O . Ú

Proposition 4.8. For any

x?Õ!

there is a symmetricandirreflexiverigid relation
ona finiteset � such that for all DÅD"� with % D % MN
 andfor all »�DfD there is
somep ? � such that for all à ? D ,

à � p�9Ãè à ? »�)
Proof. Fix some


t?^!
, andlet u and . be asin 4.6 with v � ò and %±us%
É�� .

Furthermore,let » � ��C~� � � beasin 4.7with
OÃ� òs�+%±us% H � 
 . Then,

� � D » � ° C ,
andwe maysupposethat % » � % � ò{�T%±u�% H � 
 �w% C|% .
Let � V�WcY� u H ° C , and � beasetwith

(1) % �@% �~½ �w% �/% ,
(2) �|�d� � � ,

andset » V�WcY� ����� . Thus,we cansupposethat » � �t
 ° » , andconsequently� � Dt8 
 ° »Ë: ° C .

Choosetwo relations�¦D
p
8cu ° �':B�
� � D p � suchthat

(1) � and � � aresymmetric,irreflexive,andrigid,
(2) Thedegreeof every point in � or � � is atmost � .

Let ¹ � u ° u²ÌÖu ° � beaone–onefunctionwith thepropertythat

¹
8Uß¢�k�w: K ? Ý 8Uß+:<� Ý 8$�w:
for all ßÛ�k� ? u . Sucha ¹ exists,since

Ý 8Uß+: and
Ý 8$�w: arebig by Lemma4.6.

Now, set � V�WcY� u ° » , anddefine
� Dt� ° � asfollows: Let

� ß¢��à � � � �h� J ��? � .
Then,wesaythat

� ßÛ��à � � � �h� J � if andonly if oneof thefollowing conditionsholds:

(a) ß�` �h� J � � ß K �*)*)*)f��ß�H � a ��v �'? ���T.#8Uß K �*)*)*)f��ß�H � a : � � , andthereis
exactlyone

	��N

suchthat ß � ß � and

� 	 ��à ��� � v ,
(b) �7`|ß¢��à � � � K �*)*)*)��k��H � a ��v �Ø? �«�T.#8$� K �*)*)*)��k��H � a : � ß , andthereis

exactlyone
	��N


suchthat � � � � and
� 	 � J �k� � v ,

(c) ß � �\�zàg� J ? ���zà;� � J ,
(d) ß ? Ý 8$�w:B�
ßØÆ� � , and

(i) à ? ��� J ? �I� � �h� J � Æ? ¤ >w
 ¶ 8Ußù: , or
(ii) à ? �I� J ? ��� � ß¢��à � Æ? ¤ >¢
 ¶ 8$�T: .

(e) J ? � and
� ß¢��à � � � �h� J � .

From theseconditionswe immediatelyseethat
�

is symmetricand irreflexive.
Also,
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Claim: For all A D"� with %BA�% �Ç
 , andfor all A � D�A thereis someà ? � such
thatfor all J ? A , J � àq9Ãè J ? A � )
Proofof theclaim: EnumerateA by

� ß K ��à K � �*)*)*)�� � ß H � a ��à H � a � , andchoosesomeA � DjA . Let
� ß K �*)*)*)���ß�H � a � D � � K �*)*)*)��k��H � a � DÂu with % � � K �*)*)*)��k��H � a � % �¦
 ,

and .#8Uß K �*)*)*)���ß�H � a : � � . For each¬ �Ò
 fix some �l8�¬w: ? � with ß ® � ����� ®-� .
Set D VXWUY�þ� � �ä8�¬w:B��à ® �_� ¬ �N
�� �PD � VXWUY�P� � �l8�¬w:B��à ® ��� ¬ �N
 � � ß ® ��à ® ��? A � � . Then,% D % �Ç
 and D � D�DÅD 
 ° » .

Choosesome v ? C suchthat 9 � � v if f 9 ? D � for all 9 ? D , andlet � VXWUY�� � K �*)*)*)��k��H � a ��v � andp V�WcY� � �h��� � . Then, � ? � , and ß ® ` � for each¬ � 
 .
By theconditionsof Lemma4.6we have �ÑÆ`Çß ® , if ß ® Æ� � . Thus,

� ß ® ��à ®+� � � �h��� �
if f a. above holds.

Now, �ä8�¬T: is theuniqueindex with ß ® � � ��� ®-� , andtherefore,� ß ® ��à ® �ç� � �h��� � 9Øè � �ä8�¬w:B��à ® �ç� � v 9Ãè � ß ® ��à ® �_? A �
by thepropertiesof v . Thisprovestheclaim.

Wenext show that
�

is rigid. Let � beabaseautomorphismof
�

, andchoosesome> VXWUY� � ß¢��à ��? � . Supposethat à ? � ; then,by d. above,¤ >w
*� 8 > :tet8 Ý 8Uß+: ° ��:<Á � ¹
8 > ���*: � � ? u � �
andtherefore

% ¤ >w
*� 8 > :*%�É=% Ý 8Ußù:*%³�U% ��% , %±us%�É ½ò �$%±us%�� ½ �U% �/% , %±us% � Qò �$%±us%��$% �/% , %±u�% ¿ � �$%±us%��$% �/%¾)
Thelastinequalityfollows from %±us% ¿ � and � � u H ° C , sothat.

ò ��%±us%+�w% �/% ¿ .ò �w%±us%+�w%±u�% H ¿ %±u�%¾)
If à ? � , then ¤ >¢
*� 8 > :_D=8cu ° �Ñ:<�l� , where % �-% M � , by a. – e. above. Hence,

% ¤ >w
*� 8 > :*% M %±us%+�w% �N%���� � � �w%±us%+�w% �N%¾)
This impliesthat ¤ >¢
 8���rz8cu ° �Ñ:�: � u ° � , and ¤ >¢
 8���r�8cu ° ��:�: � u ° � .
Since � is rigid, e. impliesthat �7r<8cu ° ��:�D 	  �� .

Let
� ß¢��à � � � �h� J ��? ���;àl� J ? ���äßØÆ� � , andset

ý V�WcY� ¹
8Uß¢�k�w: . Then,
ý Æ? ¤ >w
 ¶ 8$�w: ,

andthus
��� ß¢��à � � ý � Æ?«� , but

� �h��à ��� ý . Since�38 ý : � ý by
ý ? u ° � , we have¤ >w
;� 8 � ß � ° �Ë: �=� ß � ° � for all ß ? u .

Let ß ? u and � � � � Ì � suchthat �38UßÛ��à<: � � ß¢��� � 8�à;: � . Then, � � is a base
automorphismof � � by c.,andtherefore� �Ï	  �� , since � � is rigid. It follows that��r;8cu ° �Ñ:_D 	   � aswell, andhence,

�
is rigid. Ú

Corollary 4.9. Supposethat
�

is as in 4.8. The, the relationsdefinablefrom
�

with n+1 variablesare exactlytheunionsof relationsof theform� ß ? H á a � � 7 �¯® 8Uß � ��ß ® :B� 	�� ¬ �N
 � .+� �
where 7�8�9g��qh: is oneof theformulas

9 � qe�z9ÓÆ� qe�z9 � q3�#5�9 � q3)
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Proof. Usingthepropertiesof
�

, this followsby aneasyeliminationof quantifiers
argument. Ú
By 4.8and4.9,

�
is a rigid relationon afinite set � , with thepropertythatnot all

subsetsof � aredefinableby n+1variables.

For smallsets,theanswerto Jónsson’s questionis positive:

Proposition 4.10. If %&�'% M R , theneveryrigid relationon � generates
�@��� 8j�{: . If%&�Ã% M Q , theneverysymmetricrigid relationon � generates

�@�B� 8j�{: .
Proof. It wasshown in [ADN95] that for %&�'% M � , every subalgebraof

�@�B� 8j�{: is
Galoisclosed.Hence,if

�
is rigid, then� ���I� � ��� µ ¶ �Ç�@�B� 8j�{:

by 4.1. Now, let %&�Ã% � R , and � be a propersubalgebraof
�@�B� 8j�{: ; we shall

show that � is not rigid. First, considerthecasethat � is not integral with intgral
constituents� � � 	²�ÅO . By 2.3.3 (2) and the fact that no propersubalgebraof�@�B� 8j� � :B��%&� � % M � , is rigid, we cansupposethatall constituentsetscontainmore
thanoneelement.In particular, since R is small, if %&� � %
Æ� %&� ® % , then %&� � % is not a
multiple of %&� ® % . Weconsidertwo cases:

1. %&� K % � %&� a % � � ��%&� p % ��½ : Clearly, for
	�?Ñ��( � .+� , any d ? ��� 8���:B�#dÀD"� �$	 ,

andall 9g��q ? � � wehave % ¤ >w
 ¥�8�9<:*% � % ¤ >w
 ¥�8�q\:*% . Thus, � �;° � p and � p ° � � are
atomsof � . Let C � �ÏÁb� p , and � betherelative subalgebraof � with respect
to

p
C . Sincetheintegral constituentsof � havemorethanelement,and % C|% � ò ,� cannotberigid. By 2.3.3,any basehomomorphismof � canbeextendedto � .

It follows that � is not rigid.

2. If
O@� �

, thenit is not hardto seethat � K ° � a is anatomof � . Sinceneither� K nor � a arerigid, � is not rigid, againby 2.3.3.

Now, supposethat � is integral. If � containsa permutation
�

which is not the
identity,

�
mustmoveall points,andall cyclesof

�
musthavethesamecardinality.

SinceR is prime,
�

generatesthecyclic groupof order R , thus � � � ��� is notrigid.

Otherwise, � hastwo, threeor four atoms. If � hastwo atoms,theseare the
identity andthe diversity element,and � is not rigid. If � hasthreeatoms,then
therearetwo possibletypes,noneof which is rigid on R elements,cf. [AM88].
Thus,supposethat � hasthefour atoms

� �Buz� ô , and
. �

. At leastoneof
� �Buz� ô is

symmetric,thus,supposethat
�t�"� � a . Sinceno d ?Ä��� �Buz� ô � is apermutation,

we have % ¤ >w
 ¥_8�9;:*% � � for d ?²��� �Buz� ô � and 9 ? � . If ¤ >¢
*� 8 > : � ¤ >w
*� 8U�*: �� �+�   � for some
> ��� ? ��� > Æ� � , thenit follows from

�þ�E� � a that
�

hasthe
incidencematrix

� ( . � ½ ò � �( ( ( . . ( ( (. ( ( . . ( ( (� . . ( ( ( ( (½ . . ( ( ( ( (
ò ( ( ( ( ( . .� ( ( ( ( . ( .� ( ( ( ( . . (
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It is easyto checkthat
�

generatesa nonintegral algebra,so this caseis not pos-
sible. Similarily, we seethat

�
cannotcontaina K é , so that 8 � � � :
� �P� � ,

andthat R is determinedup to a permutationof � in the following sense:If, in
constructingthematrixof

�
, wealwayschoosethesmallestpossiblenumber

� R ,
thenwe obtain

�
as � ( . � ½ ò � �( ( . . ( ( ( (. . ( ( . ( ( (� . ( ( ( . ( (½ ( . ( ( ( . (

ò ( ( . ( ( ( .� ( ( ( . ( ( .� ( ( ( ( . . (
Weleavethestraightforwarddetailsto thereader.

�
is theunionof thepermutation7 � 8 (h.�½ �}�+ò � : andits inverse,andit is easyto checkthat � is not rigid.

A computerprogramkindly suppliedto us by BrendanMcKay (cf. [McK90])
found 3,696non–isomorphicrigid graphson eight elements,and 135,004non–
isomorphicrigid graphson nine elements.RELALG ([Dün94]) thentold us that
eachof thesegenerates

�@��� 8j�{: . Hence,our exampleof a rigid graphon
.*(

ele-
mentswhichdoesnot generateall of

�@�B� 8j�{: is minimal in theclassof symmetric
relations. Ú
Problem 1. If %&�'% ?Ë� UT��Q � , doeseveryrigid relationon � generateall of

�@�B� 8j�{: ?
All therigid relationswe know on setswith at most

. � elementsare ò –rigid. This
givesriseto

Problem 2. Supposethat %&�Ã% �Ç
 ÉNò , andthat
�Â?��]��� 8j�]: is rigid. Isevery d ?�]��� 8j�]: definablein

� ��� ��� bya formulawith
O

variables,where
OÃ���wz�{}| p 
;  � . ?

In otherwords,is
�ÇO

–rigid?

Finally, let us turn to fragmentsof secondorderlogic. R is not rigid canbe ex-
pressedby a

`�aa sentenceusingonly oneextrabinarypredicateandthreevariables
in thefirst orderpart:

8c6#.ä:XÊB. is anon–identitypermutation 4d.Ã� �t�"� �¡.eÍc)
It is unknown whetherrigidity is expressiblein

`baa . Monadicsecondorderlogic
(MSO) seemsa morehopefulcandidateto expressrigidity, but we shallshow that
this logic will not do, evenwith a built in linearorder. We needoneresultdueto
N. Immerman,whichappearsherewith his kind permission:

Proposition 4.11. Let ¤ � 
^��! . Then,there are finite linearly orderedstructures� � K �kd K � , � A K �B� K � which cannotbedistinguishedbysentencesof MSO+
�

having
quantifierdepth¤ andusing



new unarypredicates.

Proposition 4.12. Rigidity is notexpressiblein MSO+
�

.

Proof. Assumethat rigidity can be expressedby an MSO +
�

sentencehaving
quantifierdepth ¤ and using



new unarypredicates,andchoosetwo linear or-

ders
� � K �kd K � , � A K �B� K � asin 4.11. Let

� � a �kd a � beisomorphicto
� � K �kd K � , andlet� ��� ��� bethedisjointunionof thesestructures.Order � by 9 � � q VXWUY9Ãè
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(1) 9l��q ? � � and
� 9g��q ��? d � for

	�� �
, or

(2) 9 ? � K and q ? � a .
Then,

� D � � , andR is not rigid on � , sincethe componentsof
�

arelinearly
orderedby

�
andhave thesamelengths.Similarly, let

� A
�Bu � bethedisjointunion
of
� � K �kd K � and

� A K �B� K � , anddefinethelinearorder
�T¢

on A analogouslyto
� �

.
Then, u is rigid on A , sincethecomponentshave differentlengths.

We now play the Ajtai–Fagin (n,r) - gameof [FSV92]: The duplicatorchooses� ��� ��¿ asthefirst structureandlets thespoilercolour it. Then,theduplicator
chooses

� A#�Bu ¿ asthe secondstructureandcoloursit in sucha way, that the
componentsof u matchthe componentsof

�
in the way given by 4.11. In the

subsequentEhrenfeucht–Fraisser-game, theduplicatoralwaysmatchesa pebble
on onecomponentof onestructurewith onefrom the correspondingcomponent
of theotherstructure.Shewins thegamerestrictedto thecomponentsby Immer-
man’s result4.11, and,since � K � � � a and � K � ¢ A K , andshealwaysplays
correspondingcomponents,shecanpreserve thelinearordersaswell. Ú
Finally, we shall seethat non–rigidity is not expressibleby a

`�aa sentencewhere
the first orderpart hass specialform. The resulthasalreadybeenobtainedvia
probabilisticarguments(cf. [Com88]); herewegive aconcreteconstruction:

Proposition 4.13. Thepropertyof beingnot rigid cannotbe expressedby a
` aa

sentence8c6�d K :e)*)*)+8c6hdlH � a :ji , where i isof theform 8c6 9;:X8on q\:�7 and 7 isquantifier
free.

Proof. Let H bethesentence8c6 � :X8c6�9;:X8c6Tq\:�7 , where
�

is a binarypredicatesym-
bol and 7 is the conjunctionof the sentences1.–6. below; we usethe auxiliary
unarypredicates� ì and �¤£ with � ì 8$�w:�ñ 9 � ��)«9 � � , anddefine �¥£ analo-
gously:

(1) 8on3�w:�5�� � �
(2) 8on3�w:X8on ý :XÊ � � ý ÌÖ5 ý � �ùÍ
(3) 8oneà;:X8on J :X8on ý :XÊ à � J 4 J � ý Ì à � ý Í
(4) 8on3�w:;Ê�8j� ì 8$�w:P)«�¤£w8$�w:�:l4�5�8j� ì 8$�w:l4��¤£T8$�w:�:­Í
(5) 8on3�w:X8on ý :;ÊÜ� ì 8$�w:l4«� ì 8 ý :�ÌÅ� � ý )@� � ý ) ý � �LÍ
(6) 8on3�w:X8on ý :;ÊÜ� £ 8$�w:ä4«� £ 8 ý :�ÌÅ� � ý )@� � ý ) ý � �LÍ

1.–3.saythat
�

is astrictpartialorder, 4. tellsusthat
�

hasexactly two connected
components,and5., 6. statethat

�
is a linearorderon thesecomponents.

�
is not

rigid if andonly if thecomponentshave thesamecardinality.

Supposethat 8c6�d K :e)*)*)+8c6hdlH � a :ji , with i having the prescribedform, saysthat�
is not rigid. Then,by possiblyrenamingvariables,H 4Ó8c6hd K :e)*)*)f8c6hdlH � a :ji is

equivalentto asentenceof thedesiredform. Now,

�¦% � H 4Ë8c6�d K :e)*)*)+8c6�dgH � a :ji if andonly if %&�Ã% is even.

It follows thattheclassof theseformulascanexpressparitywhich is known not to
bethecase(cf. [Com88]). Ú
It maybeworthyof mentionthat,ontheotherhand,thepropertyof beingnot rigid
canbeexpressedby a

`�aa m Kp sentence,sincethepropertyof a relationbeinganon–
identitybaseautomorphismof

�
is expressibleby aprenex 8on 9;:X8c6 qh: sentence.
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