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Abstract

In this paper we explore the preciseconnectionbetweendependencies relationaldatabaseand
variantsof cylindric algebrasandapply recentalgebraicresultsto problemsof axiomatisingdepen-
dencies.We will considerproject-joindependencieandthe correspondinglassof cylindric semi-
lattices. We will alsolook at Cosmadakig1987)who introducescylindric dependenciegndmalkes
several claimsregardingthe structuralpropertiesof thesedependenciesHowever, recentalgebraic
investigationgrovide countergamplesto the maintheorems.



1 Intr oduction

The relationaldatamodel asintroducedin Codd (1970) hasachieved wide succesdecausef its
clarity andsuccinctnessWhatwaslackingin the approach— aspointedoutin Fagin& Vardi(1986)
— werethesemanticsvhich coulddescribeconstraintsamongandwithin thebaserelations.It turned
outthatmostdependenciesouldbeformulatedin fragmentsof first orderlogic.

In machindearning,datadependencieglay a majorrole asameansf featurereductionandthey are
crucialfor rule basedmethodsof soft computing,for examplein roughsetdataanalysig(Dintsch&
Gediga,1997,1998,Novotny, 1997a,b).

Dueto theformulationof thedatamodelwith relationaloperatorstherehasalwaysbeenanalgebraic
trendin the studyof datadependenciem the sensehat onelooked for axiomsfor operatorson re-
lations— in otherwords,for suitablealgebragImielinski & Lipski, 1984)— which would have the
sameexpressie power asthefirst ordersentencesYannakakis& Papadimitriou(1982)introduced
algebraicdependenciewhich generaliseall hithertoknown dependenciegndwhich were,in fact,
equvalentto the embeddedmplicational dependenciegFagin, 1982). SubsequentlyCosmadakis
(1987)generalisedhe algebraicdependenciet includea union operatoyr anddefinedcylindric de-
pendenciesAs we shall seebelow, it turnsout, however, thatthe situationis morecomplicatedthan
describedhere: Themainclaimsareincorrect,and,in asensecannotberepaired.

Algebraicreasoningasmanipulatiorof relationshasalong—standindradition,goingbackto thelatter
half of the lastcentury e.g.by de Morgan(1864),Peirce(1870)and Schréder(1890- 1905). From
the 19405 onwards,A. Tarski(1941)andhis colleagueshave continuedthe work on the calculusof
relationswhich eventuallyled to analgebraisatiorof first orderlogic via cylindric algebragHenkin
etal., 1971,1985), andits finite fragments,in particular first orderlogic with threevariablesvia
relationalgebragcf. Tarski& Givant,1987).As anintroductionto logic on the basisof relationswe
invite thereaderto consultAndrékaetal. (1998),andanoverview of relationsandtheir algebrascan
befoundin Németi(1991).

Theaim of this paperis to shedsomelight on the algebraicandlogical fine structureof thesedepen-
dencieausingrecentresultsfrom algebraidogic (Hodkinson& Mikulas, 1998).

Theoutlineof thepapelis asfollows: To make the papemoreselfcontainedyve shallfirst give abrief
outline of the connectionbetweerfirst orderlogic, databaseelations,and cylindric algebras.This
will sene asthebasisfor subsequendiscussionsWe shallthenlook at project-joindependencies|-
gebraicdependenciefrannakakist. Papadimitriou,1982)andcylindric dependencie€Cosmadakis,
1987).

Even thoughthe original investigationsdate back twenty years,it is only now that new resultsin
algebraidogic shedmaorelight on someof thefine structureof thedependenciesnderconsideration.



2 Databasesand first order logic

Let U beafixedset, whichwe call the setof attributes For everyi € U, let D; beanon-emptyset.
Assumethat X is afinite subsedf U. Wecall f an X -tupleif f € [[;cx D;. An X-relationR is aset
of X-tuples.If R isanX-relation,weseta(R) = X, andcall a(R) thesdhemeof R. By adatabase
we meanastructureD = (U, D;, R;);cv,jes sSuchthat,for every j € J, R; is ana(R;)-relation. We
saythatR is a datatableover D if R is arelationin D.

In this paper we will assumehatU = o = {k : K < «a} for somecountablecardinalc (i.e. « is
eitherw, thefirstinfinite ordinal,or anaturalnumber) calledthedimensiorof thedatabaseThus,we
usuallywill notdenotel/, andwe simply write D = (D;, R;)i<a,je.-

We considerpositive fragmentsof first orderlogic. Let o be a naturalnumberor w; alanguageC§
consistoof

1. asetV of individuumvariables{v; : i < a},
2. aset{P; : i € I} of predicatesymbols;eachP; hasafinite arity v(F;),
3. asetC C {A,V,3, T,F,=} of logical constantandoperators.

If C is understoodr notrelevantin the context, we shallusuallyjustwrite L, .
ThesetFml of £,-formulasis definedrecursvely in theusualway (Chang& Keisler,1971).

A modelof £, is astructureD = (D, R), whereD is anon-emptyset,calledthe domainof D, and
R is asetof (finitary) relationsover D correspondingo the predicatesymbolsof £,. A valuationfor
D isamappingf : V — D; we denotethe setof all valuationsfor D by *D. Satishction}=; of a
formulay with respecto avaluationf is definedrecursvely in the usualway:.

For an L,-formula, var(yp) is the setof all variablesoccurringin ¢, andfrv(y) denoteshe setof
freevariablesoccurringin . If frv(p) = {xo, ...,z }, we indicatethis by writing ¢(xq, . . . , ).

We canthink of therelationsR € R asdatatablesandof D asadatabaseln thisinterpretationgach
formulayp of £, definesaqueryonD. Theresultdefp(y) of this queryis justtherelationdefinedby
@ in D. In termsof evaluationmappings,

defp(p) ={f € *D: D |5 ¢}
If D is understoodwe usuallyomit the subscript.
Eachdatabas® = (D;, R;)i<qa,jes Qivesriseto asorted(typed)version®L,, of L, asfollows:
1. Theformulasarethatof L,,.

2. Modelsareof theform (D, R), whereD = J
v; € frv(R)}.

L1t is usualto assumehatU is finite. In this paper however, we do notrestrictour investigationgo thefinite case.

i<a Di,» €aChR € R is arelationon [[{D; :




3. Valuationsf : V' — D arefunctionssuchthat f (v;) € D; for everyi < a.

SupposehatD = (D, R) is amodelof °L,. Definethetruth relationdef(y) of aformulay overD
as

(2.1) def(p) = {f [ frv(p) : D |=f 0}

Note thateachf € def(y) canbe consideredan evaluationof the free variablesof ¢. If ¢ is a
sentencethenwe define

eD, fDEgp
(2.2) def(p) =
0,  otherwise.

3 Project-join expressions

Basicoperationof therelationaldatamodelareprojectionandjoin; project-joinexpressiondeadto
the simplestform of relationaldependencies.

In this sectionwe assuméhata = n isfinite. If f € HKn D; andY C n, we denotetherestriction
of ftoY by f [ Y. Thatis, f | Y = giff g € [[,cy D; andg; = f; foreveryi € Y.

LetD = (D;, R;)i<n,jes beadatabaseR andS bedatatablesandY C a(R). Theprojectionof R
toY, writtenaswy R, is definedas

UD, otherwise.

R {{f €My Di: Gg € R)(g 1V = )}, iV #0

Thenny R is adatatablewith schemes(my R) = Y. Thejoin of R andS is definedas
RXS={fe][{Di:ica(R)Ua(S)}: f I a(R) € Randf | a(S) € S}.

ThusR X S is adatatablewith schemei(R X S) = a(R) U a(S).

Next we defineproject-join expressionaising a setof generatorsaand symbolsfor projectandjoin
operatorsfor simplicity we usethe samesymbolsasabove. Let usassumehataset{P; : j € J} is
givenandthat, for each;j € J, P; hasthe sameschemen. The setof project-join expressiongover
thegenerator§ P; : j € J}), pje’s for short,is definedasfollows:

1. eachP; is apje with schemen;

2. if TisapjeandY C a(7), thenmy 7 is apje with schemeax(ny7) =Y

3. if 7 ando arepje’s, thent X o is apje with schemeu(7 X o) = a(1) U a(0);
4. no otherexpressioris a pje.

Givenadatabas® = (D;, R;)i<n,jes Suchthat,for every j € J, a(R;) = n, we evaluatepje’sin
theobviousway:



e ¢(P;) = R foreveryj e J

e e(myT) = mye(T)

e e(tXo) =e(r) Xe(o)
for all pje’'s, 0.

By a project-join dependencya pjd for short, we meana formulat = ¢ with 7 ando pje’s. A
databasé satisfieghepjd 7 = o, in symbolsD |= 7 = o, iff e(7) = e(0). A setX of pjd’simplies
apjd 7 iff, for every databasé®, D = ¥ impliesD |= 7. We notethatwe canexpressthata pje o
follows from apje 7 (7 < o), sincee(r) C e(o) iff e(7 X o) = e(0).

Next we definea first orderlanguagecorrespondingo project-join expressions.We let £ be the
n-variablerestrictedfragmentof SEiA’H}, whererestrictedmeansgthat every atomicformula hasthe
form P(vy,...,v,—1). Thelanguagel? is ratherweak;it doesnot contain,for instance equality
andthus,substitutionof variablesis not possible;furthermore only n variablescanbe used(always
in the sameorder),onefor eachsort.

Ourfirst resultshavs that £}, is a properlanguagéor project-joinexpressions:

Proposition 3.1. Supposehat D = (D;, R;)i<n jes andthat 7 is a pje geneatedby P; (j € J).
Then,ther is an £} -formulag, sut thate(r) = def(p,). Corversely if ¢ is an £} -formula, then
thereis a pje 7, with e(7,) = def(¢).

Proof We associatavith eachpje r theformulay, asfollows:
1. If 7 is P; for somej € J, theny, def Pj(vo,...,vp-1).

2. If o isapjeandy, is alreadydefinedY C a(o), {i¢,---,ix} = a(o) \Y,andr is myo, then
def
or = (Fvig . .- v43,.) o

3. If o and¢ arepje’s with ¢,, ¢, alreadydefined.andr is o X &, thenyp, def Yo N .
Notethatfor apje, frv(g,) = {v; : 7 € a(7)}.
We shaw thefirst partby induction.
i. If 7= Pj,thendef(p,) = def(Pj(vo,...,vn-1)) = R; = e(P;) = e(1).
ii. Leto beapje, 7 = nyo, friv(es) = {vig,---,vi, 1, Y = {ig,...,is}, where{ig,...,is} C
{i0,...,ir}, ande(o) = def(p,). Then,p, = (Jvs,,, - .. v, )ps, andwe have
def(or) = {f 1Y :D s (i ---vi,) 00}
= {fe][{Di:ieY}: (3g € def(p,)g | Y = fI}
= {(fe][{Di:ieY}:Ggee)lg 1Y =/}

= nye(o)

= e(7).



iii. Letr =0 X&. Setyp, def 0o Npe. Letfrv(pg) = {vig, .., vi, } @andfrv(pe) = {vjg,.--,v;,}-
def . . def . .
Thenfrv(v,) = {vigy---,vi, } U {vjo,---,vj,}. SetYy = {ig,...,ir}, Y1 = {Jo,---,Js}
andY & v, U'v;. Now,

def(pr) = {fI1Y:DrEoAE}
= {fe][{Di:i€Y}: f 1Yy € def(p,) andf | Y1 € def(¢)}
= {fe][{Di:ieY}: fYy€e(o)andf | Vi € e(€)}
= e(7).

Corversely we associatavith each; formulay apje 7, asfollows:
1. if ¢ = Pj(vo,...,vp—1), thent, def Pj anda(P;) = n;
2. if ¢ = (Jv;)9, thent, dof 7Ty, WhereZ = a(ry) \ {v;}, anda(r,) = Z,
3. if ¢ =9 A x, thenT, def Ty X 1y @anda(7,) = a(1y) U a(7y).
It is not hardto seethat,for eachpje 7 andeachZ; -formulay, we have 7, = T, and<pw =p. U

Corollary 3.2. The queryresultsobtainablefrom project-join expressionsover n-ary relationsare
exactlythetruth relationsof restrictedL; -formulas.

If D = (D,Ry,...,R) is amodelof £, andr a pje, thene(r) is the datatable obtainedby
interpretingP, . .., P, by Ry, ..., R, andprojectionandjoin in a naturalway. Eachpje r defines
an operatoron datatablesof an appropriatescheme:we canthink of + asa query ande(r) asits
result.

Obsere thatwe have not prescribedhatthe formulasof interestarein prene form whereall quan-
tifiers appeaiin thefront; thus,variablescanbe reused However, eachn-variableformulais seman-
tically equivalentto an w-variableformula in prenex form with the samefree and possiblymore
boundvariables,in the sensethat for ary model,def(¢) = def(%) in thatmodel. To seethis, we

defineinductively a mapping¢ from L,-formulasto prene £L,-formulasasfollows (seealsoAho

etal., 1979):

1. If ¢ = P(vg,...,vp—1) OF o = (Juv;)9, theny is alreadya prene L,-formula, andwe set
Clo) = ¢.

2. Lety = 9 A x. Foreachvariablev; € var(¢)Uvar(x) whichdoesnotoccurfreelyin {(+) and
¢(x), consistentlyreplacev; by a new variablev; in oneof {(¢) or ((x), wherev; is bound.
Then,move thequantifiersto thefront to obtain{ (¢).

Eventhoughthereare pje’s which translateinto arbitrarily long prenex £,,-formulas,the expressie
power of pje’sis strictly wealer thanthatof prene £, -formulas,aswasshovn in Aho etal. (1979).
In view of theresultsabore — andthoseto follow — this comesasno surprise.
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4 Cylindric structures

In this sectionwe shallinterpretpje’s in algebraicstructuregheinvestigationof whichwasbegunin

19405 by A. Tarski. Oneaim of his work wasto find an algebraicinterpretationof first orderlogic

in analogyto the successfuhlgebraisatiomf propositionalogic via BooleanalgebrasFor notational
reasonsye supposdrom now onthatU =n = {0,...,n — 1}.

Onedifficulty we encountewhenconsideringa datatable R is thata(R) canbe propersubsebf U.
However, in the translationwe have in mind, we considerall occurringrelationsasn-ary; in other
words, datatablesneedto be interpretedas n-ary without losing a(R). The reasonwhy we want
to dealwith n-ary relationsis that algebrasof relationsof the samearity have nicer behaiour than
“heterogeneousalgebras.

Oneway to achieve the above goalis to take the view thata columnof R which containsall infor-
mation doesnot containary usefulinformation. For example,if a(R) = U, Y = U ~ {0}, and
R = Dy X 7y R, thenit standgo reasorthatry R carriesthesameamountof informationasR. This
is supportedoy the factthatfor suchR, theformula (Jv, ..., v,—1)P(vo,...,v,—1) iS universally
valid in themodel(D, R). Hence thetranslatiorof Dy X 7y R is semanticallyequivalentto to trans-
lation of wy R. Alternatively, sinceall dependencieshich we encounteiaredomainindependenin
thesenseof Fagin(1982),we couldaddanew elemento eachdomainD;, while retainingR. If, say
a(R) = {0,1}, thenwe setR’ e R x Dy x ... x D,_,,whereD; 4 p; U {u} for someu ¢ D.

Therelevantcolumnsof R’ arethosein WhIChu doesnotoccur At ary rate,let usassumdrom now

onthatall consideredlatatablesk have R # D; X i g3, R.

LetD = (D;, R;)i<n,jes beadatabaseandlet R bearelation: R C HZEa D;. Following Németi
(1991)andImielinski & Lipski (1984)we cantheninterpretR asann-ary relatlon

¢R) Y (e[ Di: f1a(R) € RY.

<n

Notethaté (@) = 0, andé([[;.,, Di) = I, <, D:- Werequireanoperatiorthattells uswhich columns

of {(R) aretherelevantonesobtainedrom R. To this end,we definethe cylindrificationsC;, i < n,

asfollows. Let S C [];.,, Ds, andi < n. Thei-th cylindrification C; is definedoy
CiSE{fe]Di:GgeS)gin~{i}=fIn~{iP}

<n

ThedimensiorsetAS of S is definedas
(4.1) ASY {i<n:CiS+# 8}
We now canrecover therelevantcolumnsof R;

Lemma4.1. Let R; be a datatable over a database(D;, R;)i<n jcs. Then,a(R;) = A&(R;) for
everyj € J.



Proof. Supposehati ¢ a(R;), andthat f € C;¢(R;) with g € {(R;) witnessingthis fact. Then,
f I n~{i} =g [ n~{i};inparticular f | a(R;) = ¢ | a(R;), sincea(R;) C n \ {i} by the
hypothesisThus, f € £(R;) by thedefinitionof {. Hencei ¢ A{(R).

For the converse,leti € a(R;). By our globalassumptiorthat R; # D; X m, ;3 R;, thereare
g € Rjandz € D;, suchthatthefunctiong’ : a(R;) — [],.,, D; whichagreesvith g ona(R;)~{i},
andg'(i) = z is notanelementof R;. Thenary extensionof ¢’ is in C;¢(R;). Onthe otherhand,
g 1 a(R;) ¢ R;. It followsthatC;¢(R;) # R;, andthereforei € A¢(R;). O

For every databas® = (D, R;)i<n,jcs We defineanothemdatabasé’:
D' = (D;,{(Ry))i<n,jer-

Thusevery datatable¢(R;) hasschemen. For ary pje r we defineits valuee’(7) in D' inductiely:

o ¢(P) = £(R)

o ¢(myo) = &(mye(0))

o /(0 Xp)=¢€(o) Xe(p).
This constructiorenableausto interpretary my 7 evenif Y is notasubsebf a(7), sinceevery e'(r)
hasschemen. Following Imielinski & Lipski (1984), we defineunrestrictedpje’s, upje’s, aspje’s
without the restrictionthat we canform nyr only if Y C a(7). We saythatD' E 7 = o iff

/(1) = /(o) for ary upje’'s o andr. It is easyto checkthatD | 7 = ¢ iff D' |= 7 = o for ary pje’s
T ando.

We arereadyto definethe classof algebraghatwe will useto interpretpje’s.

Definition 4.2. Leta beanordinal. Thestructue
Rel(D; : i < &) = (P(][ D),N, Cii<a
<a

is calledthefull cylindric (lower) semilatticeof dimensionx over D; (i < «). If 2 is a subalgbra of
Rel(D; : i < «), then is calleda setcylindric (lower) semilatticeof dimensione, in short,a scsl, .
Thatis,

scsly dof S{Rel(D; : i < a) : setsD;}.

Using the fact that cylindrifications commute(seee.g. Henkin et al., 1971), we definegeneralised
cylindrificationsC| x for X = {z,...,zx} by

CpoCopy...Cp, S X A0,
C(X)S{ o b 7

otherwise.

ThUSCiS = C({z}) S.



It is not hardto seethatthe following arevalid equations:

(4.2) TONT =T

(4.3) TNo=0cNT

(4.4) (tNo)Np=1N(cNp)
(4.5) TNCit=r71

(4.6) CiCjT = C;Ci
4.7 Ci(t N Cijo) = CiT N Cio.

Thesepropertiessay that N is a semilatticeoperation,the cylindrifications are commutingclosure
operationsand4.7 is a modularity law. This setof propertiesgivesrise to an abstractclassof al-
gebras:A (diagonal free)cylindric (lower) semilatticeof dimensionw, in short,a csl,, is analgebra
(A, ci, )ica Suchthatfor all z,y € A andi,j < «,

(C1) (A,-) isa semilattice.
(C2) T-GT=2z

(C3) CiCjT = CjCiT
(C4) ci(z - cy) = ¢z - ¢y

Somestructuralpropertiesof cylindric semilatticesanbefoundin Diintsch(1993).

Proposition 4.3. Theequationaltheoryof upje’s over n-dimensionaldatabasess equivalentto the
equationaltheoryof scsl,,. Thatis, there is a translationtr of upje’s onto cylindric expressionssud
thatfor all upje’s T ande, 7 = ¢ holdsin everyn-dimensionatlatabaséff tr(7) = tr(o) is valid in
everyscsl,.

Proof. We definetr asfollows:

1. tr(P;) = P;;

2. tr(my o) = ¢y tr(o);

3. tr(o X p) = tr(o) - tr(p).
LetD’ = (D;, &(R;))i<n,jes beadatabaseandlet2 C Rel(D; : i < n) bethesubalgebrgenerated
by {(R;), j € J. Let P; take thevalue&(R;) in . PJ?‘ = ¢(R;). We claim that, for ary upje,

thevalueof 7 in D’ andthe valueof its translationin 2 coincide: e’(7) = tr(7)®. We proceedby
induction.Firstlet 7 = P;:



If 7 = 7yo, then

d(ryo) = &(mye (o))
= &(my tr(o)®)
= {fe][Di:CGgetr(0))glY =f1Y}

i<n
= C(n\Y) tr(a)gl
= (c(n\Y) tr(a))521

= tr(myo)®.
Finally, assumeéhatT = o X p:
e(oMp) = €(o)Xe(p)
= tr(0)® Xtr(p)*
= tr(o)®* Ntr(p)*
= (tr(0) - tr(p))®
= tr(o X p)2.

Hence
D' o =piff A = tr(o) = tr(p)

undertheevaluationPjQl = {(R;). Sinceevery n-dimensionabatabaselefinesascsl,, togethemwith
avaluationof thevariableswe getthat

K o = pimplies £ tr(o) = tr(p).

Corversely every scsl,, with avaluationgivesriseto ann-dimensionatlatabaseyhence

= tr(o) = tr(p) implies = o = p

Finally, tr is amapontocylindric expressionssincewe definedit on the classof all upje’s. Thusthe
equationatheoryof n-dimensionalipje’s is equivalentto the equationatheoryof scsl,,. O

It wasshowvn in Imielinski & Lipski (1984)thatthereareinfinitely mary non-equyalentupje’s over
oneternaryrelation. Below, we usethe precedingesultto shav thatthe sameis true for pje’s over
two binaryrelations:

Proposition4.4. Thee is aninfinite two-geneatedscsls.

Proof. LetD = Dy = D; ={0,1,2,...}, R = {(3k,5k) : k € D}, andS = {(2k,7k) : k € D}.
Now, defineinductively
To, = CoRNS
Tony1 = CiTonNR, n€D
To, = CoTlo,_1NS, n>0.
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It is straightforvardto checkthat

Ton = {5-10"-(2k,7k) : k € D}
Tons1 = {10"1.(3k,5k) : k € D}

andthus,thescsl, generatedby R andS is infinite. O

Corollary 4.5. Thee are infinitely manynon-equivalenpje’s in two binary relationsover the same
attribute set.

The free scsl, on one generatorcontainsjust eight elements. Thusthe presenceof two generators
is necessaryo obtaininfinitely mary non-equwalent expressionsandthe resultabove is the best
possible.

5 Axiomatisability of project-join dependencies

Yannakakist Papadimitriou(1982)definea classof dependenciesyhichthey call algebraic depen-
dencies analgebraicdependengcis a project-joindependencr < ¢ suchthatbothr ando arepje’s

built up usingonly onepropositionalvariable. They give a completeaxiomatisatiorfor implications
betweenalgebraicdependenciesDuring the proof, they consideran equationwhosetranslationto

cylindric expressionss thefollowing:

(5.1) C1 (02(61 (C()R - CQR) - C()R) . C()(C1R . CQR)) =
ci(caR - co(c1R - ca(coR - ¢1(c2R - coR)))).
It is shavn by Yannakakis& Papadimitriouthat while (5.1) is a scsl,,-valid equation,it cannotbe
derived from the equationslefiningcsls.
The solutionsuggestedby Yannakakis& Papadimitriouis to defineanothersemanticdor algebraic
dependenciedn which every n-tupleis representedsanw-sequencef thetuplein questionge.g.
(zo,z1,22) = ({70, T1,%2), (T, T1,T2), ... ).

Theextendedelation R of R is definedas

R={f:f€R}.

Thenthey give a finite schema of equationsaxiomatisingthe above extendedrelations. The result
below suggestshatwithout consideringextendedrelationsfinite axiomatisabilityof pjd’s is impossi-
ble.

In the precedingsectionwe proved that (valid) upjd’s areequivalentto (valid) equationof scsl,,. It
follows thattheimplication® = 7 (X U {7} afinite setof upjd’s) is equivalentto a quasi-equatioifa
universalHorn-formulawith equationsasatoms)of cylindric expressionsThefollowing resultshavs
thatthereis no finite setof formulasaxiomatisingn-dimensionaupjd'sif n > 2.

2A finite schemaof equationsis a finite setof equationsusing parameters.By substitutingactualvaluesfor these
parametersve getequationsFor instanceg;x = ¢;c;x isaschemaandcox = cocox is oneof its instances.
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Theorem5.1. (Hodkinson& Mikulas,1998)
Thequasi-equationatheoryof scsl,, is notfinitely axiomatisablevheneern > 2.

Theideaof the proof (which is rathertechnical)is anultraproductconstruction.For every k € w, an

algebra®l;, is definedsuchthat®|, is notrepresentablasascsl,, while their non-trivial ultraproducts
arein scsl,,. Thennon-finiteaxiomatisabilityof scsl,, follows. Sincescsl,, is axiomatisabldy a setof

quasi-equationgheremustbe valid quasi-equationg;, suchthatl, = gk, k¥ € w. However, we do

not know thesequasi-equationdNe conjecturehat,in fact,therearevalid equationgprobablyusing

only onevariable)similarto (5.1) shaving the non-representabilitof 2.

Anotheropenproblemis whetherscsl,, is axiomatisabldy a finite schemaof equationsNotethatin
scsl, thereareinfinitely mary operationg; (i € w), thusfinite axiomatisabilityis impossiblgwithout
usingschemas)SeeSection6 for moreon finite schemaaxiomatisabilityof w-dimensionaklgebras
of relations.

6 Cylindric dependencies

Cosmadakig1987)hasintroduceda moregeneralype of datadependencwhich usesa largerfrag-
mentof first orderlogic than pj-expressionsandwhich is untyped. In this setting,a databaseés a
pair (D, R), whereD is a nonemptyset,andR = {R; : i € I} is asetof relationsover D with
finite arity y(z). The correspondingjuerylanguagel; is a first orderlanguagewith connecties
C = {A,V,3,T,F,=}, which hasaninfinite setV = {v; : ¢ € w} of individual variables,anda
setP = {P, : i € I} of predicatesymbolssuchthateachP; hasthe samearity as R;. Formulasare
definedin theusualway.

A formulais calledrestricted if all its atomicsubformulasareof theform R; (v, - . ., vy(y—1)- It is
well known that, in the presencenf equality and sufiiciently mary variables,eachbasicformulais
equialentto arestrictedformula,seeHenkinetal. (1985)4.3.1.

Thequeriedefinedby thelanguagearejust thetruth setsof formulasasdefinedin (2.1)and(2.2). A
first order dependencyfod) is an expressionof theform ¢ — 1, wherep and+) are £} -formulas.
Notethatthe symbol— is not partof our language Again, we canidentify databaseandmodelsof
L} . We saythata databasé® satisfiesa dependency — 1, if D | ¢ impliesD [ 1. A setX of
fod’s semanticallyimpliesanfod o, if D = ¥ impliesD = o for all modelsD of L.

To definethecorrespondinglgebraidanguageequiressomepreparationsincein theintendednod-
els of this language relationsof differentrank have to live together In orderto achieve this, we
needto enhanceour notion of databasesimilar to our procedurein Section4. Given a database
D = (D,{R; : i € I}) wedefinea“dummy embedding’v of therelationsR; into“ D by

v(R;) ={a €“D:{ag,---,a,34)-1) € Ri},
seeNémeti(1991).
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We alsoneedto definethe diagonalrelationsD;, = {a € “D : a; = a;}. Sincewe have madethe
relationsR; compatibleover the samebaseset,we have the setoperationg), U at our disposal.As
before,thei-th cylindrification is a unaryoperatordefinedby

CiR={a€®D:(Fb€R)aw~{i} =bJw~{i}}.

Thelanguageof cylindric expressionsonsistf the predicatesymbolsof £}, two binary operators
-, +, unaryoperators:;, 1 < w, andconstantsl;;, 7,7 < w, aswell as0, 1. The setCE of cylindric
expressionds thesmallestsetH suchthat,for all 7, j < w,

1.0,1€H,

2. P, € H,

3. d;j € H,

4., if r,o€e H,thent-o, 7T+0 € H,
5. if r € H,thene;T € H.

With somealuseof languageye shallalsouseCE asanabbreiation for “cylindric expression”.

Thesemanticof CE's areprovided by the following meaningfunction:
1. mng(0) = 0, mng(1) =“D,
2. mng(P;) = v(Ry),
3. mng(dj) = D,
4. mng(r - o) = mng(r) Nmng(c),
5. mng(t + o) = mng(1) Umng(o),
6. mng(c;iT) = Ci(mng(7)).
We cannow defineatranslatiorfunction¢ from restrictedformulasto CE’s asfollows:
1. £(F) =0, §(T) = 1,
2.¢(P) =P,
3. if ¢,y areL}-formulasthen

@) &l Ay) =&(p) - E(4),
(b) &(p V) =&(w) + &),

4. if pisan L} -formula,thené((Jv;) ) = ¢;é(y).

It is nothardto seethat( is bijective, andthat
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Proposition6.1. (Henkinetal., 1985,Cosmadakis]1987)
LetD beamodelof £};. Then for every £} -formulay andeveryCE 7,

I defp(p) = mng(£(p)),
i. mng(t) = defp(é~1(7)).
Thus, L} -formulasandCE’s areequalin expressie power.
A cylindric dependencis a stringof theform
T =0,
wherer ando areCE’s. We denotethe setof all cylindric dependenciety CD.

Cosmadaki$1987)givesafinite setof axiomschemagor CD’s, whichwe have somavhatshortened,
usingresultsfrom Henkinetal. (1971);thereademwill have no difficulty in checkingthatthe systems
areequialent.

C1. A setof equationsvhich saythat(CE, -, +,0, 1) is adistributive lattice with smallestelement
0 andlargestelementl.

C2.¢0=0

Cl. r.gr=r

Ca. ¢i(7 - ¢cio) = ¢iT - ¢io

C5. ¢i(t+0) =T+ cio

C6. cic;T = cjgT

C7.di; =1

C8. If j #i,k, thend;, = c;j(dyj - djx)

C9. ¢j Py, = Py, forall j > y(m)
foralli, j,k € w,m < n,andr,oc € CE.

An abstracilgebraZ which satisfiegsheseaxiomsis calleda cylindric lattice with geneators Py. If
eachelemenibf ¢ is finite dimensionalin the senseof (4.1), we call € finite dimensionallf the setof
generatorss understoodr unimportantwe just speakof € asa cylindric lattice. As usual,acylindric
lattice € is calledrepresentablef it canbe embeddedhnto the productof algebraof theform

(P(“D),n,U,0,“D, C;, Dij)i,jew-

The axiomsare clearly soundfor the intendedmodels,i.e. for representableylindric lattices. We
definel- asthederiability relationin equationalogic usingthe cylindric latticeaxioms.Cosmadakis
(1987)now makesthefollowing
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Claim 1. Theaxiomsystenis completei.e. wheneer XU {7} is a setof cylindric dependencieshen
Y E 7 implies¥ - 7.

Onesimplereasorwhy the claim fails is thatoneaxiomwhich is includedin theaxiomsfor cylindric
algebraof Henkinetal. (1971)hasbeenoverlooked:

Proposition6.2. Leti # j, and X bethedependency,; - c;(d;; - 7) < 7.
1. X holdsin everydatabase
2. X cannotbederivedfromtheaxioms.

Proof. 1. Let® bea representableylindric lattice, andsupposehat f € mng(d;; - c;(di; - 7)).
Then,f; = f;, andf € C;(D;;Nmng(r)). Thus,thereis someg € “D suchthatg = D;; Nmng(7)
and,for every j # i, f; = g;. Now, g € D;; impliesthatg; = g; = f;, andf € D;; shavsthatin
factf = g. Hence,f € mng(r).

2. Consideranalgebraicquerylanguagewith onerelationalsymbol P. Let 20 beanabstractalgebra
which satisfieghe cylindric lattice axiomsandsuchthat0 < P < dy; < 1 andegP = ¢t P = 11in
2L. It is notdifficult to checkthatsuchan®l exists,witnessinghefactthat X is notderivablefrom the
axioms. O

Evenaddinga new axiom

C10. dyj - ci(dij - 7) < 7

will not make the systemcompleteasthefollowing shaws:
Proposition 6.3. Theaxiomsystenenlamgedby C10is notcomplete

Proof Considerthefollowing cylindric dependencfrom 3.2.680f Henkinetal. (1985)

cop - 10 - caT < coerea(ca(cip - coo) - ci(cap - coT) - coca0 - €17)).

It is straightforvard, if somevhattedious,to shawv thatthis dependencholdsin all models.On the
otherhand,it is shawvn in Henkinetal. (1985),thatit cannotbe derivedfrom theaxiomsfor cylindric
algebragyivenin Henkinetal. (1971),p. 162,0f which our systemis a part. O

Thefollowing resultshavs that, in fact, it is impossibleto give a finite schemaof universalaxioms
for axiomatisingrepresentableylindric lattices.

Theorem 6.4. Let Az be a setof univesal formulasaxiomatising(the quasi-equationatheory of)
representableylindric latticesof dimensiorw. ThenAz containsinfinitely manyvariables.

3We did notpreciselydefinethenotionof afinite schemaOnenecessargondition,however, is thatit shouldusefinitely
mary (algebraic)variables.
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Proof Recallfrom Henkin et al. (1985) that a representableylindric algebraof dimensiona, an
RCA,, is a representableylindric lattice that is also closedundercomplementatiorw.r.t. the top
element.Thatis, we have aBooleansetalgebrawith additionaloperatorsnsteadof aboundedattice.

Andréka(1998), Theorem3, shavs thatthe classRCA,, cannotbe axiomatisedy universalformulas
usingfinitely mary variables Her stratgy is to define for everyn € w, abstractlgebrag!, suchthat
2, is not representablayhile its n-generatedubalgebrasrerepresentableShedefines for every
n € w, avalid equationthatfailsto holdin L,,, thusshaving the non-representabiyi of 2L,,.

It turnsoutthatwe candefinevalid quasi-equationg, in thelanguageof cylindric latticesthatfail in
thecylindric lattice reductof 2l,,. The operationof substitutions;'- is definedas

ci(dij-z) i,

sé-ac = .
T otherwise.

Theng, is definedasthe sentence

(VRa ROa s 7Rm7 X017 s 7Xm71m)
Ai;éj R;-R;j=0A /\Z R, <RA /\i,lc cpR; = cR A /\i;éj(Xij . dij =0AX;; + dz’j =1)
— R < ey ([; sder...cmR - ITi 5 Xij)-
Intuitively, ¢,, saysthatif we can“split” the projectionof the elementR ontothe 0-th coordinatento
m+ 1 disjointpartsRy, .. ., R, thentheremustbeanw-sequencg suchthat f; # f; for all distinct

1,7 < m. Thevalidity of ¢, is routineto check. The otherdetailsof the proof areidenticalto the
proof of Andréka(1998),to which we refertheinterestedeader O

Corollary 6.5. Theris nofinite setof (univeisal) axiomschemassud that > = 7 iff X - 7 for every
set¥ U {7} of cylindric dependencies.

Representatioproblemsn algebraarecloselyconnectedo completenesproblemsn logic. Loosely
speaking nhon-representablalgebrasorrespondo non-standaranodelswhich exist in casethe ax-
iom systemfor the logic underconsideratioris not completefor the intendedclassof models. In
Cosmadakig1987)it is statedthatevery locally finite cylindric latticeis representable:

Claim 2. For everylocally finite cylindric lattice 90t there is a family of database$D;);c; sud that
M is isomorphicto a subalgbra of a productof the modelsD;.

In contrastwe shaw

Proposition 6.6. Thee is a locally finite cylindric lattice with three geneators which is not repre-
sentable

Proof. We usethefollowing exampleadaptedrom Andréka& Németi(1991): Let 9t bea cylindric
lattice generatedby theelement, ¢, r which have thefollowing properties:

1. {p,q,7} = 3.
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N

. Ap=Aq=Ar={0,1}
3.0<p=cop-c1p<dpn <1
4.0<qg+r<cp
5.q:-r=0

6. coq = cor.

Towardsa contradictionlet us assumethat 9t is representable.Thenit canbe embeddedvia an
isomorphismh into the productof algebragd;, (k¥ € K) of theform

<P(ka), n,u, Q)awDa Ci’ Dij>iaj6w'

Letk € K beanindex suchthattheh-imagesh(q) andh(r) of ¢ andr arenotemptyin thekth algebra
Di: h(q)r # 0 # h(r)r — suchk existsby 4 and6 above. By 4, we alsohave thath(p), # 0. We
denoteDy, by D andh(p)x, h(q)x andh(r), by P, @ andR, respectiely. For S € {P,Q, R} and
i < 2 wedenoteby pr;S theset{f; : f € S}. Then,sinceAP C {0, 1},

CoP = DxpriPxDxDx...
CiP = prgPxDxD x...

andP = CyP N Cy P impliesthat
P=progP xpriPxDxDXx....

By P C Dy, thereis somed € D suchthatproP = pri P = {d}. >FromCyQ = Cy R we infer that
pr1Q = priR. Furthermore@, R C Cy P impliesthatproQ = proR = {d}. It follows that

Q={d} xpriQxDxDx...={d} xpriRxDxDx...=R,
contradictinghatQ N R = 0. O

Thereis noway to (equationallyyepairtheclaim, sinceit is shavn in Andréka& Németi(1991)that,
unlike representableylindric algebrasthe representableylindric latticesdo not form anequational
class.Onereasorfor thisis that,againunlike for locally finite cylindric algebrasthe conceptsimple

subdiectlyirreducible anddirectlyindecomposabldo not coincide(seealsoDiintsch,1993).

Onemight wonderwhathappensf we restrictour investigationto the finite dimensionaktaseaswe

did with project-joindependenciesThe definitionsof fod’s and(representablegdylindric latticesare
easilymodifiedto finitely mary variablesandfinite dimensionsThenthequestionis whetherthereis

afinite setof (quasi-)equationaxiomatisingrn-dimensionatylindric dependencieAgaintheanswer
is nggative:

Theorem 6.7. (Hodkinson& Mikulas,1998)
Thequasi-equationahndthe equationaltheoriesof representableylindric latticesof dimensiom is
notfinitely axiomatisabléf n > 2.
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Notethatin this casewe have a strongemegative resultthanin the caseof pjd’s: we cannoftfinitely
axiomatiseeven the valid equationsbetweencylindric expressionsnot to mentionvalid inferences
betweenrequations.The proof of the above theoremis anotherultraproductconstruction.From this
constructiont is easyto definevalid equationghatshav the non-representabilitgf thealgebrasWe
referthereaderto Hodkinson& Mikulas (1998)for details.
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