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Abstract

Contactrelationalgebras(CRAs), introducedin Düntschet al. (1999),arisefrom the studyof
“part–of” and “contact” relationsrootedin mereologyand have applications,for example, in
qualitative spatialreasoning.We give anoverview of theoriginsof CRAsandnumerousexam-
ples.

1 Intr oduction

Contemporaryqualitative spatial reasoning(QSR) is basedlargely on the relationaland topologi-

cal propertiesof regions. A basicrole is playedby the binary “part – of” and“contact” relations,

from which many otherscanbe defined. The formal studyof “part – of” relationsgoesbackto S.

Leśniewski (1927– 1931),a Polishmathematician,who, togetherwith Twardowsky, Łukasiewicz,

andhis soledoctoralstudentTarski, formedthe coreof the Lwów – Warsaw schoolof Logic and

Philosophy, which

“. . . in the 20s– 30sof this centurymadethe University of Warsaw perhapsthe most

importantresearchcentrein theworld for formal logic” (Betti, 1997).

Mereology1, the“Scienceof parts”,is apartof S.Leśniewski’swork onthefoundationsof Mathemat-

ics,developedfrom about1915onwards(Leśniewski,1927–1931).It is notthepurposeof thisarticle

to go into thedetailsandramificationsof this system,but we refer the readerinsteadto Leśniewski

(1983),Luschei(1962),Surmaet al. (1992)or Link (1998),Simons(1987). Mereologywas later

taken up by Leonard& Goodman(1940),thoughfor a differentreason;formally, their calculusand

Leśniewski’s systemarethesame.Clarke (1981)generalisedmereologyandbasedtherelationalpart

of his “Calculusof Individuals” on a “connection”or “contact” relationwhich first appearedin the

worksof deLaguna(1922)andNicod (1924). In spatialreasoning,“mereology” is todayfrequently
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usedsynonymouslywith thestudyof connection,andLeśniewski’s original systemis referredto as

“classicalmereology”(CM) (seeEschenbach& Heydrich,1995).

A “connection”or “contact” relationis a reflexive andsymmetricbinaryrelationwith theadditional

propertythateachelementof thedomainis determinedby thoseelementswith which it is in contact.

From a contactrelationbetweencirclesin theEuclideanplanethe relationspicturedin Figure2 on

page6 canbedefined citeplag22,cla81.Theserelationsalsoform thebasisof the investigationsof

Egenhofer& Franzosa(1991)andRandellet al. (1992).

Recently, compositionbasedreasoningwith binary relationshasbeenof interestto the QSRcom-

munity (Bennett,1997,1998,Bennettet al., 1997,Randellet al., 1992),andthe expressive power,

consistency andcomplexity of relationalreasoninghave becomeanobjectof study.

It hasbeenknown for sometime,thattheexpressivenessof reasoningwith basicoperationsonbinary

relationsis equalto theexpressive powerof thethreevariablefragmentof first orderlogic (seeTarski

& Givant,1987, andthe referencestherein). Thus,it seemsworthwhile to usemethodsof relation

algebras,initiatedby Tarski(1941),to studycontactrelationsin theirown right, andthenexploretheir

expressive power with respectto varioustopologicaldomains.

In this paper, we give anoverview of thebasicpropertiesof contactrelationsandtheir algebras,and

exploretheir expressive power on simpledomains;mostof thematerialis drawn from Düntschet al.

(1999,2001b).

2 Binary relationsand their algebras

A binaryrelationon aset � is asubsetof ����� . If ������������� , and �������! #"$� , wewill usually

write �%�&� for '(�)���+*,"-� , and ���&�+�. for �%�&� and �/�0 . Therange of � in � is theset

�&�#13254687 �9"���:;�%�&�%<>=
Wedenotethesetof all binaryrelationson � by �@?A�BC�0D ; clearly, �@?EA�BC�0D is aBooleanalgebraunder

theusualsetoperationsFG��HG�I with smallestelementJ andlargestelementK 1L2M46 �N�O� . We also

considerthefollowing operationson �@?A�BC�0D :
�QPR�$1L2M4687 '(�)���+*R:SB5T/ #"��@DLU �%�0 V�W�VXM<>� Composition(2.1)

�,Y�1L2M4687 '(�)���+*R:;�Z�&��<>= Converse(2.2)

An additionaldistinguishedconstantis theidentity relation [L\ . Thestructure

']�@?EA^BC�@D���FG��HG�I0�
JZ��K_��PV��YC�[ \ *
is calledthe full algebra of binary relationson � . Any subalgebraof �@?A�BC�@D is calledanalgebra of

binary relations(BRA). We usuallyidentify algebraswith their basesetandwrite `bac�@?A�BC�0D if `
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is a subalgebraof �@?A�BC�@D . `dae�@?EA^BC�@D is calledintegral, if [L\ is anatomof ` . If 7 �gfh:ji&"lk+<m�
�@?A�BC�@D , then ']�nfo*Cf(prq is thesubalgebraof �@?EA�BC�0D generatedby 7 �nfs:>it"uk+< .
If �v"u�@?A�BC�0D , thenits residual��wt� is thelargest �x"u�@?EA^BC�@D for which �xP,�x�Q� . Theresidual

is equationallydefinableas

�yw,� 6 IzB]�GYjPgI��zD��(2.3)

andonecanalsoshow that

�WB]�{wG�zDC�}|�~��GY(���y�GY���=(2.4)

Furthermore,

Lemma 2.1. (Pratt, 1990) �QwR� is reflexiveandtransitive.

Theexpressivenessof BRAs correspondsto a fragmentof first orderlogic, andthefollowing funda-

mentalresultis dueto A. Tarski(seeTarski& Givant,1987):

Theorem 2.2. If �&����=�=�=�!�&�x"��@?EA^BC�@D , then ']�g����=�=�=��!�&��* is the setof all binary relationson �
which aredefinablein the(language of the)relationalstructure 'C�G�!�&����=�=�=E�!�&��* byfirstorder formu-

las usingat mostthreevariables,two of which are free.

In certaindomains,BRA expressivenessis even stronger:We call a BRA `�ad�@?A�BC�0D first order

closed, if every relationdefinablein thefirst orderstructure'C�t�!`0* is anelementof ` .

If a BRA `�a��@?A�BC�0D is completeandatomic– in particular, if ` is finite –, theneachnonzero

elementis asumof atoms,andrelationalcompositioncanbebedescribedby amatrixsuchasTable1,

whoserows andcolumnsarelabelledby theatomsandanentry ']�R���z* is thesetof atomscontained

in �{PR� . If ` is integral,we omit columnandrow [L\ .
For example,the algebradeterminedby Table1 hasthe atoms �@�R�!�@�RY��!���}�!�m�g�[L\ ; we seethat

��� and �9� aresymmetricrelations,and that [L\ is an atom. The entry, for example,at position

']�@�RY��!�@��* meansthat

�z�,YjPG�z� 6 Ih�9� 6 �z��Hm�@�RYjH�����H�[ \ =

If � 6�7 �gfh:Si0"�k+< is a partitionof �@?EA�BC�0D suchthat � is closedunderconverse,and �gfh��[L\ or

�gf�F$[L\ 6 J for all ig"�k , we definetheweakcompositionof � asthemappingP��{:j���-�8���r�
suchthatfor all i!�o��"uk

�x"u�gfjP����R� 1L2M4|�~��uF$B]�gfSP,�R�ED& 6 JZ=(2.5)

Justasin thecaseof P , we candeterminecompositiontablesfor P�� . Notethat �nfSPh�,���{�nfSP��m�R� ;
if equalityholdseverywhere,i.e. when P 6 P�� , wecall theweakcompositiontableextensional.
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Table 1: Opencirclealgebra¡£¢
P �@� �@�RY ��� �m�
�@� �@� K Ih�RY �m�
�z�,Y Ih�9� �@�RY �z�,Y��!�¤� I��
��� �z�R�!��� Ih� K I��
�9� I��,Y �9� Ih�RY K

An abstractrelationalgebra(RA) is astructure

']`z��¥���¦§�I0�!¨/�[���PV�5Y!�[ \ *
of type 'M�Z�
�Z�[��!¨/�!¨/�
�Z�[��!¨V* whichsatisfiesfor all ©%�
ª��!«0"u` ,

1. ']`���¥¤��¦§�I0�!¨/�[E* is aBooleanalgebra(BA).

2. ']`���PV�5Y^�[ \ * is aninvolutedmonoid,i.e.

(a) ']`���PV�[L\(* is asemigroupwith identity [L\ ,
(b) ©rY¬Y 6 ©%�RB]©0P,ª�D(Y 6 ª�Y+PG©�Y .

3. Thefollowing conditionsareequivalent:

B]©0PRª�DW¦« 6 ¨/�RB]©�Y+P,«DW¦Eª 6 ¨/�RB]«PRª�Y]D)¦�© 6 ¨/=(2.6)

EachBRA is anRA with theobviousoperations,but notviceversa(Lyndon,1950).If ` is anabstract

RA, a representationof ` is aBRA isomorphicto ` .2

For thearithmeticandotherpropertiesof BRAswe invite thereaderto consultChin & Tarski(1951)

or Jónsson(1982,1991).

3 Relationsof time and space

Allen (1983)haspresenteda set of 13 relationswhich characterisethe possiblerelationsbetween

convex intervals of time.3 Thesearethe six relationsof Table2, their converses,andthe identity.

They aretheatomsof anintegralBRA onthesetof all closedintervalsontherealline; its composition

tablecanbefoundin e.g.Ladkin & Maddux(1994).We observe that,in this model,thebasicobject

in theontologyof time is theinterval, asopposedto apoint,andwe invite thereaderto consultAllen

(1984)for adiscussionof this issue.

2This is morespecialthantheusualdefinition,but it will suffice for ourpurposes.
3A logic of time wasindependentlygivenby vanBenthem(1983),seealsoNicod (1924).
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Table 2: Interval relations
before: 7 '�U ®Z��¯rX5�EU ®r\]��¯r\°X(*G:>®�±�¯}±y®r\²±�¯�\��!®Z��¯r�!®r\M��¯r\²"9³,<
meets:7 '�U ®Z��¯rX5�EU ® \ ��¯ \ X(*G:>®�±�¯ 6 ® \ ±�¯ \ �!®Z��¯r�!® \ ��¯ \ "9³,<

overlaps: 7 '�U ®Z��¯rX5�EU ®r\]��¯r\°X(*G:>®�±y®r\²±�¯}±�¯�\��!®Z��¯r�!®r\M��¯r\²"9³,<
starts: 7 '�U ®Z��¯rX5�EU ® \ ��¯ \ X(*G:>® 6 ® \ ±�¯}±�¯ \ �!®Z��¯r�!® \ ��¯ \ "9³,<
ends: 7 '�U ®Z��¯rX5�EU ®r\]��¯r\°X(*G:>®r\²±y®�±�¯ 6 ¯�\��!®Z��¯r�!®r\M��¯r\²"9³,<

contains:7 '�U ®Z��¯rX5�EU ®r\]��¯r\°X(*G:>®�±y®r\²±�¯�\´±x¯��!®Z��¯r�!®�\o��¯r\²"9³,<

Figure1: Interval relations

If we want to extendthe time interval relationsto, say, two dimensionalEuclideanspace,a natural

domainto chooseis theset µ of closeddisks. In space,we do not have thedirectionof thereal line

any more,andthus,for example,wecannotdistinguishbetweenthe“starts”andthe“ends” relations,

andbetweenthe“before” relationandits converse.In thisspirit, weobtainthespatialrelationswhich

aredefinedin Table3, andpicturedin Figure2. There, i5¶´·�B]©/D is the topologicalinterior of © , and

Table 3: Circle relations

Disconnected(DC) : 7 ']©S�
ª�*,:>©@Fmª 6 JV<
Externallyconnected(EC) : 7 ']©S�
ª�*,:>©@Fmª� 6 JZ�Wi5¶´·�B]©@FmªLD 6 JV<
Partialoverlap(PO) : 7 ']©S�
ª�*,:>©� �Qª��.ª¤ �y©S�Wi5¶´·�B]©&FuªLD0 6 JV<
Tangentialproperpart(TPP) : 7 ']©S�
ª�*,:>©m¸Qª��s¹0¯jB]©/D´F9¹0¯jBMªLD0 6 JV<
Nontangentialproperpart(NTPP): 7 ']©S�
ª�*,:>©m��io¶´·LBMª�D
<>=

¹0¯jB]©+D its boundary, i.e. ¹0¯jB]©+D 6 ©nF-IRi5¶´·�B]©/D . Wenotethat �9�g�!º¤� , and ��� aresymmetric,while» �@� and ¼ » �@� arenot; this givesus the additionalcircle relations
» �@�RY and ¼ » �@�RY . Along

with [L\ , they aretheatomsof a BRA ½+¾ on µ whosecompositionis givenin Table4 (Düntschet al.,

1999). ½/¾ is isomorphicto thesubalgebraof ¿ generatedby theunionof the“before” relationandits

converse,but its circle representationcannotbeembeddedinto any representationof ¿ : Considerthe

squareandits diagonalsin Figure3 onthenext page,andlabelthesidesof thesquarewith ��� andits
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Figure2: Circle relations
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Table 4: ClosedcirclealgebraÀ£ÁÂ Ã�ÄVÄ Ã;Ä£ÄÅ ÆSÃ;Ä£Ä Æ%Ã;Ä£ÄÅ ÄVÇ ÈZÉ ÊSÉÃ;Ä£Ä Ä£Ä ËVÌ¬Æ%Ã;Ä£ÄÍ�ÆSÃ;Ä£ÄÅ Î ÆSÃ;Ä£Ä Ë>Ä Ë>Ä�Å ÈVÉ£ÏÐÊSÉ ÊSÉÃ;Ä£ÄÅ ÑÐÒÐÏÐÃ;Ä£ÄrÏÓÃ;Ä£ÄÅ¬ÏÐÄVÇ ÄVÄ�Å Ä£ÄÅÔÏÐÄ£Ç Æ%Ã;Ä£ÄÅ Ä£ÄÅÔÏ�Ä£Ç ÄVÄ�ÅÕÏÓÄVÇSÏÓÈZÉ Ë>ÄÆSÃ;ÄVÄ Æ%Ã;Ä£Ä Ë>ÄÅ ÆSÃ;Ä£Ä Ñ Ë>Ä�Å ÊSÉ ÊSÉÆSÃ;Ä£ÄÅ ÄVÄ�ÅÕÏÓÄVÇ ÆSÃ;Ä£ÄÅ ËVÌ¬ÈZÉ_Í�Ê%É£Î Æ%Ã;Ä£ÄÅ Ä£ÄÅÔÏ�Ä£Ç Ä£ÄÅÔÏÐÄ£Ç Ë>ÄÄ£Ç ÄVÄrÏÐÄ£Ç Ë;Ä Ä£ÄrÏÐÄ£Ç Ë>Ä Ñ Ë>Ä Ë>ÄÈVÉ Ä£ÄrÏÐÄ£ÇSÏÐÈZÉ ÈVÉÍ´ÊSÉ Ä£ÄrÏÐÄ£Ç ÊSÉ Ë>Ä�Å ËVÌ¬Æ%Ã�ÄVÄÍ�Æ%Ã;Ä£ÄÅ Î Ë>ÄÊ%É Ë;ÄÅ Ê%É Ë>Ä�Å ÊSÉ Ë>Ä�Å Ë>Ä�Å Ñ

diagonalswith Ö9× . This network cannotbesatisfiedin any representationof Ø (Ladkin & Maddux,

1994),but it canbesatisfiedin theclosedcircle algebra.

Figure3: Satisfiablecirclenetwork

4 Contact relation algebras

Contactrelationsfirst arosein theworksof deLaguna(1922)andWhitehead(1929). Subsequently,

Clarke(1981)useda“connection”relationtoextendthemereologicalpartof thecalculusof Leśniewski.

It is nowadayscustomaryto talk about“contact” insteadof “connection”relations(just asdeLaguna

did), in orderto avoid confusionwith theunarytopologicalpredicate“connected”.Contactrelations

are the backboneof currentqualitative spatialreasoning(Asher& Vieu, 1995,Cohn,1997,Cohn

etal., 1997,Gotts,1996b).
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�v"-�@?A�BC�0D is calledacontactrelation if

� is reflexive andsymmetric(4.1)

�0� 6 �0��|�~Ù� 6 ��=(4.2)

It wasshown by Düntschet al. (1999)that theextensionalityaxiom(4.2)canbereplacedby theRA

termequation

��wh� is apartialorder=(4.3)

In thesequel,we will write � for �QwR� , andset �z� 6 ��F�Iz[L\ .
A contactrelationalgebra (CRA) is anRA which is generatedby anon–identitycontactrelation.For

afirst example,considertheclosedcircle algebra½/¾ of Table4 on theprecedingpage:If we set

�c132546 [ \ H » �@�{H » �@�RY+H ¼ » �@��H ¼ » �@�RY+Hm����Hmº¤�&�(4.4)

then � 6 ��wh� 6 [ \ H » �z��H ¼ » �@� is setinclusion,and � generates� ¾ .
If µ²Ú is thesetof all opencirclesin theEuclideanplane,and ©/�zªe1L2M4|#~Ù©�Fhª¤ 6 J for ©S�
ªg" µ´Ú , thenthe

BRA ½+Ú generatedby � hasthecompositiongivenin Table1onpage4with � 6 [L\(Ht�@�}Ht�@�RYCHt��� .

Thisalgebrais alsoknown asthecontainmentalgebra (Ladkin & Maddux,1994);it is isomorphicto

thesubalgebraof ½+¾ generatedby � , andisomorphicto thesubalgebraof ¿ generatedby theunionof

“precedes”and“meets”andtheir converses.Theinterval algebra¿ itself, however, is notaCRA.

In the restof this sectionwe will presentseveral small CRAs from Düntschet al. (1999). This will

show thatCRAsdo notonly arisefrom spatialcontexts. First,however, we wantto expressthecircle

relationsof Table3 by relationalgebraictermsobtainedfrom � :

� 6 �RYjPG� overlap(4.5)

�¤� 6 �c¦>IzB]�{¥x�RYMD partialoverlap(4.6)

º�� 6 �c¦>In� externalcontact(4.7) » �@� 6 �@��¦£B]º¤�{P,º¤��D tangentialproperpart(4.8)

¼ » �@� 6 �@��¦>I » �@� non–tangentialproperpart(4.9)

�9� 6 In� disconnected(4.10)

Wewill alsoset

�@� 6 ��H9�,Y�� comparable(4.11)

��� 6 In� discrete=(4.12)

Wewill keepthesedefinitionsthroughouttherestof thepaper.
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Figure4: An orderingfor Û�Ü Table 5: ThealgebraÛ�Ü
Ý ÞRÞ ÞRÞsß àzá
ÞRÞ ÞRÞ â àzá
ÞRÞsß ã_àzá ÞRÞsß ÞRÞsßMäCà�á
àzá ÞRÞsäCàzá àzá â

Even thougha contactrelation � neednot be equalto � , it will alwayscontain � (Düntschet al.,

1999).

ThesmallestCRA is thealgebraknown as å�æ (Comer,1983);it hasfour atoms,andits composition

is givenin Table5. Clearly, � 6 �RY�P�� 6 �$Hz�,Y is symmetricandreflexive,and � is apartialorder.

Finally,

�Qwh� 6 IzB5�QPR�m��D 6 IzB�B]��Hm�RY5D´P,�9�zD 6 IzB]�m�QHm�RY5D 6 �R=
Thefirst concreterepresentationof å�æ wasgivenby (Düntsch,1991).A pictureof theorderderived

from a slightly differentrepresentationof å�æ , given in Andrékaet al. (1994),is shown in Figure4.

There,� is a fractal–like structurewith acopy of ç asits stem,andbranchingat eachpoint into two

copiesof ç .

In å æ , we have � 6 � . Contraryto this, thealgebra½ ¾ satisfies

� 6 �,YjPR� 6 ��Hm�¤���
andthus,

º�� 6 �QF�In�� 6 JZ=
A minimal examplefor this situationshouldhave thefive atoms [L\(�!�z�R�!�@�RY��!º¤�g� and �9� . Sucha

CRA is givenin Table6; we notethat in this algebra� is not a contactrelation.A representationofè � is asfollows: Let

� 6é7 ©ê � :>©�ë ê � �!© odd, ì 6 [��
�Z� ê ��=�=�=(<>�
» 6é7 ©ê � :>¨�ëy©�ë ê � �!© even, ì 6 [��
�Z� ê ��=�=�=�<>=
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Table 6: Thealgebraíjî
Ý ÞRÞ ÞRÞsß ï�á àzá
ÞRÞ ÞRÞ ÞRÞsä�ÞRÞsßMä
â3ð ï�áGäCà�á àzá
ÞRÞsß ÞRÞsäCÞRÞsß5ä�â�ð ÞRÞsß ï�á ï�áGä�àzá
ï�á ï�á ï�áGä�àzá ÞRÞsäCÞRÞsß5ä�â�ð ÞRÞsß
àzá ï�áGäCà�á àzá ÞRÞ ÞRÞsä�ÞRÞsßMä
â ð

Figure5: Tangentcircles Table 7: Thetangentclosedcirclealgebrañ>ò
P �@� �@�RY �¤� �9�
�z� �@� �@� Ig�0� �9�
�@�RY �0� �@�RY �¤� In�0�
��� ��� In�@� K Ih�
�m� In�@� �m� I��,Y K

It is nothardto seethat

�uF » 6 JZ��W� »�ó6 ç&�(4.13)

� and
»

aredensein eachother�(4.14)

��"ô��~õ� 6�öÓ÷+ø�7 �9" » :;��ë��S< 6�ù!ú+û²7 �m" » :>�më���<>�(4.15)

��" » ~õ� 6�öÓ÷+ø37 �9"-�x:;��ë��S< 6�ù!ú+û²7 �m"ô��:>�më���<>���(4.16)

��"ô��|�~ü[�I$�ô" » =(4.17)

Now, we let '5�²���an*��E'5�Wæ�an* betwo disjoint copiesof '5�W�an* , � 6 �²�GHô�)æ , andlet � beextension

of theorderson the ��f to � . Furthermore,

�%º��&��|�~õ��"ô��f�����"ô�²f§ý)æ and [RI$��ëy�%�
�%�9�&��|�~õ��"ô� f ����"ô� f§ý)æ and [RI$��þy�%=

Here, iG" 7 ¨/�[r< , andadditionis mod2. TheRA generatedby � 6 �{Hm�RY/H9º¤� is just
è � .

Finally, we presenttwo CRAswhich arisefrom tangentcircle orders.Thesestructuresarestudiedin

thefield of preferencerelations(Abbas& Vincke,1994,Fodor& Roubens,1997),andtheCRAswere

first presentedby Düntsch& Roubens(1999). Let µ�ÿ¾ be thesetof all opencirclesin theEuclidean

planewhich aretangentto the � –axisfrom above; an exampleis picturedin Figure5. If ©+�@ª 13254|�~
©@F9ª} 6 J , then � is a contactrelationwith � beingsetinclusion.TheCRA generatedby � is given

in Table7. We observe that,unlike in theclosedcircle algebra½/¾ , � losestheability to expressthat

two circlesaretangentialto eachother. It is thereforesomewhatsurprising,that in thedomain µ�ÿÚ of

opencirclestangentto the � –axis,tangentialityis RA expressible:Supposethat ©+�@ªn|�~�©@F9ª} 6 J
in µ²ÿÚ . It is nothardto show that � is acontactrelationon µ²ÿÚ with � beingsetinclusion.Let © ¼ » ��ª
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if f «3A�B]©+D)Fu«LA^BMª�D 6 J . Observe that ¼ » � ¸{�9� , andset
» ��1L2M46 �m�{F$I ¼ » � . Then, © » ��ª if f ©

and ª aretangentialto eachother. It cannow beshown that

�z�{PG�9� 6 ¼ » �ô�
andthus,

» � and ¼ » � areRA definable.The compositionof the CRA generatedby � on µ�ÿÚ is

givenin Table8.

Table 8: Thetangentopencirclealgebrañ ¢
P �@� �@�RY ��� » � ¼ » �
�@� �@� �@� In�@� ¼ » � ¼ » �
�@�RY �0� �@�RY ��� ��� �¤���!�9�
��� ��� In�@� K �@�RY��!�����!�9� �@�RY��!�����!�9�» � ��� ¼ » � �@�R�!���}�!�m� I�B]�@��Hm�@�RY5D I��
¼ » � �����!�9� ¼ » � �@�R�!���}�!�m� Ih�RY K

Notethat
� ¾ is isomorphicto thesubalgebraof

� Ú generatedby �&\ 6 �QH » � . Obviously,

©/� \ ªR|�~�«3A�B]©+D�Fm«LA�BMª�D& 6 JZ=

5 Mereologicalstructur es

Thebasicrelationbetweenindividuals ����� in Leśniewski’s mereologyis

x is an ingredientof y,

whichwe write as � öÓ÷���� � . From öÓ÷���� , severalotherrelationsaredefined:

� û�� �}|�~Ù� öÓ÷���� � andnot � 6 � “part of”(5.1)

�	��
��}|�~ B5T/ VDLU  öÐ÷���� � and  öÓ÷���� �VX “overlaps”(5.2)

���� ��� �}|�~ B��� VDLU  öÐ÷���� �m~��- öÐ÷���� �£X “discrete”(5.3)

In RA terms,thesebecome

û��t6�öÓ÷���� F�IQ[ \(5.4)

��
 6�öÓ÷���� Y+P öÓ÷����(5.5)

��� ���,6 I���
0=(5.6)
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Therearetwo relationalaxioms:

� öÓ÷���� ��|�~�B��� ZDLU  ���
��m~Ù ���
h�VX(5.7)
öÐ÷���� is antisymmetric.(5.8)

(5.7) togetherwith (2.4) impliesthat

öÓ÷����t6 ��
nw���
��(5.9)

andnow, Lemma2.1tellsusthat öÐ÷���� is reflexiveandtransitive,hence,with (5.8), it is apartialorder.

Wecan,alternatively, use��
 asthebasisrelation,defineöÐ÷���� 1L2M46 ��
nw���
 , andtake asaxioms

��
 is reflexiveandsymmetric,(5.10)
öÓ÷���� is antisymmetric.(5.11)

Theseareexactlytheaxiomsof acontactrelation.If werenameöÓ÷���� to � , û�� to �@� and��
 to � , then

we arein accordancewith our earlierterminology, and � is a contactrelation � with theadditional

propertythat

� 6 �RYjP,�R=(5.12)

In CM, � is definableby � , which is usuallynot truein themoregeneralcase.

Theotherpartof mereologyis “sumformation”or “fusion”, whichwedefinehereaccordingto Clarke

(1981),which, in thepresenceof (5.12), is equivalentto Leśniewski’s definition. If � is a collection

of objectsand � acontactrelation,then

� 6�� � 1L2M4|�~�B����+DLU �´�&��|�~�B5T/ �"���DC�j�0 �X5=(5.13)

This is readasx is thefusionof � . Now, a modelof mereology is a structure� 6 'C�G���g�! é* such

that � is acontactrelation,and

For eachnonempty�Ù��� thefusion � � exists.(5.14)

Note that this definition is not first order. If � in (5.14) is finite, we speakof a weakmodelof

mereology. If � additionallysatisfies(5.12), then � is calledamodelof classicalmereology.

In modelsof mereology, onecandefinetheadditionalfollowing operations:

[ 6�� 7 �ô:;�´�&��< Universalelement(5.15)

�#" 6 � 7 ��:;�´B^In��DC��< Complement(5.16) $
� 6 � 7  �:£ >�@� for all �ô"���< Product(5.17)

Observe that " and % arepartialoperations.
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Thestructuresarisingarisingfrom Lesniewśki’s classicalmereologyarethecompleteBooleanalge-

braswith the ¨ elementremoved, cf. Tarski (1935),p. 16f; the part – of relation � is the Boolean

ordering,and

�²�0��|�~Ù�O a�IR��=(5.18)

If & is anatomlesscompleteBooleanalgebra,thentheextremeelements̈/�[ arerelationallydefin-

able; thus,we areonly interestedin the behaviour of the contactrelationandits derivativeson the

set � 6 &NF�I 7 ¨/�[r< . Since � is the basicrelationof classicalmereology, thereis only oneRA

associatedto CM, whentheBooleanalgebrais atomless.

In additionto therelationsdefinedby (4.5)– (4.10), we definethefollowing relations:

» 6 I�B]��P,�RY5D 6c7 '(���! V*R:>��¥x 6 [r<(5.19)

��� ¼ 6 �¤�QF » 6c7 '(���! V*R:>�WB^In�@��D� +�W�#¦E - 6 ¨/�s��¥x u 6 [r<(5.20)

���@� 6 �¤�QF�I » 6c7 '(���! V*R:>�WB^In�@��D� +�W�#¦E - 6 ¨/�s��¥x 6 [r<(5.21)

� ¼ 6 �9�QF�I » 6c7 '(���! V*R:>�#¦E 6 ¨/�s��¥x u 6 [r<(5.22)

��� 6 �9�QF » 6c7 '(���! V*R:>�#¦E 6 ¨/�s��¥x 6 [r<(5.23)

Thecompositionof theCRA ' generatedby � is givenin Table9.

Table 9: Thealgebra() *+ ,-, ,-,/. , )10 , )2* *�0 *�*,-, ,-, 3-45, )1*768*�*
)

,-,�9:, )20 9 *�0 ,-,�9;, ) 9 * *�0 *�0,-,/. æ=< 9 ) ,-,/. ,-,/.>9:, ) , )2* ,-,/.?9;, ) 9 * , )1*, )10 ,-,�9:, ) ,-,/.>9:, )10 9 *�0 æ ,-,�9�, ) ,-,/.?9;, )10 9 *�0 , )10, )1* , )1* ,-,/.>9:, ) 9 * ,-,/.>9:, ) æ < 9 ) ,-,/. ,-,/.*�0 ,-,�9�, ) 9 * *�0 ,-,�9:, )20 9 *�0 ,-, 3-45, )2*76@*�*�A ,-,*�* , )1* *�0 , )10 ,-, ,-,/. æ=<
In thealgebra' , therearetwo possibilitiesto definea contactrelation: We cantake either � 6 �
or � 6 �eH���� . In both cases,� 6 �ewz� . In the first case,(5.12) is alsofulfilled, so that we

obtainamodelof classicalmereology. If � 6 �lH���� , thenwedonotobtainamodelof mereology,

sincein suchmodels,a region is never in contactwith its complement.At any rate,whenever a CRA

generatedby � assumesan underlyingatomlessBooleanalgebrawith the Booleanorderingasthe

“part – of” relation(suchastheRCCdiscussedbelow), thentherelationsof ' mustbepresent,and

�v�{� .

Thealgebraicpartof amodelof mereologyneednotbeaBooleanalgebrawithoutasmallestelement.

Biacino& Gerla(1991)have shown thefollowing:

Proposition 5.1. If 'CB���¥¤��¦§�In* is a completeorthocomplementedlattice, then

�´�&��|�~õ�� a�IR�
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Figure6: An orderingfor í�Ü

PP

PP

( 1-x

x

= x*

EC

DD

DN

Table 10: Thescalealgebraí�Ü+ ,-, ,-,/. D�E *�0 *�*,-, ,-, EF, 3GEF, *�0 *�0,-,/. EF, ,-,/. D�E D2E#9 * E D2ED2E D2E 3GEF, EF, ,-,/. ,-,/.*�0 D�E#9 * E *�0 ,-, EF, ,-,*�* D2E *�0 ,-, ,-,/. æ=<

definesa contactrelation,andthefusionis just thelattice join. Conversely, if 'C�t���&�! e* is a modelof

mereology, welet �n\ 6 �QH 7 ¨Z< , where ¨� "O� . Then, 'C�g\(���&�! e* is a completeorthocomplemented

lattice with the lattice join being the fusion, and the other operations given by (5.16) and (5.17),

extendedby % � 6 ¨ whenever % � doesnotexist in � , and ¨ " 6 [��,[ " 6 ¨ .
Any CRA ` for mereologymust split �9� into ��� and � ¼ . If ` is a not a modelof classical

mereology, i.e. if �� 6 � , then º�� 6 ��F9Ig�� 6 J . A minimalmodelfor thissituationis asfollows:

Let º � �!º æ betwo copiesof therealinterval B]¨/�[ED orderedasusualby a , andset º 6 º � H,º æ ��º ý 6
ºcH 7 [r< . Order º ý by

�%�0��|�~õ�)����"uº�f and ��a���� or y = 1 =
In thefollowing, additionis modulo � . We let HÙ:/ºd� º bedefinedin sucha way that, if �l"$º�f ,
then HlB(�²D is thevalueof � in º�f§ý)æ . Now, therelation � definedon º by

'(�)���+*,"���|�~õ�x aeB^[hIIHlB(�´D�D(5.24)

definesacontactrelation,and

�z� 6 ë
� 6 �RYjP,� 6 �{¥x�RYj¥�[ \ �

º¤� 6 �Qw�� 6é7 '(�)���+*G:£��þ�[�IIHlB(�²D
<>�
��� 6 IzU§B^Ih�RYjP,�9�zD´H�B]�,YjPR��DoX 6é7 '(�)���+*G:£� 6 [�IIHlB(�²D
<>�
� ¼ 6 �9�QF�Ih��� 6�7 '(�����j*,:;�më�[hIJHlB(�´D
<

Thecompositionof theRA
è æ generatedby � is givenin Table10. Wecall

è æ ascalealgebra, since

� is relatedto its complementlike a scale,as indicatedin Figure6. As indicatedby the lines, the

element� in theleft copy is linkedto [hI�� in theright copy by ��� , to anything above [hIl� in the

right copy by º�� , to anything below [RI�� in theright copy by � ¼ .

Ourfinal exampleof thissectionexhibitsamodelof mereologywhereº�� splitsaccordingto whether

�#¥�� 6 [ or not. Let � f �_ig±LK bedisjoint copiesof therationalinterval B]¨/�[ED . ThemappingH is

13



Figure7: An orderingfor í�M
x
PP

PP

(

ED
EC

ED

1-x
DD

DN

definedfrom

H�:

NOOOOOP OOOOOQ
�²� ���WæL�
�)æ ���´���
�FR ���-S��
�FS ���-R�=

and H puts ��"lB]¨/�[ED ontoits twin in theothercomponent.Wenow define

�%�z�0�}|#~õ�����9"ô��f and ��ë��%�
��������|#~õ� 6 [hIJHlB(�²D��
��º ¼ �}|#~ü[hIJHlB(�´D,ëx�%�
��� ¼ ��|#~ü[hIJHlB(�´D,þx�%�
��ºz���}|#~õ� is in acomponentdifferentfrom thatof � or ����B(�´D�=

If � 6 IzB]� ¼ Hu���9D , then
è R is isomorphicto thealgebrageneratedby � . We have not beenable

to find anintuitive spatialexplanationof this situation.Thecompositionof
è R is shown in Table11,

andanindicationof theatomsof
è R is givenin Fig. 7.

Table 11: Algebra í�M with complementandsplit ECÝ ÞRÞ ÞRÞsß ïUT ï�à àVT à@à
ÞRÞ ÞRÞ ÞRÞsäCÞRÞsß5ä�â�ð ïUT�äCàzá ï�à àVT àVT
ÞRÞsß ÞRÞsä�ÞRÞsß5ä
â3ð ÞRÞsß ïUT ï�à ïUT}äCà�á ïUT
ïUT ïUT ïUT}ä�àzá ÞRÞsä�ÞRÞsß5ä
â ð ï�à Þsß Þsß
ïhà ïhà ïhà ïhà ã_ïhà ïhà ïhà
àVT ïUT�äCàzá àVT ÞRÞ ï�à ÞRÞsäCÞRÞsß5ä�â�ð ÞRÞ
à@à ïUT àVT ÞRÞ ï�à ÞRÞWß â3ð

Wecanalsohave º��vPGº�� 6 [ ; in this case,we need(at least)six components,and,otherwise,use

thesamedefinitionsasfor � R . Figure7 is to beinterpretedsimilarly to Figure6: In addition, � in the

leftmostcopy is relatedto any � in thetwo rightmostcopiesby ºz� .
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6 The regionconnectioncalculus

The Region ConnectionCalculus(RCC) was introducedby Randellet al. (1992) as a vehicle for

reasoningaboutspatialphenomena,andhassincereceivedsomeprominence.It usesacontactrelation

� which fulfils Clarke’s axioms(4.1)and(4.2).

A modelfor the RCC consistsof a baseset � 6 �eH ¼ , where ��� ¼ aredisjoint, a distinguishedW "-� , a unaryoperationIe:Z� � ��� � , where � �R1L2M46 �Qw 7 W < , a binaryoperation¥N:V�v�ô�é��� ,

anotherbinaryoperation¦j:>�v�-�e�Ù�QH ¼ , andabinaryrelation � on � .

TheRCCaxiomsareasfollows:

RCC1. B����ô"u�zDC�´�&�
RCC2. B��������9"9�zDLU �²�0�}~õ�j�&�SX
RCC3. B����ô"u�zDC�´� W
RCC4. B����ô"u�����m"u�&�ED ,

(a) '(�)�IR�j*,"ô�e|#~��9� ¼ » �@�0�
(b) '(�)�IR�j*,"ô�e|#~��9���0�

RCC5. B����������! #"u�zDLU§'(�)���@¥� V*,"ô�é|�~��²�0� or �´�0 
RCC6. B����������! #"u�zDLU§'(�)���¤¦� V*,"-�e|#~�B5TYX "u�zDLB;Xn�0� and Xg�@ and �²�ZX&DoX
RCC7. B��������9"9�zDLU ��¦��m"u�e|�~Ù�²�&�VX
RCC8. If ���0� and �Z�0� , then � 6 � .

We shall in thesequelassumewithout lossof generalitythat ¼ 6b7 ¨Z< , and,to avoid trivialities, we

supposethat [ �\[�]�� . Axioms RCC 1, RCC 2, RCC 5 andRCC 8 show that ']�����g��¥@* is a weak

modelof mereology. It is, however, not a modelof mereologyin thesenseof Section5, sinceit has

a differentdefinition of complement:In the RCC models,eachproperregion � is connectedto its

complementIh� , which is impossiblein modelsof mereology. Still

Proposition 6.1. (Düntsch et al., 1999,Stell,1997)

Each modelof theRCCaxiomsis a Booleanalgebra with ¼ 6é7 ¨Z< .

In theoriginal RCC,thecircle relationsof Table3

[ \ � » �@�R� » �@�RY�� ¼ » �z�R� ¼ » �@�RY��!�����!º��g�!�m�(6.1)

areconsideredbaserelationsin a systemcalledRCC8,andtheweakcompositiontablepresentedby

Randelletal. (1992)is shown in Table12.
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Table 12: RCC8weakcompositiontable
C

O+_^ DR
PP

,-,/.
DC EC PO TPP NTPP ` ,-,/. 0 ` ,-,/.

DC 1 DR,PO,PP DR,PO,PP DR,PO,PP DR,PO,PP DC DC

EC DR,PO,
,-,/.

1’,DR,PO,
TPP ` ,-,/. DR,PO,PP EC,PO,PP PO,PP DR DC

PO DR,PO,
,-,/.

DR,PO,
,-,/.

1 PO,PP PO,PP DR,PO,
,-,/.

DR,PO,
,-,/.

TPP DC DR DR,PO,PP PP NTPP 1’,DR,PO,
TPP,̀

,-,/. DR,PO,
,-,/.

NTPP DC DC DR,PO,PP NTPP NTPP DR,PO,PP 1` ,-,/. DR,PO,
,-,/.

EC,PO,
,-,/.

PO,
,-,/.

1’,PO,
TPP,̀

,-,/. PO,PP
,-,/. 0 ` ,-,/.0 ` ,-,/. DR,PO,

,-,/.
PO,
,-,/.

PO,
,-,/.

PO,
,-,/.

O
6

1’
0 ` ,-,/. 0 ` ,-,/.

It wasaskedin Bennettetal. (1997),whentheRCC8tablehasanextensionalinterpretation,i.e. when

it canbeinterpretedasthecompositiontableof aCRA. Table4 onpage6 shows thattheclosedcircle

algebra½+¾ providessuchaninterpretation.

SinceeachRCCmodelis aBooleanalgebra& , wecanrestrictourinvestigationsto � 1L2M46 &mFgI 7 ¨/�[r< .
Then,aswith ' , ��� splits into ��� ¼ and ���@� , and �m� splits into � ¼ andBooleancomplement

��� asdefinedin (5.20)– (5.23). Sinceeachregion is connectedto its complement,andwe wantto

reserve �m� for the“disconnected”relation,weusedifferentnamesasfollows:

�9� 1L2M46 In� 6 � ¼ of (5.22)(6.2)

º¤�0� 1L2M46 ��� of (5.23)(6.3)

º¤� ¼ 1L2M46 º¤�QF$Ihº¤�@��|�~õ��º¤�0� and ��¥��� 6 W �(6.4)

Düntschetal. (2001a)have shown that º¤� ¼ P » �z�Nëy���@� , andthus, �¤�0� splitsinto

���@�bay1L2M46 º¤�0�vP ¼ » �@�(6.5)

���@�dc 1L2M46 ���0�vw&B]º¤�@�vP ¼ » �@�¤D�=(6.6)

Theresultingsystem,RCC11,hastheweakcompositiongivenin Table13onthenext page.For cells

containing6 , theRCCaxiomstogetherwith generalRA propertiesimply thatequalityholds;for cells

containing  6 , thereis a modelin which thecompositionis strictly smallerthanthecell entry. In this

way, we indicatein whichcellsthecompositionmaybeweak,andwhenit is not. Indeed,it turnsout

thataCRA modelof theRCCrelationshasat least25 atoms(Düntschetal., 2001a).

A standardRCC modelis the Booleanalgebra�z��B;�$D of regular opensetsof a connectedregular

topologicalspace';�ô�feS* , wherefor �����m"u�z��B;�$D ,
�²�&� 1L2M4|�~Ù«LA�B(�²D)F�«3A�B(�jD& 6 JZ�(6.7)

(Gotts,1996a).
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Thequestionwasraisedin Bennettet al. (1997)in which situationsa compositiontablefor theCRA

associatedwith a modelof RCCis first orderclosed.Thefollowing necessaryconditionswasestab-

lishedby Düntschet al. (2001b).For this, recall thata Booleanalgebra& is homogeneous,if every

nontrivial relative algebra&nm+ª is isomorphicto & (seeKoppelberg, 1989).

Proposition 6.2. If ` is a first order closedCRAobtainedfroman RCCmodel,thentheunderlying

Booleanalgebra & is homogeneous.

A subsetof thecircle relations,namely,

[ \ �!�����!���}�!�@�R�!�@�RY
hasreceived someattention,and is usually called RCC5 (Bennett,1997, Jonsson& Drakengren,

1997). It arisesfrom disregardingthesplit of � into � and º¤� , and �@� into
» �@� and ¼ » �z� ; in

otherwords,oneaddstheadditionalaxiom � 6 � .

Restrictingrelationsto thenon–extremalelementsof amodel,wearriveatsevenrelationsandaweak

compositiontablewhich hasanextensionalinterpretationastheCRA ' generatedby theorderof an

atomlessBooleanalgebra.

7 Summary and outlook

We have given a survey of the origins andmany examplesof contactrelationsand their algebras.

We have shown how spatialrelationsamongopenor closedcirclesarenaturallyobtainedfrom the

one–dimensionalinterval relations.“Part–of” and“contact” relationsarisingin mereologywerethe

motivating factor in definingcontactrelationalgebras(CRAs). We have given small examplesfor

thesealgebras,andalso exploredCRAs which arisefrom the RCC, a well known mechanismfor

spatialreasoning.

Therearemany avenueswhich canbefollowed,and,to conclude,we presentthequestionsraisedin

Düntschetal. (1999):

o For whichpartialorders� is therea contactrelation � suchthat � 6 �Qw�� ? Whencan � be

chosenas �RYjPG� ?

o Investigatethe complexity of CRAs. This is an importantquestion,relatingto the feasibility

of relationalreasoningin QSR(Bennettet al., 1997). Therehave beeninvestigationsfor the

interval algebraandits relatives (Hirsch,1997,Ladkin & Maddux,1994,Nebel& Bürckert,

1993),aswell asfor RA-likestructuresrelatedto theRCC(Jonsson& Drakengren,1997,Renz

& Nebel,1997,1998). In connectionwith the differentrepresentationsof subalgebrasof the

interval algebra,it is alsoof interestto investigatethenetwork satisfactionproblemfor thegiven

algebrasandtheir representations(Hirsch,1997).
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o Find the CRAs for standardontologiesof mereo-topologyand their expressiveness. These

includethestandardmodelof theRCCasthecollectionof all nonemptyregularclosedsetson

a regularconnectedspaces,aswell asthepolygonalalgebrasof Pratt& Schoop(1998,2000).

It is shown by Düntschetal. (2001a)thatsucha CRA mustcontainat least25atoms.

o Look at vaguenessof spatialregions.This seemsespeciallyimportantfor applicationssuchas

geographicalinformationsystems(Worboys, 1998).Theroughrelationsof Comer(1993)and

Düntsch(1994),or theuncertaintyapproachof Düntsch& Gediga(1997)maycomein useful.

It shouldalsobeworthwhile to investigatetheconnectionsof roughmereology(Polkowski &

Skowron,1996)to thisproblem.
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