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Abstract

In this paper, we explore the preciseconnectionbetweendependenciesin relationaldatabasesand

variantsof cylindric algebras,andapply recentalgebraicresultsto problemsof axiomatisingdepen-

dencies.We will considerproject-joindependenciesandthe correspondingclassof cylindric semi-

lattices.We will alsolook at Cosmadakis(1987)who introducescylindric dependencies,andmakes

several claimsregardingthe structuralpropertiesof thesedependencies.However, recentalgebraic

investigationsprovide counterexamplesto themaintheorems.



1 Intr oduction

The relationaldatamodelas introducedin Codd (1970) hasachieved wide successbecauseof its

clarity andsuccinctness.Whatwaslackingin theapproach— aspointedout in Fagin& Vardi (1986)

— werethesemanticswhichcoulddescribeconstraintsamongandwithin thebaserelations.It turned

out thatmostdependenciescouldbeformulatedin fragmentsof first orderlogic.

In machinelearning,datadependenciesplayamajorroleasameansof featurereductionandthey are

crucial for rule basedmethodsof soft computing,for examplein roughsetdataanalysis(Düntsch&

Gediga,1997,1998,Novotný,1997a,b).

Dueto theformulationof thedatamodelwith relationaloperators,therehasalwaysbeenanalgebraic

trendin thestudyof datadependenciesin thesensethatonelooked for axiomsfor operatorson re-

lations— in otherwords,for suitablealgebras(Imielinski & Lipski, 1984)— which would have the

sameexpressive power asthefirst ordersentences.Yannakakis& Papadimitriou(1982)introduced

algebraicdependencieswhich generalisedall hithertoknown dependencies,andwhich were,in fact,

equivalent to the embeddedimplicational dependencies(Fagin, 1982). Subsequently, Cosmadakis

(1987)generalisedthealgebraicdependenciesto includea unionoperator, anddefinedcylindric de-

pendencies.As we shallseebelow, it turnsout, however, that thesituationis morecomplicatedthan

describedthere:Themainclaimsareincorrect,and,in a sense,cannotberepaired.

Algebraicreasoningasmanipulationof relationshasalong–standingtradition,goingbackto thelatter

half of the lastcentury, e.g.by deMorgan(1864),Peirce(1870)andSchröder(1890- 1905). From

the1940’s onwards,A. Tarski (1941)andhis colleagueshave continuedthework on thecalculusof

relationswhich eventuallyled to analgebraisationof first orderlogic via cylindric algebras(Henkin

et al., 1971,1985),and its finite fragments,in particular, first order logic with threevariablesvia

relationalgebras(cf. Tarski& Givant,1987).As anintroductionto logic on thebasisof relationswe

invite thereaderto consultAndrékaet al. (1998),andanoverview of relationsandtheir algebrascan

befoundin Németi(1991).

Theaim of this paperis to shedsomelight on thealgebraicandlogical fine structureof thesedepen-

denciesusingrecentresultsfrom algebraiclogic (Hodkinson& Mikulás,1998).

Theoutlineof thepaperis asfollows: Tomakethepapermoreselfcontained,weshallfirst giveabrief

outline of the connectionbetweenfirst orderlogic, databaserelations,andcylindric algebras.This

will serveasthebasisfor subsequentdiscussions.Weshallthenlook atproject-joindependencies,al-

gebraicdependencies(Yannakakis& Papadimitriou,1982)andcylindric dependencies(Cosmadakis,

1987).

Even thoughthe original investigationsdateback twenty years,it is only now that new resultsin

algebraiclogic shedmorelight onsomeof thefinestructureof thedependenciesunderconsideration.



2 Databasesand first order logic

Let
�

bea fixedset1, whichwe call thesetof attributes. For every ��� � , let ��� bea non-emptyset.

Assumethat � is afinite subsetof
�

. Wecall � an � -tupleif �	��
 �
��� ��� . An � -relation � is aset

of � -tuples.If � is an � -relation,we set ����������� , andcall ������� theschemeof � . By a database

we meanastructure����� � � ��� � �"!$#%�&�('*) !+�-, suchthat,for every ./�10 , �"! is an �����"!�� -relation.We

saythat � is a datatableover � if � is a relationin � .

In this paper, we will assumethat
� �324�65�798:7<;=2?> for somecountablecardinal 2 (i.e. 2 is

either @ , thefirst infinite ordinal,or anaturalnumber),calledthedimensionof thedatabase.Thus,we

usuallywill notdenote
�

, andwe simplywrite �A�B��� � � � ! # �
CED*) !+�-, .
We considerpositive fragmentsof first orderlogic. Let 2 bea naturalnumberor @ ; a languageF GD
consistsof

1. aset H of individuumvariables5+IJ�K8-�L;<2M> ,
2. aset 5ON:�K8(�L�QPR> of predicatesymbols;eachN:� hasa finite arity SK��NT�U� ,
3. aset VBW45$X �ZY �Z[��]\^�`_a� �b> of logical constantsandoperators.

If V is understoodor not relevant in thecontext, we shallusuallyjust write F D .
ThesetFml of F D -formulasis definedrecursively in theusualway (Chang& Keisler,1971).

A modelof F D is a structure�c�c��� �ed # , where � is a non-emptyset,calledthedomainof � , andd
is asetof (finitary) relationsover � correspondingto thepredicatesymbolsof F D . A valuationfor� is a mapping�f8�Hcgh� ; we denotethesetof all valuationsfor � by D � . Satisfaction i �aj of a

formula k with respectto avaluation � is definedrecursively in theusualway.

For an F D -formula k , lJmJn��okK� is thesetof all variablesoccurringin k , and p&n]l��okK� denotesthesetof

freevariablesoccurringin k . If p
n`lq�okr�L�s5+tvu �xwxwxwO� tvyz> , we indicatethis by writing k �
t�u �xwxwxw+� tvy-� .
Wecanthink of therelations�B� d asdatatables,andof � asadatabase.In this interpretation,each

formula k of F D definesaqueryon � . Theresult {}|xpe~��okr� of thisqueryis just therelationdefinedbyk in � . In termsof evaluationmappings,

{}|xpe~��okr�L�s5���� D ��8(��i ��j�kM> w
If � is understood,we usuallyomit thesubscript.

Eachdatabase���B����� � ��!$#%�
CED*) !x�(, givesriseto asorted(typed)version �`F D of F D asfollows:

1. Theformulasarethatof FLD .
2. Modelsareof the form ��� �ed # , where ����� �
CED ��� , each ��� d is a relationon 
 5O����8I � ��p
n`lq�����]> .
1It is usualto assumethat � is finite. In this paper, however, wedo not restrictour investigationsto thefinite case.
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3. Valuations��8*Hsg�� arefunctionssuchthat �M�
IJ�o���Q��� for every �L;92 .

Supposethat ������� �ed # is amodelof �`F D . Definethe truth relation {R|xpO�okK� of a formula k over �
as

{R|xpO�okK�?��5�����p
n`l��okK� 8(�3i �aj�k?> w(2.1)

Note that each �c��{}|xpO�okr� can be consideredan evaluationof the free variablesof k . If k is a

sentence,thenwedefine

{R|xp+�okK��� ���� D � � if ��i ��k� �
otherwise.

(2.2)

3 Project-join expressions

Basicoperationsof therelationaldatamodelareprojectionandjoin; project-joinexpressionsleadto

thesimplestform of relationaldependencies.

In this section,we assumethat 21��� is finite. If ���	
 �&C}� � � and �cW�� , we denotetherestriction

of � to � by ���*� . Thatis, �����A�<� if f �/��
 �
�$� � � and � � ��� � for every � �Q� .

Let ��������� � �"!�#%�
C}�z) !+�-, bea database,� and � bedatatablesand � W�������� . Theprojectionof �
to � , writtenas ¡v�M� , is definedas

¡ � �¢� �� � 5�����
 �
�$� � � 8v� [ �£�����¤�&�f���B�����]> � if ��¥� �' � � otherwise.

Then ¡E�M� is adatatablewith scheme����¡v�?���?�4� . The join of � and � is definedas

��¦§�1�s5����	¨©5O���K8(�L����������ª£���o�?�]>�8��<�R������� �Q� and �<�����o�?�"���L> w
Thus ��¦f� is adatatablewith scheme������¦«�?�?�4�������qª£���o�?� .
Next we defineproject-joinexpressionsusinga setof generatorsandsymbolsfor projectand join

operators;for simplicity we usethesamesymbolsasabove. Let usassumethata set 5ON�!b8-./�10K> is

givenandthat, for each.	�§0 , N�! hasthesamescheme� . Thesetof project-joinexpressions(over

thegenerators5ON�!�8O.¬��0K> ), pje’s for short,is definedasfollows:

1. eachN�! is apjewith scheme� ;

2. if ­ is apje and �=W�����­E� , then ¡E��­ is apje with scheme����¡E�?­E�M��� ;

3. if ­ and ® arepje’s, then ­£¦¯® is apje with scheme����­/¦¯®:�?�4����­E��ª£����®:� ;
4. no otherexpressionis apje.

Givena database� ����� � � � ! # �&C}��) !+�-, suchthat, for every .��«0 , ����� ! ����� , we evaluatepje’s in

theobviousway:
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°«± ��N�!J�M�4�"! for every .^��0°«± ��¡E�L­E�M�4¡E� ± ��­E�°«± ��­£¦¯®:�?� ± ��­E�L¦ ± ��®:�
for all pje’s ­ � ® .

By a project-join dependency, a pjd for short, we meana formula ­��²® with ­ and ® pje’s. A

database� satisfiesthepjd ­/��® , in symbols� i ��­¬��® , if f ± ��­E�L� ± ��®:� . A set ³ of pjd’s implies

a pjd ­ if f, for every database� , �´i ��³ implies �´i ��­ . We notethatwe canexpressthata pje ®
follows from apje ­ ( ­¶µ�® ), since ± ��­E�·W ± ��®:� if f ± ��­£¦¯®:�?� ± ��®:� .
Next we definea first order languagecorrespondingto project-joinexpressions.We let F�¸� be the� -variablerestrictedfragmentof � F"¹»º ) ¼x½¾ , whererestrictedmeansthatevery atomicformulahasthe

form N^�
I-u �xwxwxw�� I$��¿qÀZ� . The languageF ¸� is ratherweak; it doesnot contain,for instance,equality,

andthus,substitutionof variablesis not possible;furthermore,only � variablescanbeused(always

in thesameorder),onefor eachsort.

Ourfirst resultshows that F�¸� is aproperlanguagefor project-joinexpressions:

Proposition 3.1. Supposethat �´�´����� � �"!�#%�
C}��) !x�(, and that ­ is a pje generatedby N�! (.§�s0 ).

Then,there is an F�¸� -formula k:Á such that ± ��­E����{R|xpO�ok:Á(� . Conversely, if k is an F�¸� -formula,then

there is a pje ­+Â with ± ��­+Â}�?��{R|xp+�okr� .
Proof. Weassociatewith eachpje ­ theformula k:Á asfollows:

1. If ­ is N ! for some.^�	0 , then k ÁÄÃÆÅoÇ�6N ! �
I u �xwxwxwO� I ��¿qÀ � .
2. If ® is apjeand k:È is alreadydefined,��W�����®:� , 5+� u �xwxwxwO� �Uyz>Ä�4����®:�:É�� , and ­ is ¡ � ® , thenk Á Ã¤ÅÊÇ�²� [ I �ÌË wxwxw I �ÎÍ �ekTÈ .
3. If ® and Ï arepje’s with k È � k:Ð alreadydefined,and ­ is ®	¦ÑÏ , then k:ÁÄÃÆÅoÇ�Òk È X�k:Ð .

Notethatfor apje ­ , p
n`l��ok:Áz�?�s5+IJ�K8-�L�¶����­E�]> .
Weshow thefirst partby induction.

i. If ­^�4N�! , then {R|xpO�ok:Áz�?�4{}|xpx��N�!*�
IJu �xwxwxwO� I$��¿qÀÆ�e�?�4�"!�� ± ��N�!$�?� ± ��­E� .
ii. Let ® be a pje, ­���¡E��® , p&n]lq�ok È �Ó� 5+IJ�ÔË �xwxwxwO� IJ�ÔÕ�> , �6�35+�Uu �xwxwxw�� � � > , where 5+�Uu �xwxwxwO� � � >QW5+�%u �xwxwxwO� �oÖ$> , and ± ��®:���4{R|xpO�ok È � . Then, k:Á��B� [ IJ�Ô×�ØRÙ wxwxw IJ�ÌÕ+�ek È , andwehave

{R|xpO�ok:Á(�Ú� 5����*��8-�3i �ajÛ� [ IJ�Ô×ÊØ�Ù wxwxw IJ�ÔÕx�ek È >� 5���� ¨ 5O���K8(� ���Û>�8�� [ �¬�Q{R|xpO�ok È �e�¤Ü �¯�R�B���vÝÊ>� 5���� ¨ 5O���K8(� ���Û>�8�� [ �¬� ± ��®:�e�¤Ü �§���B���vÝÊ>� ¡E� ± ��®:�� ± ��­E� w
5



iii. Let ­^��®�¦ÑÏ . Set k�Á Ã¤ÅÊÇ�Òk È X"k:Ð . Let p
n`l��ok È �M�s5+IJ� Ë �xwxwxw+� IJ� Õ > andp
n`l��ok:Ðx�?��5+Ix! Ë �xwxwxw+� I+! × > .
Then p&n`l��ok:Áz���Ò5+I$�ÔË �xwxwxwO� IJ�ÔÕ�>ÄªÑ5+I+!ÞË �xwxwxwO� Ix! × > . Set �vuÛÃÆÅoÇ�ß5+�%u �xwxwxwO� �oÖ�> , ��À�Ã¤ÅÊÇ�ß5Z.Ou �xwxwxwO� . � >
and ��Ã¤ÅÊÇ� � u ª/� À . Now,

{R|xp+�ok:Á(�Ú� 5�������8-��j^i �¢k�X/Ï*>� 5���� ¨ 5O���K8-� �Q�Û>�8*�9�R��uÄ�Q{R|xpO�ok È � and ���*�:À���{R|xpO�ok:ÐO�]>� 5���� ¨ 5O���K8-� �Q�Û>�8*�9�R��uÄ� ± ��®:� and �<���:À·� ± �
Ïz�]>� ± ��­E� w
Conversely, weassociatewith eachF ¸� formula k apje ­+Â asfollows:

1. if k��4N�!z�
I-u �xwxwxwO� IJ��¿qÀZ� , then ­+ÂàÃÆÅoÇ��N�! and ����N�!��?�<� ;

2. if k��B� [ IJ�o�%á , then ­+ÂàÃ¤ÅÊÇ�6¡vâ�­¤ã , where ä4�4����­¤ã��KÉ«5+I$�Þ> , and ����­+ÂE�M��ä ;

3. if k���á1X/å , then ­+Â Ã¤ÅÊÇ��­¤ã¶¦f­¤æ and ����­+Â}�?�4����­¤ã��qª£����­¤æ}� .
It is nothardto seethat,for eachpje ­ andeachF ¸� -formula k , we have ­+Â(çÄ�4­ , and k:Á%èé��k .

Corollary 3.2. Thequeryresultsobtainablefrom project-join expressionsover n-ary relationsare

exactlythetruth relationsof restrictedF�¸� -formulas.

If �ê�ë��� � �Äu �xwxwxw+� �Äy-# is a model of F�¸� , and ­ a pje, then ± ��­E� is the datatable obtainedby

interpretingNru �xwxwxwO� Nry by �Äu �xwxwxw+� �Äy , andprojectionandjoin in a naturalway. Eachpje ­ defines

an operatoron datatablesof an appropriatescheme:we canthink of ­ asa query, and ± ��­E� asits

result.

Observe thatwe have not prescribedthat theformulasof interestarein prenex form whereall quan-

tifiers appearin thefront; thus,variablescanbereused.However, each� -variableformulais seman-

tically equivalent to an @ -variableformula á in prenex form with the samefree andpossiblymore

boundvariables,in the sensethat for any model, {}|xpx�okK�Û��{R|xpO�
á"� in that model. To seethis, we

defineinductively a mapping ì from F � -formulasto prenex F ¾ -formulasasfollows (seealsoAho

etal., 1979):

1. If k���N^�
I-u �xwxwxw+� IJ�z¿qÀÆ� or k��í� [ IJ�Ê�%á , then k is alreadya prenex F ¾ -formula, andwe setìv�okK�?��k .

2. Let k���á�XÓå . For eachvariableIJ�M��lJmJn��
á��-ªÓlJmJn$�
åM� whichdoesnotoccurfreely in ìE�
á"� andìv�
åK� , consistentlyreplaceIJ� by a new variable I+! in oneof ìv�
á�� or ìv�
åK� , where IJ� is bound.

Then,move thequantifiersto thefront to obtain ìv�okK� .
Eventhoughtherearepje’s which translateinto arbitrarily long prenex F ¾ -formulas,theexpressive

power of pje’s is strictly weaker thanthatof prenex F ¾ -formulas,aswasshown in Aho et al. (1979).

In view of theresultsabove — andthoseto follow — thiscomesasnosurprise.
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4 Cylindric structur es

In this section,we shall interpretpje’s in algebraicstructurestheinvestigationof whichwasbegunin

1940’s by A. Tarski. Oneaim of his work wasto find analgebraicinterpretationof first orderlogic

in analogyto thesuccessfulalgebraisationof propositionallogic via Booleanalgebras.For notational

reasons,we supposefrom now on that
� �����s5Oî �xwxwxw�� �Qï�ð$> .

Onedifficulty we encounterwhenconsideringa datatable � is that ������� canbepropersubsetof
�

.

However, in the translationwe have in mind, we considerall occurringrelationsas � -ary; in other

words,datatablesneedto be interpretedas � -ary without losing ������� . The reasonwhy we want

to dealwith � -ary relationsis thatalgebrasof relationsof thesamearity have nicer behaviour than

“heterogeneous”algebras.

Oneway to achieve theabove goal is to take theview thata columnof � which containsall infor-

mationdoesnot containany useful information. For example,if �������^� �
, ��� � É�5Oî*> , and�¢�4� u ¦¯¡ � � , thenit standsto reasonthat ¡ � � carriesthesameamountof informationas � . This

is supportedby the fact that for such � , the formula � [ I À �xwxwxwO� I ��¿qÀ �ÞN^�
I u �xwxwxwO� I ��¿qÀ � is universally

valid in themodel ��� � ��# . Hence,thetranslationof � u ¦f¡ � � is semanticallyequivalentto to trans-

lation of ¡ � � . Alternatively, sinceall dependencieswhich we encounteraredomainindependentin

thesenseof Fagin(1982),wecouldaddanew elementto eachdomain� � , while retaining� . If, say,�������"��5Oî � ð$> , thenwe set �Äñ Ã¤ÅÊÇ�ò��ó��¬ôõ ó wxwxw ó��¬ô��¿qÀ , where �^ô� Ã¤ÅÊÇ�ò���vª�5+ö:> for someö9¥��� .

Therelevantcolumnsof �Äñ arethosein which ö doesnotoccur. At any rate,let usassumefrom now

on thatall considereddatatables� have ��¥�����r¦¯¡ ':÷ ¹ �Î½ � .

Let �B������� � �"!$#%�&C}��) !+�-, beadatabase,andlet � bea relation: �BW<
 �&�JøxùÔúvû ��� . Following Németi

(1991)andImielinski & Lipski (1984)we cantheninterpret� asan � -ary relation

Ï}����� Ã¤ÅÊÇ��5���� ¨�
C}� ���r8��<�����������¶�à> w
Notethat Ï}� � ��� �

, andÏ}�o
 �
C}� ���U�M��
 �&C}� ��� . Werequireanoperationthattellsuswhichcolumns

of Ï}����� aretherelevantonesobtainedfrom � . To this end,we definethecylindrifications VL� , �L;9� ,

asfollows. Let �§W 
 �
C}� ��� , and ��;�� . The � -th cylindrification VL� is definedby

VL�o� Ã¤ÅÊÇ�ü5���� ¨�&C}� ���r8v� [ �/�	�?�¤�&�¯�*�QÉ§5+�e>Ä�������QÉ§5+�`>$�]> w
Thedimensionset ý^� of � is definedas

ý^� Ã¤ÅÊÇ�ü5+� ;«��8�VL�U�4¥���L> w(4.1)

Wenow canrecover therelevantcolumnsof � :

Lemma 4.1. Let �"! bea data tableover a database����� � ��!$#%�
C}�z) !+�-, . Then, ������!$�a��ý�Ï}���"!�� for

every .^��0 .
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Proof. Supposethat �£¥��������!$� , andthat ���<VL�&Ï}���"!�� with �«��Ï}���"!O� witnessingthis fact. Then,���T��É<5+�e>£���¢�T�	É<5+�e> ; in particular, �=�r����� ! �Ä���¢�r����� ! � , since ����� ! �àWA�	É�5+�e> by the

hypothesis.Thus, �	��Ï}��� ! � by thedefinitionof Ï . Hence�aþ�¶ý�Ï}��� ! � .
For the converse,let �¬�s�����"!$� . By our global assumptionthat �"!<¥�ü���à¦�¡ �z÷ ¹ �ÿ½ �"! , thereare�/�¶��! andt������ , suchthatthefunction � ñ 8(�����"!���g 
 �
C}� ��� whichagreeswith � on ������!$�xÉ�5+�e> ,
and � ñ �
�Þ�a��t is not anelementof ��! . Thenany extensionof � ñ is in VL�&Ï}���"!�� . On theotherhand,� ñ �������"!��a¥�Q�"! . It follows that VL�
Ï}����!$�Ó¥�4�"! , andtherefore� �¶ý�Ï}���"!O� .
For every database�B����� � � � ! # �&C}��) !+�-, wedefineanotherdatabase� ñ :

� ñ �B����� � Ï}���"!��e#%�
C}�z) !+�-, w
Thusevery datatable Ï}����!$� hasscheme� . For any pje ­ wedefineits value ± ñ ��­E� in � ñ inductively:°«± ñ ��N ! �?��Ï}��� ! �°«± ño��¡E�?®:�?�4ÏR��¡v� ± ño��®:�e�°«± ñ ��®�¦����M� ± ñ ��®:�L¦ ± ñ ���R� .
This constructionenablesusto interpretany ¡v�?­ evenif � is not a subsetof ����­E� , sinceevery ± ñ ��­E�
hasscheme� . Following Imielinski & Lipski (1984),we defineunrestrictedpje’s, upje’s, aspje’s

without the restrictionthat we can form ¡E�?­ only if � W²����­E� . We say that � ñ i �©­A�©® if f± ñ ��­E�?� ± ñ ��®:� for any upje’s ® and ­ . It is easyto checkthat ��i �4­^��® if f � ñ i �4­^��® for any pje’s­ and ® .

Wearereadyto definetheclassof algebrasthatwe will useto interpretpje’s.

Definition 4.2. Let 2 bean ordinal. Thestructure

����� �����K8(��;<2r�?�����^� ¨�&CED ���Ê� ��	�� VL�o#%�
CED
is calledthefull cylindric (lower) semilatticeof dimension2 over ���:�
� ;92K� . If 
 is a subalgebra of����� �����K8(�L;92r� , then 
 is calleda setcylindric (lower) semilatticeof dimension2 , in short,a �
����� D .
Thatis,

�
����� D�ÃÆÅoÇ���r5 ����� �����K8(��;<2r� 8 sets���%> w
Using the fact that cylindrificationscommute(seee.g.Henkin et al., 1971),we definegeneralised

cylindrifications V ù ��û for ���s5+tvu �xwxwxw�� tvyz> by

V ù ��û �1�
�� � V�� Ë V�� Ù wxwxw V�� Í � if �Ú¥� � �� otherwise.

Thus VL�o�1��V ù ¹ �ÿ½»û � .
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It is nothardto seethatthefollowing arevalid equations:

­ 	 ­^�4­(4.2) ­ 	 ®¶�4® 	 ­(4.3) ��­ 	 ®:� 	 ���4­ 	 ��® 	 ���(4.4) ­ 	 VL�
­^�4­(4.5) VL�UVK!x­^��VK!$VL�
­(4.6) VL�»��­ 	 VL��®:�?��VL��­ 	 VL�Ê® w(4.7)

Thesepropertiessay that
	

is a semilatticeoperation,the cylindrificationsarecommutingclosure

operations,and4.7 is a modularity law. This setof propertiesgivesrise to an abstractclassof al-

gebras:A (diagonal free)cylindric (lower) semilatticeof dimension2 , in short,a ����� D is analgebra��� ���Ô�
� � � # �
CED suchthatfor all t ��� ��� and � � ./;92 ,

��� ��� # is a semilattice.(C1) t ��� ��t£��t(C2)
� � � !+t£� � ! � �
t(C3)

� �»�
t ��� � � �M� � ��t ��� � ��w(C4)

Somestructuralpropertiesof cylindric semilatticescanbefoundin Düntsch(1993).

Proposition 4.3. Theequationaltheoryof upje’s over � -dimensionaldatabasesis equivalentto the

equationaltheoryof �
����� � . That is, there is a translation �en of upje’s ontocylindric expressionssuch

that for all upje’s ­ and ® , ­£�¢® holdsin everyn-dimensionaldatabaseiff �enO��­E� ���en���®:� is valid in

every �
����� � .
Proof. Wedefine�en asfollows:

1. �en$��N�!$�?�4N�! ;
2. �en$��¡E�?®:�?� � ù �z÷E�rû �en���®:� ;
3. �en$��®�¦��������enO��®:� � �en����R� .

Let �àñE�B����� � Ï}���"!J�e#%�&C}��) !+�-, beadatabase,andlet 
sW ����� �����r8-� ;«�T� bethesubalgebragenerated

by Ï}���"!�� , .§��0 . Let N�! take the value Ï}���"!�� in 
 : N! ! �3Ï}���"!�� . We claim that, for any upje ­ ,

thevalueof ­ in �bñ andthevalueof its translationin 
 coincide: ± ñ���­E���"�en���­E�# . We proceedby

induction.First let ­/�4N�! : ± ñ ��N�!��M��Ï}���"!����4N  ! ���en���N�!��  w
9



If ­¬�4¡E�M® , then ± ñ ��¡E�?®:�Ú� Ï}��¡E� ± ñ ��®:�e�� Ï}��¡E�$�en$��®:�  �� 5���� ¨�
C}� ���K8v� [ �¬�%�en���®:�  �U�f�*�B�������Û>
� V ù ��÷E�:û �en���®:�  � � � ù ��÷E�Tû �en���®:�e�  � �en���¡v�M®:�  w

Finally, assumethat ­^��®	¦�� : ± ñ ��®�¦���� � ± ñ ��®:� ¦ ± ñ ���R�� �en���®:�  ¦&�en����R�  � �en���®:�  	 �en����R�  � ���en���®:� � �en$�����e�  � �en���®�¦&�R�  w
Hence � ñ i ��®���� if f 
�i���en$��®:�?���en����R�
undertheevaluation N' ! �sÏ}���"!�� . Sinceevery � -dimensionaldatabasedefinesa �
����� � togetherwith

avaluationof thevariables,wegetthat

¥i �4®¶��� implies ¥i �(�en���®:�����en$����� w
Conversely, every �
����� � with avaluationgivesriseto an � -dimensionaldatabase,whence

¥i ���en���®:�����en������ implies ¥i �4®¶�(� w
Finally, �en is a mapontocylindric expressions,sincewe definedit on theclassof all upje’s. Thusthe

equationaltheoryof � -dimensionalupje’s is equivalentto theequationaltheoryof �
����� � .
It wasshown in Imielinski & Lipski (1984)that thereareinfinitely many non-equivalentupje’s over

oneternaryrelation. Below, we usetheprecedingresultto show that thesameis true for pje’s over

two binaryrelations:

Proposition 4.4. There is an infinite two-generated �
����� õ .
Proof. Let ���s�éua�¢�/À���5Oî � ð �*)*�xwxwxw > � �A��5��,+.- �*/ -}#Ó80-	���¶> , and �§�B5�� ) - ��1 -}#Ä80-����Q> .
Now, defineinductively

2 u � V u � 	 �
2 õ �.3TÀ � V À 2 õ � 	 � � �1�Q�
2 õ � � V u 2 õ �z¿qÀ 	 � � �54�î w

10



It is straightforwardto checkthat

2 õ � � 5 /!� ðxî � � � ) - ��1 -}#·86-£�Q�¶>
2 õ �73TÀ � 5zðxî �.3TÀ � �,+.- �*/ -}#·86-£�Q�¶>

andthus,the �
����� 8 generatedby � and � is infinite.

Corollary 4.5. There are infinitely manynon-equivalentpje’s in two binary relationsover thesame

attributeset.

The free �
����� õ on onegeneratorcontainsjust eight elements.Thus the presenceof two generators

is necessaryto obtain infinitely many non-equivalent expressions,and the result above is the best

possible.

5 Axiomatisability of project-join dependencies

Yannakakis& Papadimitriou(1982)defineaclassof dependencies,which they call algebraic depen-

dencies: analgebraicdependency is aproject-joindependency ­�µ�® suchthatboth ­ and ® arepje’s

built up usingonly onepropositionalvariable.They give a completeaxiomatisationfor implications

betweenalgebraicdependencies.During the proof, they consideran equationwhosetranslationto

cylindric expressionsis thefollowing:

� À�� � õ � � À�� � ux� �9� õ ��� ��� ux��� �9� uJ� � À]� �9� õ ���e�M�(5.1)
� À�� � õ � ��� u(� � À]� �9� õ � � ux� �:� À�� � õ � ��� ux���e�e�e� w

It is shown by Yannakakis& Papadimitriouthat while (5.1) is a �
����� � -valid equation,it cannotbe

derivedfrom theequationsdefining ����� ; .
Thesolutionsuggestedby Yannakakis& Papadimitriouis to defineanothersemanticsfor algebraic

dependencies,in whichevery � -tupleis representedasan @ -sequenceof thetuplein question,e.g.

�
tvu � t:À � t õ #M�B�e�
t�u � t�À � t õ # � �
t�u � t�À � t õ # �xwxwxw # w
Theextendedrelation � of � is definedas

�¢�s5 �	8*���¶�à> w
Thenthey give a finite schema2 of equationsaxiomatisingthe above extendedrelations. The result

below suggeststhatwithoutconsideringextendedrelationsfinite axiomatisabilityof pjd’s is impossi-

ble.

In theprecedingsectionwe proved that (valid) upjd’s areequivalentto (valid) equationsof �
����� � . It

follows thattheimplication ³�i ��­ ( ³�ª£5O­�> afinite setof upjd’s) is equivalentto aquasi-equation(a

universalHorn-formulawith equationsasatoms)of cylindric expressions.Thefollowing resultshows

thatthereis no finite setof formulasaxiomatising� -dimensionalupjd’s if �&4 ) .
2A finite schemaof equationsis a finite set of equationsusing parameters.By substitutingactualvaluesfor these

parameterswe getequations.For instance,<>=@?BA�<C=D<>=@? is a schemaand < Ë ?EA�< Ë < Ë ? is oneof its instances.
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Theorem 5.1. (Hodkinson& Mikulás,1998)

Thequasi-equationaltheoryof �
����� � is not finitelyaxiomatisablewhenever �&4 ) .
Theideaof theproof (which is rathertechnical)is anultraproductconstruction.For every -��¶@ , an

algebra
�y is definedsuchthat 
�y is not representableasa �
����� � while their non-trivial ultraproducts

arein �
����� � . Thennon-finiteaxiomatisabilityof �
����� � follows. Since�
����� � is axiomatisableby asetof

quasi-equations,theremustbevalid quasi-equationsF+y suchthat 
�y	¥i �GF+y , -���@ . However, we do

not know thesequasi-equations.Weconjecturethat,in fact,therearevalid equations(probablyusing

only onevariable)similar to (5.1)showing thenon-representability of 
�y .
Anotheropenproblemis whether�
����� ¾ is axiomatisableby a finite schemaof equations.Notethatin

�
����� ¾ thereareinfinitely many operations
� � ( ���Q@ ), thusfinite axiomatisabilityis impossible(without

usingschemas).SeeSection6 for moreon finite schemaaxiomatisabilityof @ -dimensionalalgebras

of relations.

6 Cylindric dependencies

Cosmadakis(1987)hasintroduceda moregeneraltypeof datadependency which usesa larger frag-

mentof first order logic thanpj-expressions,andwhich is untyped. In this setting,a databaseis a

pair ��� �ed # , where � is a nonemptyset,and
d ��5O�Ó��8r���4P}> is a setof relationsover � with

finite arity SK�
�Þ� . The correspondingquery languageF 3¾ is a first order languagewith connectivesV �Ò5$X �ZY �Z[��]\^�`_a� �b> , which hasan infinite set HÒ�65+IJ�Ä8��b�9@�> of individual variables,anda

set �=�=5ONT� 8R����PR> of predicatesymbolssuchthateachN:� hasthesamearity as �Ó� . Formulasare

definedin theusualway.

A formula is calledrestricted, if all its atomicsubformulasareof theform � � �
I u �xwxwxw+� IIH ù �Îû�¿qÀ � . It is

well known that, in the presenceof equalityandsufficiently many variables,eachbasicformula is

equivalentto a restrictedformula,seeHenkinetal. (1985)4.3.1.

Thequeriesdefinedby thelanguagearejust thetruthsetsof formulasasdefinedin (2.1)and(2.2). A

first order dependency(fod) is anexpressionof the form k�gßá , where k and á are F 3¾ -formulas.

Notethat thesymbol g is not partof our language.Again,we canidentify databasesandmodelsofF 3¾ . We saythata database� satisfiesa dependencyk§g á , if �Òi �Bk implies �üi �sá . A set ³ of

fod’s semanticallyimpliesan fod ® , if ��i �¢³ implies �3i �4® for all models� of F 3¾ .

To definethecorrespondingalgebraiclanguagerequiressomepreparation,sincein theintendedmod-

els of this language,relationsof different rank have to live together. In order to achieve this, we

needto enhanceour notion of database,similar to our procedurein Section4. Given a database���B��� � 5O�Ó�K8(���¶PR>$# we definea “dummy embedding”J of therelations�Ó� into
¾ � by

J����Ó�Ê�?��5O�¬� ¾ � 8E���*u �xwxwxwO� �KH ù �Îû�¿qÀ # �Q�Ó�U> �
seeNémeti(1991).
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We alsoneedto definethediagonal relations � ! yb��5O��� ¾ ��8}�J!�����yz> . Sincewe have madethe

relations� � compatibleover thesamebaseset,we have thesetoperations
	�� ª at our disposal.As

before,the � -th cylindrification is aunaryoperatordefinedby

VL���¢�s5O�¬� ¾ � 8E� [ML �¶���Þ�¯�*@1É§5+�e>a� L �*@1Éf5+�`>-> w
Thelanguageof cylindric expressionsconsistsof thepredicatesymbolsof F 3¾ , two binaryoperators�Ô��N

, unaryoperators
� � � �·;4@ , andconstantsO(� ! � � � .Q;4@ , aswell as î � ð . ThesetCE of cylindric

expressionsis thesmallestset P suchthat,for all � � .^;�@ ,

1. î � ðb��P ,

2. NT�M��P ,

3. Oz� !���P ,

4. if ­ � ®���P , then ­ � ® � ­ N ®1�%P ,

5. if ­���P , then
� ��­��QP .

With someabuseof language,weshallalsouseCE asanabbreviation for “cylindric expression”.

Thesemanticsof CE’sareprovidedby thefollowing meaningfunction:

1. R�������îz��� � � R������»ðO��� ¾ � ,

2. R�������N:�U�?�SJ:��� �o� ,
3. R�������O � ! �?��� ��! ,
4. R�������­ � ®:�?��R�������­E� 	 R�������®:� ,
5. R�������­ N ®:�?��R�������­E��ªTR�������®:� ,
6. R������ � � ­E�?�¢V � ��R�������­E�e� .

Wecannow definea translationfunction Ï from restrictedformulasto CE’sasfollows:

1. Ï}� _ ���4î � ÏR� \ �M�Að ,
2. Ï}��NT�U�?�4NT� ,
3. if k � á are F 3¾ -formulas,then

(a) Ï}�ok�X/á"�?��Ï}�okK� � Ï}�
á�� ,
(b) Ï}�ok Y á"�?��Ï}�okK� N Ï}�
á�� ,

4. if k is an F 3¾ -formula,then Ï}�e� [ IJ�o�ekK�?� � ��Ï}�okK� .
It is nothardto seethat Ï is bijective,andthat
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Proposition 6.1. (Henkinetal., 1985,Cosmadakis,1987)

Let � bea modelof F 3¾ . Then,for every F 3¾ -formula k andeveryCE ­ ,

i. {}|xpe~ �okK�?��R������
Ï}�okK�e� ,
ii. R�������­E�?�4{R|xpe~ �
Ï ¿qÀ ��­E�e� .

Thus, F 3¾ -formulasandCE’sareequalin expressive power.

A cylindric dependencyis a stringof theform

­^�4® �
where­ and ® areCE’s. Wedenotethesetof all cylindric dependenciesby CD.

Cosmadakis(1987)givesafinite setof axiomschemasfor CD’s,whichwehavesomewhatshortened,

usingresultsfrom Henkinetal. (1971);thereaderwill havenodifficulty in checkingthatthesystems

areequivalent.

C1. A setof equationswhich saythat �oV!U ���Ô��Nà� î � ðO# is a distributive latticewith smallestelementî andlargestelementð .
C2.

� �Êî��4î
C3. ­ ��� ��­¬�4­
C4.

� �`��­ �9� ��®:�?� � �Ê­ ��� �Ê®
C5.

� � ��­ N ®:�?� � � ­ NV� � ®
C6.

� � � !+­^� � ! � ��­
C7. Oz�Ì���Bð
C8. If .¶¥��� � - , then O � ya� � ! ��O � ! � O ! yJ�
C9.

� !ONXW��4NXW for all .ZY«SK��R��
for all � � . � -��£@ , R�;«� , and ­ � ®1�¶V!U .

An abstractalgebra[ which satisfiestheseaxiomsis calleda cylindric lattice with generators NTy . If

eachelementof [ is finite dimensionalin thesenseof (4.1), we call [ finitedimensional. If thesetof

generatorsis understoodor unimportant,wejustspeakof [ asacylindric lattice.As usual,acylindric

lattice [ is calledrepresentableif it canbeembeddedinto theproductof algebrasof theform

���^� ¾ ��� ��	 � ª � � � ¾ � � VL� � ��� !�#%�
) !+� ¾ w
The axiomsareclearly soundfor the intendedmodels,i.e. for representablecylindric lattices. We

define \ asthederivability relationin equationallogic usingthecylindric latticeaxioms.Cosmadakis

(1987)now makesthefollowing

14



Claim 1. Theaxiomsystemis complete, i.e. whenever ³^ª�5O­�> is a setof cylindric dependencies,then³�i �4­ implies ³]\£­ .

Onesimplereasonwhy theclaim fails is thatoneaxiomwhich is includedin theaxiomsfor cylindric

algebrasof Henkinet al. (1971)hasbeenoverlooked:

Proposition 6.2. Let �Ó¥�«. , and � bethedependencyOz��! ��� �`��O(� ! � ­E��µ9­ .
1. � holdsin everydatabase.

2. � cannotbederivedfromtheaxioms.

Proof. 1. Let ^ be a representablecylindric lattice, andsupposethat �s��R�������O(� ! �K� �»��Oz� ! � ­E�e� .
Then, �$�����x! , and ���¶VL�`����� ! 	 R�������­E�e� . Thus,thereis some�/� ¾ � suchthat �Û�4��� ! 	 R�������­E�
and,for every .f¥��� , �x!à���+! . Now, ���1��� ! impliesthat �$�L���x!����x! , and �§�Ñ��� ! shows that in

fact �Q�<� . Hence,�	�%R�������­E� .
2. Consideranalgebraicquerylanguagewith onerelationalsymbol N . Let 
 beanabstractalgebra

which satisfiesthecylindric latticeaxiomsandsuchthat î�;¢N6;_O�uÆÀà;�ð and
� u¤Nc� � À]N�� ð in


 . It is notdifficult to checkthatsuchan 
 exists,witnessingthefactthat � is notderivablefrom the

axioms.

Evenaddinganew axiom

C10. Oz� ! �9� �e��O(� ! � ­E�"µ�­
will notmake thesystemcompleteasthefollowing shows:

Proposition 6.3. Theaxiomsystemenlargedby C10 is not complete.

Proof. Considerthefollowing cylindric dependency from 3.2.68of Henkinetal. (1985)

� u�� ��� À]® �9� õ ­�µ � u � À � õ � � õ � � À*� ��� ux®:� ��� À�� � õ � �:� ux­E� �:� u-� � õ ® ��� À]­E�e� w
It is straightforward, if somewhat tedious,to show that this dependency holdsin all models.On the

otherhand,it is shown in Henkinetal. (1985),thatit cannotbederivedfrom theaxiomsfor cylindric

algebrasgivenin Henkinetal. (1971),p. 162,of whichoursystemis a part.

The following resultshows that, in fact, it is impossibleto give a finite schemaof universalaxioms

for axiomatisingrepresentablecylindric lattices3.

Theorem 6.4. Let ��t be a setof universal formulasaxiomatising(the quasi-equationaltheoryof)

representablecylindric latticesof dimension@ . Then� t containsinfinitelymanyvariables.

3Wedid notpreciselydefinethenotionof afinite schema.Onenecessarycondition,however, is thatit shouldusefinitely

many (algebraic)variables.
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Proof. Recall from Henkin et al. (1985) that a representablecylindric algebraof dimension 2 , an`badc D , is a representablecylindric lattice that is also closedundercomplementationw.r.t. the top

element.Thatis, wehaveaBooleansetalgebrawith additionaloperatorsinsteadof aboundedlattice.

Andréka(1998),Theorem3, shows thattheclass̀
baec ¾ cannotbeaxiomatisedby universalformulas

usingfinitely many variables.Herstrategy is to define,for every �1��@ , abstractalgebras
·� suchthat


·� is not representable,while its � -generatedsubalgebrasarerepresentable.Shedefines,for every�1��@ , avalid equationthatfails to hold in 
·� , thusshowing thenon-representability of 
·� .
It turnsout thatwecandefinevalid quasi-equationsF � in thelanguageof cylindric latticesthatfail in

thecylindric latticereductof 
 � . Theoperationof substitutionf �! is definedas

f �! t��
�� � � � ��O � ! � t�� if ��¥�«. �t otherwise.

Then Fx� is definedasthesentence

�@g�� � �Äu �xwxwxw+� �hW � �ÛuÆÀ �xwxwxw+� �$W·¿qÀiW��j �ikl ! � � � �"! ��î�X j � � �Mµ��9X j �&) y � y��Ó��� � y��9X j �mkl ! �
�é� ! � Oz��!Ó�4î X¬�é� ! N O(� ! �AðO�g²�Bµ � ùnW û �o
 � f u� � À wxwxw*� W � � 
 �mkl ! �é��!$� w
Intuitively, Fx� saysthatif wecan“split” theprojectionof theelement� ontothe î -th coordinateinto

R N ð disjointparts�Äu �xwxwxwO� �hW , thentheremustbean @ -sequence� suchthat �$� ¥���x! for all distinct� � .§µoR . The validity of F+� is routineto check. The otherdetailsof the proof areidenticalto the

proof of Andréka(1998),to whichwe refertheinterestedreader.

Corollary 6.5. There is nofinitesetof (universal) axiomschemassuch that ³�i �4­ iff ³]\£­ for every

set ³1ª¶5O­�> of cylindric dependencies.

Representationproblemsin algebraarecloselyconnectedto completenessproblemsin logic. Loosely

speaking,non-representablealgebrascorrespondto non-standardmodelswhich exist in casetheax-

iom systemfor the logic underconsiderationis not completefor the intendedclassof models. In

Cosmadakis(1987)it is statedthatevery locally finite cylindric latticeis representable:

Claim 2. For everylocally finite cylindric lattice p there is a family of databases�
� � # �&�7q such that

p is isomorphicto a subalgebra of a productof themodels�a� .
In contrastwe show

Proposition 6.6. There is a locally finite cylindric lattice with threegenerators which is not repre-

sentable.

Proof. Weusethefollowing exampleadaptedfrom Andréka& Németi(1991):Let p beacylindric

latticegeneratedby theelementsr � F ��s whichhave thefollowing properties:

1. i 5�r � F ��s >*i��S+ .
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2. ýtr£��ý$F���ý s �s5Oî � ð$>
3. î^;ur£� � u r ��� À r�µ]O uÆÀ ;�ð
4. î^;]F Nvs ; � À r
5. F ��s �4î
6.
� u F�� � u s .

Towardsa contradictionlet us assumethat p is representable.Then it can be embeddedvia an

isomorphismw into theproductof algebraŝ̂ y ( -��Qx ) of theform

���^� ¾ �éy-� ��	 � ª � � � ¾ � � V � � � � ! # �
) !+� ¾ w
Let -���x beanindex suchthatthe w -imageswT��F-� and w:� s � of F and

s
arenotemptyin the - th algebra

^^y : wT��F(�Þy�¥� � ¥�ywT� s �Þy — such - existsby 4 and6 above. By 4, we alsohave that wT�zr��Þy�¥� �
. We

denote�éy by � and wT�zr��Þy , w:��F(�Þy and w:� s �Þy by N , { and � , respectively. For �s�95ON � { � �à> and�L; ) wedenoteby r s �o� theset 5��$�K8z�����L> . Then,since ýéN�W45Oî � ð$> ,
V uxN � �6ó|r s À]N�ó¶��óQ�6ó wxwxwV�À]N � r s uxN�óQ��ó¶��ó wxwxw

and Ns��V uxN 	 V�ÀeN impliesthat

Ns�vr s u¤N�ó}r s À]N�óQ�6óQ��ó wxwxw+w
By N�W��éuÆÀ , thereis someO¬�Q� suchthat r s u¤Ns�vr s À]Ns�s59O}> . >From V u�{s��V ux� we infer that

r s À�{s�~r s À`� . Furthermore,{ � �BW<V�À]N impliesthat r s u�{¢�~r s uÆ�¢��59OR> . It follows that

{s�s59OR>bó$r s À�{Bó¶��ó��6ó wxwxw ��59OR>bó|r s À`�BóQ��ó¶��ó wxwxw �4� �
contradictingthat { 	 �¢� � .
Thereis nowayto (equationally)repairtheclaim,sinceit is shown in Andréka& Németi(1991)that,

unlike representablecylindric algebras,therepresentablecylindric latticesdo not form anequational

class.Onereasonfor this is that,againunlike for locally finite cylindric algebras,theconceptssimple,

subdirectly irreducible, anddirectly indecomposabledo not coincide(seealsoDüntsch,1993).

Onemight wonderwhathappensif we restrictour investigationto thefinite dimensionalcaseaswe

did with project-joindependencies.Thedefinitionsof fod’s and(representable)cylindric latticesare

easilymodifiedto finitely many variablesandfinite dimensions.Thenthequestionis whetherthereis

afinite setof (quasi-)equationsaxiomatising� -dimensionalcylindric dependencies.Againtheanswer

is negative:

Theorem 6.7. (Hodkinson& Mikulás,1998)

Thequasi-equationalandtheequationaltheoriesof representablecylindric latticesof dimension� is

not finitelyaxiomatisableif �&4 ) .
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Note that in this casewe have a strongernegative resultthanin thecaseof pjd’s: we cannotfinitely

axiomatiseeven the valid equationsbetweencylindric expressions,not to mentionvalid inferences

betweenequations.Theproof of theabove theoremis anotherultraproductconstruction.From this

constructionit is easyto definevalid equationsthatshow thenon-representabilityof thealgebras.We

referthereaderto Hodkinson& Mikulás (1998)for details.
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