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Abstract

Contactrelationalgebrag CRAS), introducedin Dintschet al. (1999), arisefrom the study of
“part—of’ and “contact” relationsrootedin mereologyand have applications,for example,in
gualitative spatialreasoning.We give an overview of the origins of CRAs andnumerousexam-
ples.

1 Intr oduction

Contemporaryqualitative spatialreasoning(QSR) is basedlargely on the relationaland topologi-
cal propertiesof regions. A basicrole is playedby the binary “part — of” and “contact” relations,
from which mary otherscanbe defined. The formal study of “part — of” relationsgoesbackto S.
LeSniewski (1927 — 1931),a Polish mathematicianwho, togetherwith Twardavsky, tukasiavicz,
and his sole doctoralstudentTarski, formedthe core of the Lwow — Warsav schoolof Logic and
Philosophywhich

“...in the 20s— 30s of this centurymadethe University of Warsav perhapsthe most
importantresearcttentrein theworld for formal logic” (Betti, 1997).

Mereology, the“Scienceof parts”,is apartof S. LeSniavski’s work onthefoundationsof Mathemat-
ics,developedirom aboutl9150nwards(LeSniavski, 1927—1931).1t is notthepurposeof this article
to go into the detailsandramificationsof this system but we refer the readerinsteadto LeSniavski

(1983), Luschei(1962), Surmaet al. (1992) or Link (1998), Simons(1987). Mereologywas later
takenup by Leonard& Goodman(1940),thoughfor a differentreasonformally, their calculusand
LeSniavski's systemarethe same Clarke (1981)generalisednereologyandbasedherelationalpart
of his “Calculusof Individuals” on a “connection”or “contact” relationwhich first appearedn the
worksof deLaguna(1922)andNicod (1924). In spatialreasoning; mereology”is todayfrequently
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usedsynorymouslywith the studyof connectionandLeSniavski's original systemis referredto as
“classicalmereology”’(CM) (seeEschenbacl Heydrich, 1995).

A “connection”or “contact” relationis a reflexive andsymmetricbinary relationwith the additional
propertythateachelementof the domainis determinedy thoseelementswith whichit is in contact.
From a contactrelationbetweercirclesin the Euclideanplanethe relationspicturedin Figure2 on
pageb canbe defined citeplag22,cla81lTheserelationsalsoform the basisof the investigationsof
Egenhofe& Franzosg1991)andRandelletal. (1992).

Recently compositionbasedreasoningwith binary relationshasbeenof interestto the QSR com-
munity (Bennett,1997,1998, Bennettet al., 1997,Randellet al., 1992), andthe expressie power,
consisteng andcomplity of relationalreasoninghave becomean objectof study

It hasbeenknown for sometime, thatthe expressienesf reasoningvith basicoperation®n binary
relationsis equalto the expressie power of thethreevariablefragmentof first orderlogic (seeTarski
& Givant, 1987, andthereferencesherein). Thus,it seemswvorthwhile to usemethodsof relation
algebrasinitiatedby Tarski(1941),to studycontactelationsin their own right, andthenexploretheir
expressie powver with respecto varioustopologicaldomains.

In this paper we give anoverview of the basicpropertiesof contactrelationsandtheir algebrasand
exploretheir expressie power on simpledomains;mostof the materialis dravn from Dlntschet al.
(1999,2001b).

2 Binary relationsand their algebras

A binaryrelationonasetU isasubsebfU x U. If R,S CU x U, andz, y,z € U, wewill usually
write z Ry for (x,y) € R, andxRySz for Ry andyRz. Therange of z in R is theset

Rz % {y € U : zRy}.

We denotethe setof all binaryrelationson U by Rel(U); clearly Rel(U) is a Booleanalgebraunder

the usualsetoperations, U, — with smallestelement)) andlargestelementV’ © U x U. Wealso

considerthefollowing operation®n Rel(U):

(2.1) RoS Y {(z,y): (32 € U)[zR=Sy]}, Composition

(2.2) rY {{z,y) : yRz}. Converse
An additionaldistinguishedtonstanis theidentity relation1’. Thestructure
<RCZ(U), na Ua ] ®7 Va o, va 1I>

is calledthe full algebra of binary relationson U. Any subalgebraf Rel(U) is calledanalgebra of
binary relations(BRA). We usuallyidentify algebraswith their basesetandwrite A < Rel(U) if A
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is asubalgebraf Rel(U). A < Rel(U) is calledintegral, if 1 is anatomof A. If {R; : 1 € I} C
Rel(U), then(R;);cr is thesubalgebraf Rel(U) generatedy {R; : i € I}.

If R € Rel(U), thenitsresidualR \ R isthelargestS € Rel(U) for whichRo S C R. Theresidual
is equationallydefinableas

(2.3) R\R=—(R o—R),
andonecanalsoshaw that

(2.4) z(R\ R)y <= Rz C Ry.
Furthermore,

Lemma2.1. (Pratt, 1990) R \ R is refleiveandtransitive

The expressienesf BRASs corresponds$o a fragmentof first orderlogic, andthe following funda-
mentalresultis dueto A. Tarski(seeTarski& Givant,1987):

Theorem 2.2. If Ry,...,R; € Rel(U), then(Ry,...,Ry) is the setof all binary relationson U
which are definablen the (language of the)relationalstructue (U, Ry, . . . , Ry) byfirstorderformu-
las usingat mostthreevariables,two of which are free

In certaindomains,BRA expressienesss even stronger:We call aBRA A < Rel(U) first order
closed if everyrelationdefinablein thefirst orderstructure(U, A) is anelemenif A.

If aBRA A < Rel(U) is completeand atomic— in particular if A is finite —, theneachnonzero
elemenis asumof atoms andrelationalcompositioncanbe bedescribedy a matrix suchasTablel,
whoserows andcolumnsarelabelledby theatomsandanentry (P, Q) is the setof atomscontained
in Po Q. If Aisintegral, we omitcolumnandrow 1’.

For example, the algebradeterminecby Table 1 hasthe atomsPP, PP", PO, DC,1'; we seethat
PO and DC are symmetricrelations,andthat 1’ is an atom. The entry for example,at position
(PP, PP) meanghat

PP oPP=-DC=PPUPPUPOULT.

If R = {R; : i € I} isapartitionof Rel(U) suchthatR is closedundercorverse,andR; C 1’ or
R; N1 = @ forall i € I, we definethe weakcompositiorof R asthe mappingo,, : R x R — 2%
suchthatforall 7,5 € T

(2.5) S € R;oy R; €% SN (R; o Ry) # 0.

Justasin the caseof o, we candeterminecompositiontablesfor o,,. NotethatR; o R; C R; o, R;;
if equalityholdseverywherej.e. wheno = o,,, we call theweakcompositiontableextensional
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Table 1: Opencircle algebraC,

| o | PP [PP[ PO |DC]

PP PP |V —P° | DC
pp| -pc | pPP|PP,PO| -P
PO || PP,PO| —P % s
pcl| -p |pc| -P |V

An abstractelationalgebra(RA) is a structure
<A7 +y Oa 15 Oav’ 1I>

of type (2,2, 1,0,0,2,1,0) whichsatisfiedor all a, b, ¢ € A,

1. (A,+,-,—,0,1) isaBooleanalgebraBA).
2. (A,0,%,1") isaninvolutedmonoid,i.e.

(@) (4,0,1') isasemigroupwith identity 1/,
(b) a¥=a, (acb)"=b"oa"

3. Thefollowing conditionsareequvalent:

(2.6) (@aob)-c=0, (@oc)-b=0, (cob’)-a=0.

EachBRA is anRA with theolbviousoperationsbut notvice versa(Lyndon,1950).1f A is anabstract
RA, arepresentatiorof A is aBRA isomorphicto A.2

For thearithmeticandotherpropertiesof BRAs we invite thereaderto consultChin & Tarski(1951)
or Jonssor{1982,1991).

3 Relationsof time and space

Allen (1983) haspresented setof 13 relationswhich characteriséhe possiblerelationsbetween
corvex intenvals of time2  Thesearethe six relationsof Table 2, their corversesandthe identity.
They aretheatomsof anintegral BRA onthesetof all closedintenalsontherealline; its composition
tablecanbefoundin e.g.Ladkin & Maddux(1994). We obsere that, in this model,the basicobject
in the ontologyof time is theintenal, asopposedo a point, andwe invite thereaderto consultAllen
(1984)for adiscussiorof thisissue.

2Thisis morespecialthanthe usualdefinition, but it will suffice for our purposes.
3A logic of time wasindependentlyiven by van Benthem(1983),seealsoNicod (1924).



Table 2: Interval relations

before:{([q,7],[¢',r']) 1 g <r < ¢ <7’ q,r,¢',r" €R}
meets:{{[qg,7],[¢,r']) :q <r=4¢ <7r',q,1,¢,7" €R}
overlaps:{{[q,7],[¢',r']) : q < ¢’ <r <r',q,r,q¢', ' ER}
starts:{{[q,7],[¢',r']) g =¢ <r <7',q,1,¢,r" €R}
ends: {<[Q7T]’ [ql,'rID : ql <g<r= TI,Q? T, ql,'rl € R}
contains{{[q,7],[¢,7']) :q < ¢ <71 <r,q,7,¢,r € R}

Figure1: Interval relations

Before
Meets
Overlaps
Starts
Ends
Contains

If we wantto extendthe time interval relationsto, say two dimensionalEuclideanspace a natural
domainto chooseis the set€ of closeddisks. In spacewe do not have the directionof therealline
ary more,andthus,for example,we cannotdistinguishbetweerthe “starts” andthe “ends” relations,
andbetweerthe“before” relationandits corverse.In this spirit, we obtainthe spatialrelationswhich
aredefinedin Table3, andpicturedin Figure2. There,int(a) is the topologicalinterior of ¢, and

Table 3: Circlerelations

DisconnectedDC) : {{a,b) :aNb=0}
ExternallyconnectedEC) :{{a,b) :anNb#0, int(anb) =0}
Partial overlap(PO) :{{a,b) :a Z b, b Z a, int(aNb) £ 0}
Tangentiaproperpart(TPP) :{{a,b) :a C b, Fr(a) N Fr(b) # 0}
Nontangentiaproperpart(NTPP) {{(a,b) : a C int(b)}.

Fr(a) itsboundaryi.e. Fr(a) = a N —int(a). Wenotethat DC, EC, and PO aresymmetric while
TPP and NT PP arenot; this givesus the additionalcircle relationsTPP” and NTPP". Along
with 1, they arethe atomsof aBRA C. on € whosecompositionis givenin Table4 (Diintschetal.,
1999).C, is isomorphicto the subalgebraf 7 generatedby the union of the “before” relationandits
corverse but its circle representatiosannotbe embeddednto ary representationf Z: Considerthe
squareandits diagonaldn Figure3 onthenext page andlabelthesidesof thesquarewith PO andits



Figure?2: Circlerelations
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Table 4: Closedcircle algebraC,

° TPP TPP” NTPP NTPP” PO EC DC
TPP PP —(NTPP U NTPP) NTPP _P — P EC,DC DC
TPP” || 1/, TPP, TPP", PO PP PP°, PO NTPP | PP°, PO PP",PO,EC —P

NTPP NTPP —P NTPP 1 —P DC DC

NTPP PP, PO NTPP” —(ECUDC) | NTPP" | PP, PO PP, PO _P
PO PP, PO _P PP, PO _P 1 _P _P
EC PP,PO,EC ECUDC PP, PO DC —P” _(NTPPUNTPPY) | - P
DC — P DC — P DC —P” —P 1

diagonalswith DC. This network cannotbe satisfiedin ary representationf Z (Ladkin & Maddux,
1994),but it canbe satisfiedn the closedcircle algebra.

Figure 3: Satisfiablecircle network

4 Contactrelation algebras

Contactrelationsfirst arosein theworks of de Laguna(1922)andWhitehead1929). Subsequently
Clarke (1981)useda“connection’relationto extendthemereologicapartof thecalculusof LeSnievski.
It is nowadayscustomanto talk about‘contact” insteadof “connection’relations(justasde Laguna
did), in orderto avoid confusionwith the unarytopologicalpredicaté‘connected”.Contactrelations
are the backboneof currentqualitatve spatialreasoning(Asher & Vieu, 1995, Cohn, 1997, Cohn
etal.,1997,Gotts,1996b).



C € Rel(U) is calledacontactrelationif

(4.1) C is reflexive andsymmetric
(4.2) Cz=Cy<=xz=y.

It wasshavn by Duntschet al. (1999)thatthe extensionalityaxiom (4.2) canbereplacedoy the RA
termequation

(4.3) C'\ C isapartialorder
In the sequelwe will write P for C'\ C, andsetPP = PN —1".

A contactrelationalgebra (CRA) is anRA whichis generatedby anon—identitycontactrelation. For
afirst example,considetthe closedcircle algebraC, of Table4 ontheprecedingpage:If we set

(4.4) c*¥1UTPPUTPP UNTPPUNTPP UPOU EC,

thenP =C\ C =1 UTPPUNTPP is setinclusion,andC generate€’..

If ¢, isthesetof all opencirclesin theEuclidearplane,andaCb & anb # (fora,b € €,, thenthe
BRA C, generatethy C hasthecompositiorgivenin Tablel onpaged4 with C = ’'UPPUPP"UPO.
This algebrais alsoknown asthe containmentlgebra (Ladkin & Maddux,1994);it is isomorphicto
thesubalgebraf C. generatedby P, andisomorphicto the subalgebraf Z generatedby the unionof
“precedes’and“meets”andtheir corverses.Theintenal algebraZ itself, however, is nota CRA.

In therestof this sectionwe will presentseveral small CRAsfrom Duntschet al. (1999). This will
shav thatCRAsdo notonly arisefrom spatialcontexts. First, however, we wantto expressthecircle
relationsof Table3 by relationalgebraicermsobtainedrom C:

(4.5) O=PFPoP overlap

(4.6) PO=0-—(P+ P) partialoverlap

4.7 EC=C--0 externalcontact

(4.8) TPP = PP-(ECoEC) tangentialproperpart
(4.9) NTPP = PP--TPP non—tangentigbroperpart
(4.10) DC =-C disconnected

We will alsoset

(4.12) CP=PUPF, comparable
(4.12) DR=-0 discrete

We will keepthesedefinitionsthroughoutherestof the paper



Figure4: An orderingfor A; Table 5: ThealgebraV;

| o | PP [PP| DC |
pP| PP 1 DC
pP| —DCc | PP | PP,DC
DC | pP,DC | DC 1

1y »dy >y
ke CRel

Eventhougha contactrelationC' neednot be equalto O, it will alwayscontainO (Diintschet al.,
1999).

ThesmallestCRA is thealgebraknown asN; (Comer,1983);it hasfour atoms,andits composition
is givenin Table5. Clearly C = P"o P = PU P"is symmetricandreflexive,and P is apartialorder
Finally,

C\C=—(CoDC)=—((PUP)oDC) = —(DCUP) =P

Thefirst concreterepresentationf A; wasgivenby (Diintsch,1991). A pictureof the orderderived
from a slightly differentrepresentationf A7, givenin Andrékaet al. (1994),is shavn in Figure4.
There,P is afractal-like structurewith a copy of Q asits stem,andbranchingat eachpointinto two
copiesof Q.

In A1, we have C = O. Contraryto this, thealgebraC, satisfies
O=PoP=PUPO,

andthus,
EC=CnN-0 #0.

A minimal examplefor this situationshouldhave the five atoms1’, PP, PP", EC, and DC. Sucha
CRA is givenin Table6; we notethatin this algebraO is nota contactrelation. A representationf
Sy is asfollows: Let

5:{%:a§3k,aodd,k: 1,2,3,...},

-

T:{?jik:0<a§3k,aeven,k:1,2,3,...}.



Table 6: ThealgebraS,

| o | PP PP EC DC
PP PP PP,PP,1'| EC,DC DC
PP | PP,PP,1'| PP EC EC,DC
EC EC EC,DC | PP,PP,1'| PP
DC | EC,DC DC PP PP,PP",1'

Figure5: Tangentircles Table 7: Thetangentclosedcircle algebray,

— | o [ PP PP | PO | DC |

OO0 Qo 'O PP | PP | CP | -CP| DC
PP | cP | PP | PO | —CP

PO | PO |—cP| v | —P

DC | —cP| DC | -7 | V

It is nothardto seethat

(4.13) SNT=0,5T==Q,

(4.14) S andT aredensdn eachother,

(4.15) zeS=>z=inflyeT: <y} =sup{yeT:y <z},
(4.16) zeT=>zc=inflyeS:z <y} =sup{ye S:y <z},
(4.17) re€ES<—=1—-zeT.

Now, we let (S, <), (S1, <) betwo disjoint copiesof (S, <), U = Sy U S1, andlet P be extension
of theordersontheS; to U. Furthermore,

2ECy <=z € Sj,ye€ Sip1andl —z <y,
zDCy <=z € S;,y € Siy1andl —z > y.

Here,i € {0, 1}, andadditionis mod2. TheRA generatedy C = P U P"U EC isjustSy.

Finally, we presentwo CRAswhich arisefrom tangentcircle orders.Thesestructuresarestudiedin
thefield of preferenceelations(Abbas& Vincke, 1994,Fodor& Roubens1997),andthe CRAswere
first presentedy Diintsch& Roubeng1999). Let ¢! bethe setof all opencirclesin the Euclidean
planewhich aretangentto the z—axisfrom abore; an exampleis picturedin Figure5. If aCb Let,
aNb# 0, thenC is acontactrelationwith P beingsetinclusion. The CRA generatedby C is given
in Table7. We obsere that, unlike in the closedcircle algebraC,, C losesthe ability to expressthat
two circlesaretangentiato eachother It is thereforesomavhat surprising thatin the domaine? of
opencirclestangento the z—axis,tangentialityis RA expressible:Suppose¢hataCb <= a N b # ()

in €t. It is nothardto shav thatC is acontactrelationon ¢! with P beingsetinclusion.LetaNT Db
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iff cl(a) N cl(b) = 0. Obserethat NTD C DC, andsetT' D © DC N —NTD. Then,aT Db iff a

andb aretangentiako eachother It cannow beshavn that
PPoDC = NTD,

andthus, 7D and NT D are RA definable. The compositionof the CRA generatedy C on € is
givenin Table8.

Table 8: Thetangentpencircle algebra7y,

| o | PP | PP PO TD NTD
PP PP cpP —CP NTD NTD
PP cp | pp PO PO PO, DC
PO PO | -CP 1% PP, PO,DC | PP, PO,DC
TD PO |NTD|PP,PO,DC|—(PPUPP) —P
NTD | PO,DC | NTD | PP, PO,DC P v

Notethat 7 is isomorphicto the subalgebraf 7, generatedy C' = C' U T'D. Obviously,

aC'b <= cl(a) Ncl(b) # 0.

5 Mereologicalstructures

Thebasicrelationbetweerindividualsz, y in LeSnievski’'s mereologyis
xis aningredientofy,

which we write asz ingr y. Fromingr, several otherrelationsaredefined:

(5.1) xpty <= zingry andnotz =y “part of”
(5.2) zovy <= (3z)[zingrz andz ingr y| “overlaps”
(5.3) zextry <= (Vz)[zingrz = — zingry] “discrete”

In RA terms,thesebecome

(5.4) pt = ingrn — 1’
(5.5) ov = ingr” o ingr
(5.6) extr = —ov.
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Therearetwo relationalaxioms:

(5.7) zingry <= (Vz)[zovz = zov y]
(5.8) ingr is antisymmetric.

(5.7) togethemwith (2.4)impliesthat
(5.9) ingr = ov \ ov,

andnow, Lemmaz2.1tells usthatingr is reflexive andtransitive, hencewith (5.8), it is a partialorder
We can,alternatvely, useov asthebasisrelation,defineingr oy \ ov, andtake asaxioms

(5.10) ov is reflexive andsymmetric,
(5.11) ingr is antisymmetric.

Theseareexactlytheaxiomsof acontactrelation. If we renamengr to P, pt to PP andov to O, then
we arein accordancevith our earlierterminology and O is a contactrelation C with the additional
propertythat

(5.12) C=PoP
In CM, C is definableby P, whichis usuallynottruein themoregenerakase.

Theotherpartof mereologyis “sumformation” or “fusion”, whichwe definehereaccordingo Clarke
(1981),which, in the presencef (5.12) is equivalentto LeSnienski's definition. If X is acollection
of objectsandC acontactrelation,then

(5.13) T = ZX (d:ef> (Vy)[zCy <= (3z € X)yCz].

Thisis readasx is the fusionof X. Now, amodelof mereolay is a structuredt = (U, C, >_) such
thatC' is a contactrelation,and

(5.14) For eachnonemptyX C U thefusion » _ X exists.

Note that this definition is not first order If X in (5.14)is finite, we speakof a weak modelof
meteolay. If C additionallysatisfieq5.12) then9t is calleda modelof classicalmeleolayy.

In modelsof mereologyonecandefinethe additionalfollowing operations:

(5.15) 1= {z:2Cx} Universalelement
(5.16) ot => {y:y(-C)z} Complement
(5.17) [[X=> {z:2Pzforallz € X} Product

Obsenrethat* and] | arepartialoperations.
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The structuresarisingarisingfrom Lesniavski's classicaimereologyarethe completeBooleanalge-
braswith the 0 elementremoved, cf. Tarski(1935),p. 16f; the part— of relation P is the Boolean
ordering,and

(5.18) zCy <=z £ —y.

If B is anatomlessompleteBooleanalgebrathenthe extremeelementd, 1 arerelationallydefin-
able;thus,we areonly interestedn the behaiour of the contactrelationandits derivativeson the
setU = BN —{0,1}. SinceP is the basicrelationof classicalmereology thereis only one RA
associateto CM, whenthe Booleanalgebrais atomless.

In additionto therelationsdefinedby (4.5)— (4.10) we definethefollowing relations:

(5.19) T=—(PoP) ={(z,2) rx+2=1}

(5.20) PON =PONT ={(z,2) 1 x(—CP)z, z- 2 #0, z + z # 1}
(5.21) POD =PON-T ={(z,2) :x(-CP)z, z-2#0, z +z =1}
(5.22) DN =DCnN-T ={(z,2) :z-2=0, s+ 2#1}

(5.23) DD=DCNT ={{z,2) :x-2=0, c+2z=1}

Thecompositionof the CRA G generatedby P is givenin Table9.

Table 9: Thealgebrag

0 D
° PP | PP [ PON | POD DN DD
PP PP —(PODUDD) | PP,PON,DN | PP,PO,D DN DN
PP 1,0 PP PP", PO POD PP,PO,D | POD
PON || PP,PO_| PP,PON,DN 1 PP,PO__| PP, PON,DN | PON
POD || POD PP, PO,D PP", PO 1,0 PP PP
DN || PP,PO,D DN PP,PON, DN PP —(PODUDD) | PP
DD POD DN PON PP PP v

In the algebrag, therearetwo possibilitiesto definea contactrelation: We cantake eitherC = O
orC = OUDD. InbothcasesP = C \ C. In thefirst case,5.12)is alsofulfilled, sothatwe
obtainamodelof classicamereology If C = O U DD, thenwe do notobtainamodelof mereology
sincein suchmodels,aregionis neverin contactwith its complementAt ary rate,wheneera CRA
generatedy C' assumesn underlyingatomlessBooleanalgebrawith the Booleanorderingasthe
“part — of” relation(suchasthe RCCdiscussedelow), thentherelationsof G mustbe presentand
OcCCcC.

Thealgebraigartof amodelof mereologyneednotbeaBooleanalgebrawithoutasmalleselement.
Biacino & Gerla(1991)have shavn thefollowing:

Proposition5.1. If (L, +, -, —) is a completeorthocomplementeldttice, then

rCy<=zx £ —y
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Figure6: An orderingfor Sy Table 10: ThescalealgebraS;

| o | pp [ PP]| EC | DN [ DD|
PP PP PP | CP |[-CP] DN [DN
X e pp || cp | PP | EC | EC,DC | EC
5 ECc | EC |-cP| cP | PP |PF
- Ix =x* DN | EC,DC | DN | PP cp_| PP
PP DDN\@

\ DD EC DN | PP pp 1

definesa contactrelation,andthefusionis justthelattice join. Corversely if (U, C, ") is a modelof
mereolagy, welet U’ = U U {0}, whee 0 ¢ U. Then(U’,C, ") is a completeorthocomplemented
lattice with the lattice join being the fusion, and the other opefations given by (5.16) and (5.17)
extendedby [[ X = 0 wheneer [[ X doesnotexistin U, and0* = 1, 1* = 0.

Any CRA A for mereologymustsplit DC' into DD and DN. If A is a not a modelof classical
mereologyi.e. if C # O,thenEC = CN—0 # (. A minimalmodelfor this situationis asfollows:

Let Ey, E1 betwo copiesof therealintenal (0, 1) orderedasusualby <, andsetE = EqUE,, Et =

E U {1}. OrderE* by

zPy<=z,yc E;jandz <y, ory =1

In thefollowing, additionis modulo2. Weletm : E — E bedefinedin suchawaythat,if z € F;,
thenm(z) is thevalueof z in E; ;. Now, therelationC definedon E by

(5.24) (z,y) € C <=z £ (1 —m(x))
definesa contactrelation,and

PP=%<
O=PoP=P+P +1,
EC=C\0={(z,y):y 21-m(z)},
DD =—[(-P'oDCYU (P o CO)] ={{z,y) : y=1—m(x)},
DN =DCN—-DD = {{z,y) :y <1 —m(z)}
Thecompositionof the RA S; generatedby C is givenin Table10. We call S; ascalealgebra, since
z is relatedto its complementike a scale,asindicatedin Figure 6. As indicatedby the lines, the

elementz in theleft copy is linkedto 1 — z in theright copy by DD, to arythingabore 1 — z in the
right copy by EC, to arnythingbelav 1 — z in theright copy by DN.

Ourfinal exampleof this sectionexhibitsamodelof mereologywhereE C splitsaccordingo whether
z +y = 1ornot. LetS;, 7 < 4 bedisjoint copiesof therationalintenal (0, 1). The mappingm is
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Figure7: An orderingfor S

definedfrom

— Sl,
— S(),
— 53,

— SQ.
andm putsz € (0, 1) ontoits twin in the othercomponentWe now define

PPy <= z,y € S; andz < v,

zDDy <=y =1—m(z),

zENy <= 1—-m(z) < v,

zDNy <= 1—m(z) >y,

zEDy <= y isin acomponentifferentfrom thatof z or DD(x).

If C = —(DN U DD), thenS, is isomorphicto the algebrageneratedy C. We have not beenable
to find anintuitive spatialexplanationof this situation. The compositionof S, is shavn in Table11,
andanindicationof theatomsof S, is givenin Fig. 7.

o PP PP EN ED DN DD
PP PP PP,PP,1'| EN,DC | ED DN DN
PP || PP, PP, PP EN ED | EN,DC |EN
EN EN EN,DC | PP,PP,1'| ED P P
ED ED ED ED —ED ED ED
DN || EN,DC DN PP ED | PP,PP,1'| PP
DD EN DN PP ED PP 1

We canalsohave ED o ED = 1; in this casewe need(atleast)six componentsand,otherwise use
thesamedefinitionsasfor Sy. Figure7 is to beinterpretedsimilarly to Figure6: In addition,z in the
leftmostcopy is relatedto ary y in thetwo rightmostcopiesby ED.
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6 The regionconnectioncalculus

The Reggion ConnectionCalculus(RCC) was introducedby Randellet al. (1992) as a vehicle for
reasoningboutspatialphenomenaandhassincerecevedsomeprominencelt usesacontactelation
C whichfulfils Clarke’s axioms(4.1) and(4.2).

A modelfor the RCC consistsof a basesetU = R U N, whereR, N aredisjoint, a distinguished
u € R, aunaryoperation— : Ry — Ry, whereRy def R\ {u}, abinaryoperation+ : R X R — R,
anotheminaryoperation : R x R — RU N, andabinaryrelationC on R.

TheRCCaxiomsareasfollows:

RCC1. (Vx € R)zCx
RCC2. (Vz,y € R)[zCy = yCxz]
RCC3. (Vz € R)zCu
RCCA4. (Vx € R,y € Ry),
@) (z,—y) € C <= - zNTPPy
(b) (z,—y) € O <= - zPy
RCCS. (Vz,y,z € R)[(z,y + 2z) € C <= zCyorzCz
RCC6. (Vz,y,z € R)[(z,y - 2z) € C <= (Fw € R)(wPy andwPz andzCw)]
RCC7. (Vz,y € R)[z -y € R < zOy]
RCCS8. If zPy andyPz, thenz = y.

We shallin the sequelassumevithout lossof generalitythat N = {0}, and,to avoid trivialities, we
supposehat |R| > 2. Axioms RCC 1, RCC2, RCC5 andRCC 8 shav that (R, C, +) is a weak
modelof mereology It is, however, not a modelof mereologyin the senseof Sectionb, sinceit has
a differentdefinition of complement:In the RCC models,eachproperregion x is connectedo its
complement-z, whichis impossiblein modelsof mereology Still

Proposition6.1. (Duntsd etal., 1999,Stell,1997)

Ead modelof the RCCaxiomsis a Booleanalgebra with N = {0}.

In theoriginal RCC,thecircle relationsof Table3

(6.1) !, TPP,TPP", NTPP,NTPP", PO,EC,DC

areconsideredaserelationsin a systemcalledRCC8,andthe weakcompositiontable presentedy
Randelletal. (1992)is shawvn in Table12.
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Table 12: RCC8weakcompositiontable

| C
o)
ow DR PP PP
DC | EC PO TPP NTPP TPP NTPP
DC 1 DR,PO.PP | DR,POPP | DRPOPP | DR,POPP | DC DC
EC DR,POPP" | I'DR,PO, | DRPOPP | EC,POPP | PO,PP DR DC
TPPTPP"
PO DR,POPP" | DR,POPP | 1 PO,PP PO,PP DR,POPP" | DR,POPP
TPP DC DR DR,POPP | PP NTPP 1 DR,PO, | DR,PO,PP
TPRT PP
NTPP || DC DC DR,PO,PP | NTPP NTPP DR,POPP | 1
TPP || DR,POPP° | EC,POPP° | POPP 1,PO, PO,PP PP NTPP
TPRTPP”
NTPP || DRPOPP” | POPP” PO.PP PO.PP our NTPP NTPP

It wasasledin Bennettetal. (1997),whenthe RCC8tablehasanextensionainterpretationij.e. when
it canbeinterpretechsthe compositiontableof a CRA. Table4 on page6 shawvs thatthe closedcircle
algebraC, providessuchaninterpretation.

SinceeachRCCmodelis aBooleanalgebraB, we canrestrictourinvestigationgo U o Bn—{0,1}.

Then,aswith G, PO splitsinto PON and POD, andDC splitsinto DN andBooleancomplement
DD asdefinedin (5.20)— (5.23) Sinceeachregionis connectedo its complementandwe wantto
resere DC for the“disconnected'telation,we usedifferentnamesasfollows:

def

(6.2) DCY _C = DN of (5.22)
(6.3) ECD ¥ DD of (5.23)
(6.4) ECN ¥ ECn—ECD < zECy andz +y # u,

Dintschetal. (2001a)have shavnthat ECN o TPP < POD, andthus,POD splitsinto

PODZ Y ECcD o NTPP

PoDY ¥ POD\ (ECD o NTPP).

(6.5)
(6.6)

TheresultingsystemRCC11 hastheweakcompositiongivenin Tablel3 onthenext page.For cells
containing=, theRCCaxiomstogethemwith generaRA propertiesmply thatequalityholds;for cells
containing#, thereis a modelin which the compositionis strictly smallerthanthe cell entry In this
way, we indicatein which cellsthe compositionmay beweak,andwhenit is not. Indeed,it turnsout
thata CRA modelof the RCCrelationshasat least25 atoms(Duintschetal., 2001a).

A standardRCC modelis the BooleanalgebraRO(X) of regular opensetsof a connectedegular
topologicalspace( X, 1), wherefor z,y € RO(X),

def,
€ m,

(6.7) zCy < cl(z) Nel(y) #

(Gotts,1996a).
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Thequestionwasraisedin Bennettetal. (1997)in which situationsa compositiontablefor the CRA

associatedvith a modelof RCCis first orderclosed. Thefollowing necessargonditionswasestab-
lishedby Dintschet al. (2001b). For this, recallthata BooleanalgebraB is homogeneousf every

nontrivial relative algebraB | b is isomorphicto B (seeKoppelbeg, 1989).

Proposition 6.2. If A is a firstorder closedCRAobtainedfroman RCCmodel,thenthe underlying
Booleanalgebra B is homaeneous.

A subsebf thecirclerelations,namely
1", DR, PO, PP, PP’

hasreceved someattention,andis usually called RCC5 (Bennett,1997, Jonsson& Drakengren,
1997). It arisesfrom disreggardingthe split of C into O and EC, and PP into TPP and NTPP; in
otherwords,oneaddstheadditionalaxiomC = O.

Restrictingrelationsto thenon—etremalelement®f amodel,we arrive at sesenrelationsandaweak
compositiontablewhich hasan extensionainterpretatiorasthe CRA G generatedby the orderof an
atomlesBooleanalgebra.

7 Summary and outlook

We have given a suney of the origins andmary examplesof contactrelationsand their algebras.
We have shawvn how spatialrelationsamongopenor closedcircles are naturally obtainedfrom the

one—dimensionahtenal relations.“Part—of’ and“contact” relationsarisingin mereologywerethe

motivating factorin defining contactrelation algebragCRAS). We have given small examplesfor

thesealgebras.and also explored CRAs which arisefrom the RCC, a well knovn mechanisntor

spatialreasoning.

Therearemary avenueswhich canbefollowed, and,to conclude we presenthe questiongaisedin
Duntschetal. (1999):

e For which partialordersP is therea contactrelationC suchthatP = C \ C? WhencanC be
choserasP” o P?

¢ Investigatethe compleity of CRAs. This is animportantquestion relatingto the feasibility
of relationalreasoningn QSR (Bennettet al., 1997). Therehave beeninvestigationgfor the
intenval algebraandits relatves (Hirsch, 1997, Ladkin & Maddux,1994,Nebel & Burckert,
1993),aswell asfor RA-like structureselatedto theRCC (Jonssor& Drakengren1997,Renz
& Nebel,1997,1998). In connectionwith the differentrepresentationsf subalgebrasf the
intenval algebraijt is alsoof interesto investigatehenetwork satishictionproblemfor thegiven
algebrasandtheir representation@Hirsch,1997).
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¢ Find the CRAs for standardontologiesof mereo-topologyand their expressieness. These
includethe standardnodelof the RCC asthe collectionof all nonemptyregular closedsetson
aregularconnectedspacesaswell asthe polygonalalgebrasof Pratt& Schoop(1998,2000).
It is shawvn by Diintschetal. (2001a)thatsucha CRA mustcontainat least25 atoms.

e Look atvaguenessf spatialregions. This seemsespeciallyimportantfor applicationssuchas
geographicainformationsystemgWorboys, 1998). Theroughrelationsof Comer(1993)and
Diintsch(1994),or the uncertaintyapproachof Dintsch& Gediga(1997)maycomein useful.
It shouldalsobe worthwhile to investigatethe connection®f roughmereology(Polkowski &
Skowron, 1996)to this problem.
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