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1. Intr oduction

It is rarely the casethat spatialregions canbe determinedup to their true boundariesif, indeed,they
have suchboundariesin mostcasesye canonly obsene regionsup to a certaingranularity Often, this
is adesirabldeature sincetoo muchdetailcandisturbtheview, andwe will notbeableto seetheforest
for thetrees,if our desireis to seetheforest.

Having asour basicassumptiorthatregionscan(or needto) be obsened only approximatelywe want
to find an operationalisatiomf the domainof regions,which is broadenoughto expressthe properties
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whichwe wantto study and,atthesametime, hasenoughmathematicastructureto sene asareasoning
mechanisnwithout beingoverly restrictive to ourintuition.

We makethreemodelassumptions:

1. Thefirst assumptioris thatthereis a partial order P, calledthe “part-of” relation(or relationof
“part”), definedon the collectionof regions. We saythattwo regionsz, y overlap if they have a
commonpart,in otherwords,if thereis somez suchthatz Pz andzPy.

2. The secondassumptioris thatthereis a collection B of crisp or definableregions, which forms
a Booleanalgebrawith naturalorder <, suchthat P restrictedto B coincideswith <. Thecrisp
regionsdelineateheboundsup to the granularityof which otherregionscanbe obsened.

The power of obsenationis expressedy pairsof theform (a, b), a < b, wherea, b aredefinable
regions. In otherwords,to each(unknown) region z thereis associated lower boundi(z) = a
andanupperboundh(z) = b, bothof whicharecrisp,upto whichz is discerniblelf i(z) = h(z),
thenz itself is definable.Thepair (i(z), h(z)) is calledanapproximatingregion.

3. Thefinal assumptioris that the bounds(a, b) are bestpossible;in otherwords, if z is aregion
approximatedy (a, b), then

(1.2) No definableregion ¢ with « < ¢ is apartof z,
(1.2) If ¢ < b, thenz overlapswith —c.

This implies thatfor eachapproximatingregion z = (a, b) thereis a collectionm(z) of regions
eachof which is approximatedy z, andfor which (1.1) and(1.2) hold. Furthermorejf y is an
approximatingegion differentfrom z, thenm(z) N m(y) = 0.

Theexamplebelon shovsthattheseassumptionarefulfilled in animportantareaof applicationnamely
screerresolution:Considetheregion X in theEuclidearplane,depictedn Figurel. We supposen our
examplethatgranularityin theplaneis determinedy anequivalenceelationonthepoints,theclasse®f
which arethe atomsof the BooleanalgebraB of definableregions;thesearedravn assquares\We can,
for example think of thesquaresspixelson acomputerscreenTheregion X canonly bediscernedip
to theboundggivenby its lower andupperapproximationgachof which is a union of squaresi.e.

(1.3) i(X)={z €U :6z C X},
(1.4) hX)={z €U :6xn X +# 0}

is thelower, resp.upperapproximationof X. Here, 6z = {y : 26y} is theequialenceclasscontaining
z. It is obviousthatour threemodelassumptionsirefulfilled. Thisis relatedto the roughsetapproach
to dataanalysisof [16]; similar paradigmshave beenput forward in the field of spatialreasoningoy
Lehmann& Cohn[12] aandWorboys[20].

This paperis organisedasfollows: Firstly, we will definethe classof approximationalgebraswhichis
thenshown to be equipollentto a classof well known algebraicstructures Secondlywe suggesaway
to generaliseontactof regionsto theapproximatecase.Finally,wewill give anoutlookto futurework.
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Figurel. An approximatedegion

—  Boundary of Set X
Loweer approximation of X

Difference of upper and
loweer approximation of X

2. Approximation algebras

In this Section,we will translatetheintuitive assumption®f the previous Sectioninto a formal system
whichwill reflecttheontologythatwe havein mind. Eventhoughwe will appeato thespatialintuition,
we will, however, put no formal restrictionson thekind of objectthatwe wantto approximate We will
thenproceedo shaw thatthis systemis term— equialentto a well known equationatlassof algebras.

We assumea basicknowledgeof the theory of orderedstructures)attices,and Booleanalgebrasand
we invite thereaderto consult[3] for terminologyandconceptsot explainedhere.If no confusioncan
arise,we shallidentify algebraswith their baseset,and,with someahuseof languagewe will describe
algebrady thenameof their classesFor example,BA will betheclassof Booleanalgebrasandwealso
call aBooleanalgebraa BA. If L is anorderedstructurewith smallestelement), wesetlLy = L \ {0}.

Throughout,(B, +, -, —, 0, 1) will denotea Booleanalgebra(BA), with the basesetpossiblyindexed.
We maythink of B asanalgebraof definable(or crisp)objectswithin somedomainasmentionedn the
introduction.Sincewe intendto identify approximateobjectswith pairsof definableobjectsfrom belov
andabove, we startby setting

(2.1) B = {(a,b) : a < b}.
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We regard B[?! asasublatticeof B x B, sothat
(a,b) + {c,dy = {a+ ¢, b+ d),
<aab> '<C’d>: <(Z-C,b-d>.
Lower andupperapproximatioraredefinedby
i({a,0)) = (a, a),
h({a,b)) = (b,b).

We obsene that

(2.2) h(i((a,0))) = 1({a, b)), i(h((a,b))) = h((a, b)).

We canrecover B by identifying B with {{(a,a) : « € B}. Thus,anapproximatingegion is definable,
if it is equalto its lower andupperapproximation.The operators andh area co-normalmultiplicative
interior, respectiely, anormaladditive closureoperatori.e. for z,y € B2,

(2.3) i(l) = Co-normal
(2.4) i(z-y) = ( ) i(y), Multiplicative
(2.5) z <y=iz) <ily), Interior
(2.6) i(z) <z

2.7) i(i(z)) = ( ),

and

(2.8) h(0) =0, Normal
(2.9) h(z 4 y) = h(z) + h(y), Additive
(2.10) z <y = h(z) < h(y), Closure
(2.11) z < h(x),

(2.12) h(h(z)) = h().

Furthermoreye seethatfor z, y € B[],

(2.13) i(z) =i(y) andh(z) = h(y) imply z = y.

This expressesheintuition thatapproximatingegionsareuniquelydeterminedy theirlowerandupper
bound. The algebraB!? may betoo large for certainsituations.It describeghe situationthatfor each
x = (a, b) with a < b thereare“true” regionswhich areapproximatedy («, b); however, this may not
bealwaysthe case Thus,a lessrestrictive notionis required andwe generaliseB[? asfollows:
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An approximatingalgebra (AA) (L, +,-,0, 1,4, h) is astructureof type(2, 2,0, 0, 1, 1) suchthatfor all
x,y €1,

(2.14) (L,+,-,0,1)isaboundedlistributivelattice.
(2.15) i is aco-normalmultiplicative interior operatoron /..
(2.16) h is anormaladditive closureoperatoron I..

(2.17) i(h(z)) = h(z), h(i(z)) =i(z).

(2.18) i(z) = i(y) andh(z) = h(y) imply z = y.

(2.19) Eachclosedelementhasa complement.

It is not hardto seethat B[?! is anAA, andonecanshow thateachAA is asubalgebraf someB!? [4].
We will denoteby B(L) — orjustby B if noconfusioncanarise— the setof closedelementsf L. By
(2.17), B is alsothe setof interior elementof L.

Ourfirst aimis to show that B doeswhatwe wantit to do:
Proposition2.1. B is a subalgebaof I, anda Booleanalgebra.

Proof:
By (2.17),thefunctions: andh aretheidentity on B, andthus, B is closedunder: andh. Furthermore,
0,1 € B sinceh is normaland: is co-normalllf A(z), h(y) € B, then,

h(z) + h(y) = h(z +y),

sincef is additive,andthus, B is closedunder+. Now,

h(z) - h(y) = i(h(x)) - i(h(y)), by (2.17)
=i(h(z) - h(y)) sinces is multiplicative
= h(i(h(z) - h(y)))- by (2.17)

Thus, B is a0, 1-sublatice of L. Sincel, andthus B, is distributive,the complementvhoseexistence
is guaranteedby (2.19)is unique,andit follows,that B is a Booleanalgebra. 0

2.1. AA andregular double Stonealgebras

In this sectionwe will shov thattheclassAA is definitionallyequivalentto thewell known classof reg-
ular doubleStonealgebragRDSA) which have beeninvestigatedamongothersjn [11, 19]. Mary other
classeglefinitionallyequivalentto RDSA areknown, for example the classof threevaluedtukasiavicz
algebrasfor moredetailswe invite thereaderto consult[2, 15].
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For eachz € L we define

(2.20) 2t = —i(z),
(2.21) ¥ = —h(z),

where— denoteshe complemenbperationin B. Obsere thati(z) = z** andh(z) = z** for all
z € L,andthatfor z ¢ Bwehave —z = 2* = zt.

Proposition2.2. Letz € L.

(2.22) 2t isthesmallest € I, for whichz + z = 1.
(2.23) 2™ isthelargestz € I for whichz - z = 0.
(2.24) B(L)y={s":z € L}={2*:z € L}.
Proof:

(2.22): Sincei(z) < z,andi(z) + —i(z) = 1, wehave z + ™ = 1. Supposehatz + z = 1.Sincei is
additive,normal,andorderpreservingwe have i(z) + z = 1 whichimpliesthatz > —i(z) = = ™.

(2.23): Thisis showvn analogously

(2.24): Thisfollowsfromzt = z*++ andz* = 2***, respectiely. 0

Theoperation® is calledpseudocomplementati, andthe operation is calleddual pseudocomplemen-
tation.

An algebra(L, +,-,*,*,0,1) of type (2,2, 1, 1,0, 0) is calledaregular doubleStonealgebra (RDSA),
if

1. (L,+,-,0,1)isaboundedlistributivelattice.
2. * satisfieq2.23),and* satisfieq2.24).

3. ** distributesover +, and*+ distributesover -.
4, 2t =yt andz* = y* imply z = y.

In the sequel,1’ is the identity relationon the setunderconsideration. The following resultis now
straightforwardo prove:

Proposition2.3. LetAAbeasabove andRDSAbetheclassof regular doubleStonealgebras,regarded
ascatgyorieswith the appropriate homomorphism®efinemappingsy and 4 in thefollowing way:

Let{L,+,-,i,h,0,1) € AA, andlet* and* bedefinedasin (2.22)and(2.23) Sety(L) = (L,+,-,*,*,0,1),
andv(f) = f for any AAmorphism.Converselylet (L, +,-,* *,0,1) € RDSA, andseti(z) = 2*+
andh(z) = z**. Defined(L) = (L,+,-,4,h,0,1),andé(f) = f for anyRDSAmorphism.

Then,y : AA — RDSA andé : RDSA — AA are covariantfunctors,and~y; é = §;v = 1. O
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We call B(L) thecenteof L, andthesetD(L) = {z € L : z** = 1} its denseset We shallusuallyjust
write D insteadof D(L), if noconfusioncanarise.Thenameof D derivesfrom the property

(2.25) h(z) =2™ =1,
i.e.
(2.26) z-y>0

forallz € D, y € Ly. NotethatL = B if andonlyif D = {1}.

We canregard 1) asa crudemeasuref the granularitylevel: If D = {1}, thenl. = B, andall regions
underconsideratioraredefinable.If Dy, isisomorphicto By, thenfor all a, b € B with a < b thereisa
uniquez € I with i(z) = a andh(z) = b; B?l is anexamplefor this situation.

3. Contactrelationsand their approximations

A contactrelationC ona setW (of regions)hasthe properties

(3.2) C isreflexive.
(3.2) C'is symmetric.
(3.3) If C(z) =C(y), thenz = y.

Herefor z € W, weletC(z) = {t € W : zCt}. C'is calledproper, if it is nottheidentity.

By the extensionalityaxiom (3.3), a region is determinecby all regionsto whichiit is in contact.It was
shown by [8] that,in the presencef (3.1) and(3.2), the extensionalityaxiom (3.3) is equivalentto

(3.4) —(C; =C) is apartialorder

Here,the complemenis takenwith respecto the setof all binary relationson W, and; is relational
composition.This partial orderwill usuallybe denotedoy P, andwe call it the part — of relation of C'.
It is well known that P is theright residualof C, i.e. that P is the largestrelation R on W suchthat
C'; R C C'[10]. For lateruse,we alsolet Rel(U) bethesetof all binaryrelationsona setU .

If (W, <) is anorderedstructureandC' a contactrelationon ¥, we saythatC' is compatiblewith W
(or)ifforallz,y € W,

(3.5) r <y<= zPy.
It is nothardto seethat(3.5)is equivalentto

(3.6) z <y C(z) CCy).
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It wasshown in [7] thaton eachatomlesBA thereareat leasttwo compatiblepropercontactrelations.
The next resultshavs thaton an AA I which is not a Booleanalgebra,thereis no propercompatible
contactrelation:

Proposition3.1. If 1. isan AA,andC' a propercompatiblecontactrelationon 7., then’, = B.

Proof:
Letz € D. Then,by (2.26) -y > 0forally € Lo. Then,z - yC'y andC'(z - y) C C(z) show that
xCy.lt followsthatC'(z) = C(1), andthereforex = 1 by (3.3). O

Thus,if I. # B, we cannotdefinea propercompatiblecontactrelationon L. SinceeachAA is obtained
from its BooleanalgebraB of definableelementsvia the approximatiorfunctions,we supposehatwe
have a contactrelationC' on B, which we wantto approximaten a similar way. It seemsaturalfor
z,y € [ tosaythat

z andy arecertainlyconnected<—=> i(z)C'i(y),

z andy arepossiblyconnected<=> h(z)Ch(y).
Thus,given(B, C'), welet

(3.7) 2C'y = i(z)Ci(y),
(3.8) 2Chy < h(z)Ch(y).
For formal reasonshowever, we do notwantto startwith C' on B, but with the approximatiorrelations

C',C" on L, whoserestrictionto B is a contactrelationC' suchthat(3.7) and(3.8) hold. Recallthatfor
arelationR its corverseR "~ is definedas

R = {{y,z) : 2 Ry}.

An approximatecontactalgebra (ACA) is astructure(L, i, h, C*, C*) suchthat(L, i, h) isanAA and

(3.9) ct =, ch =t
(3.10) rccinct,
(3.11) 2Cly = i(z)C"i(y),
(3.12) 2Chy <= h(z)C"h(y),
(3.13) h(z)C'h(y) <= h(z)C"h(y),
(3.14) C(h(z)) C C"(h(y)) == h(z) < h(y).
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Proposition3.2. 1. Let(L,i,h,C" C") beanACA,andsetC' = C" | B%. Then,C is a compatible
contactrelationon B, and(3.7) and (3.8) hold. Furthermoe,C" | B? = C' | B?
2. If (L,i, h) is an AAandC a contactrelationon B, then,C" and C"*, definedby (3.7) and (3.8)
satisfy(3.9)— (3.14) Furthermoe,C' = C" | B2.

Proof:

1. ThefactsthatC' is symmetricandreflexive follow immediatelyfrom (3.9)and(3.10). Let h(z)Ch(t) <=
h(y)Ch(t), andassumeé:(z) # h(y). Then,by (3.14),thereis somez € I suchthath(z)C”"z, but not
h(y)C"z. It follows from the fact that / is idempotentand from (3.12), that h(z)C"k(z), and not
h(y)C"h(z), contradictingour hypothesis.

Condition(3.8) follows immediatelyfrom (3.12),andthe definitionof C'. Now,

2Cly = i(z)C"i(y), By (3.11)
&= h(i(2))Ch(i(y)), By (2.17)
&= h(i(2))C"h(ily)), By (3.13)
= i(z)Chi(y), By (2.17)
< i(z)Ci(y). By definitionof C

Thefact that C' is compatiblewith the Booleanorderfollows from (3.14) andC” | B? = C' | B?
followsfrom (2.17).

2. TheproofsarestraightforwarccomputationsBy way of example,we shawv (3.13):

h(z)Ch(y) < i(h(2))Ci(h(y)), By (3.7)
< h(z)Ch(y), By (2.17)
(h(fv))C'hh( ), By (3.8)
< h(z)C"h(y). By (2.12)
C = C" | B2 now followsfrom (3.8). 0

In the sequelwe let (L, i, h,C*,C") beagenericACA, andC' = C* | B? bethe associatedontact
relationon B.

Let
(3.15) 20y = i(z) = i(y),
(3.16) 20"y <= h(z) = h(y)..

Then,# isan(L,-,0, 1,i) congruencef” isan (L, +, 0, 1, ) congruenceandé’ N 8" = 1’ by (2.13).
Thefollowing is easyto prove, observingthatC' € Rel(B):
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Figure2. Approximate“part-of’ relations

P
< >
Pl PQ
N <
P
Proposition3.3. C* = ¢*; C;#" andC" = "; C; 6. a

Thequestionariseshow thepart-ofrelation P belongingto C (in thesenseof (3.4)) canbe sensiblyap-
proximatedjn otherwords,whatdoesit meanto saythattheapproximatingegion z is (approximately)
partof theapproximatingregion y?

We know that the part-of relation P on B generatedy C' is the Booleanorder Besidesthe lattice
ordering< on I, which extends P, thereare, on first glance,several possibilitiesto generaliseP to a
relationon L:

(3.17) Py <= h(z) < i(y),
(3.18) Py <> h(z) < h(y),
(3.19) Py = i(z) < i(y),
(3.20) ePy < i(x) < h(y)

A sketchof the C relationshipamongthesepart-ofrelationsis givenin Figure2. NotethatP N P, = <.

Following our assumptiong1.1) and(1.2), we think of lower boundas certaintyand upperboundas
possibility, whereboth boundsare bestpossible.With this in mind, we seethatan approximategart-of
P relationon an ACA mustsatisfy

(3.21) Therestrictionof P* to B is equalto P.
(3.22) rP"y = i(z) <i(y) andh(z) < h(y).

While thefirst conditionis clear we shouldexplain the secondone: If z is approximatelya part of y,
andif z is certainlypartof z, i.e. partof all regionswhich z approximatesthenz shouldbe certainly
partof arything which is approximatedy y. If A(z) € h(y), thenno region approximatedy y hasa



author/ shorttitle 11

commonpartwith i (z) - —h(y), but every region approximatedy z has.Thus,therecanbeno region
in A(z) whichis partof someregionin A(y).

With theseobsenations,therecanbe only two suitableorderingrelations,namely the lattice ordering
<, andtheorderingF,, denotedby <, whichis definedby
(3.23) rLy<=h(z) <i(y).

The lattice orderingcanbe interpretedas “possiblepart-of’, while z < y saysthat arything which z
approximategs certainly a part of arything which y approximates.Finally, we presenthe following
compatibility Theorem:

Proposition3.4. Forall z,y € L,
(3.24) z <y C'(z) CC'(y) andC"(z) C C"(y).

Proof:
Letz,yinL; then,

w<y<:>l( ) <i(y) andh(z) < h(y)

C(i(z)) € C(i(y)) andC'(h(z)) C C'(h(y))

( 2)[i(z)C1i(z) = i(y)Ciz)] and (Vz)[h(2)Ch(z) = h(y)Ch(z)],
= (V2)[2C"2 = yC'z] and (Vz)[2C" 2 = yC"2]

& C'(z) C C'(y) andC"(z) C C"(y).

4. Summary and outlook

In thispapemwe have providedanalgebraidoundationfor theintuitivenotionof “approximatingregion”.
In asecondstep,we have suggestedwayto define“approximatelyin contact”and“approximatelypart-
of” onthesealgebras.For the constructionwe have madethreemodelassumptionsvhich arefulfilled
in theimportantexampleof screerresolution.

Currently we aredevelopinga logic for AA andACA usingtherelationalsemanticsntroducedin [13]
which seemso us mostappropriatefor the spatialcontext. Many constraintsvhich are not modally
expressiblereceve an explicit representationin the form of a relationalrule or a relationalaxiomatic
sequencePertainingto our presentcontext, it wasshawn in [6] that the extensionalityaxiom (3.2) of
contactrelationsis not expressiblein a classicalmodallogic, nor, asshaown in [5], in its sufficiency
counterpartefinedin [9]. It is, however, expressiblan a mixedlogic with relationalsemantics.

A furthertaskis thecomparisorof “approximatepart-of’ with the notionof “roughinclusion” described
in connectiorwith roughmereology{17, 18].
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