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1. Intr oduction

It is rarely the casethat spatialregionscanbe determinedup to their true boundaries,if, indeed,they

havesuchboundaries;in mostcases,we canonly observeregionsup to a certaingranularity. Often,this

is adesirablefeature,sincetoomuchdetailcandisturbtheview, andwewill notbeableto seetheforest

for thetrees,if ourdesireis to seetheforest.

Having asour basicassumptionthat regionscan(or needto) beobservedonly approximately, we want

to find anoperationalisationof thedomainof regions,which is broadenoughto expresstheproperties
�
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whichwewantto study, and,at thesametime,hasenoughmathematicalstructureto serveasareasoning

mechanismwithout beingoverly restrictiveto our intuition.

We makethreemodelassumptions:

1. Thefirst assumptionis that thereis a partialorder
�

, calledthe “part-of” relation(or relationof

“part”), definedon thecollectionof regions. We saythattwo regions ����� overlap, if they have a

commonpart,in otherwords,if thereis some� suchthat � � � and � � � .
2. Thesecondassumptionis that thereis a collection 	 of crisp or definableregions,which forms

a Booleanalgebrawith naturalorder 
 , suchthat
�

restrictedto 	 coincideswith 
 . Thecrisp

regionsdelineatetheboundsup to thegranularityof whichotherregionscanbeobserved.

Thepowerof observationis expressedby pairsof theform �
������������
�� , where ����� aredefinable

regions. In otherwords,to each(unknown) region � thereis associateda lower bound �����������
andanupperbound� �����!�"� , bothof whicharecrisp,upto which � is discernible.If �������!�#� ����� ,
then � itself is definable.Thepair �$����������� �����%� is calledanapproximatingregion.

3. The final assumptionis that the bounds �
������� arebestpossible;in otherwords,if � is a region

approximatedby �
������� , then

No definableregion & with �(')& is a partof ���(1.1)

If &*'�� , then � overlapswith +,& .(1.2)

This implies that for eachapproximatingregion �-�.�
������� thereis a collection /0���1� of regions

eachof which is approximatedby � , andfor which (1.1) and(1.2) hold. Furthermore,if � is an

approximatingregion differentfrom � , then /0���2�43-/0���5�!�#6 .
Theexamplebelow showsthattheseassumptionsarefulfilled in animportantareaof application,namely,

screenresolution:Considertheregion 7 in theEuclideanplane,depictedin Figure1. Wesupposein our

examplethatgranularityin theplaneis determinedby anequivalencerelationonthepoints,theclassesof

which aretheatomsof theBooleanalgebra	 of definableregions;thesearedrawn assquares.We can,

for example,think of thesquaresaspixelson acomputerscreen.Theregion 7 canonly bediscernedup

to theboundsgivenby its lowerandupperapproximation,eachof which is a unionof squares,i.e.

���870�9�;:<�-=?>A@2BC�EDF7HGI�(1.3)

� �870�9�;:<�-=?>A@2BC�J3K7ML�#65G(1.4)

is the lower, resp.upperapproximationof 7 . Here, B<���N:<�O@I��BC�PG is theequivalenceclasscontaining

� . It is obviousthatour threemodelassumptionsarefulfilled. This is relatedto theroughsetapproach

to dataanalysisof [16]; similar paradigmshave beenput forward in the field of spatialreasoningby

Lehmann& Cohn[12] aandWorboys[20].

This paperis organisedasfollows: Firstly, we will definetheclassof approximationalgebraswhich is

thenshown to beequipollentto a classof well known algebraicstructures.Secondly, we suggesta way

to generalisecontactof regionsto theapproximatecase.Finally,wewill giveanoutlookto futurework.
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Figure1. An approximatedregion

2. Approximation algebras

In this Section,we will translatetheintuitiveassumptionsof thepreviousSectioninto a formal system

whichwill reflecttheontologythatwehave in mind. Eventhoughwewill appealto thespatialintuition,

we will, however, put no formal restrictionson thekind of objectthatwe wantto approximate.We will

thenproceedto show thatthis systemis term– equivalentto a well known equationalclassof algebras.

We assumea basicknowledgeof the theoryof orderedstructures,lattices,andBooleanalgebras,and

we invite thereaderto consult[3] for terminologyandconceptsnot explainedhere.If no confusioncan

arise,we shall identify algebraswith their baseset,and,with someabuseof language,we will describe

algebrasby thenameof theirclasses.For example,BA will betheclassof Booleanalgebras,andwealso

call aBooleanalgebraa BA. If Q is anorderedstructurewith smallestelementR , weset Q!S,�#Q-TU:<R5G .
Throughout,�
	O��VW�YXZ�[+\��R]�[^�� will denotea Booleanalgebra(BA), with the basesetpossiblyindexed.

Wemaythink of 	 asanalgebraof definable(or crisp)objectswithin somedomainasmentionedin the

introduction.Sincewe intendto identify approximateobjectswith pairsof definableobjectsfrom below

andabove , westartby setting

	W_ `$a��b:I�
�������c@2�d
��YGIe(2.1)
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We regard 	 _ `$a asa sublatticeof 	gfh	 , sothat

�
��������Vi�
&C��j5�9�N�
�kVF&C���9VFj5���
�
������� XC�
&C��j5�9�N�
�lX�&C���mX[j5��e

Lowerandupperapproximationaredefinedby

���n�$�������%�4�o�
�����5���
� �n�
�������%���o�
�C������e

We observe that

�9�p���n�
�������q�%�4�#���n�$�������%���4����� �n�
�������%�%�4�#� �n�
�������%��e(2.2)

We canrecover 	 by identifying 	 with :I�
�����5�,@]��=0	rG . Thus,anapproximatingregion is definable,

if it is equalto its lower andupperapproximation.Theoperators� and � area co-normalmultiplicative

interior, respectively, a normaladditiveclosureoperator, i.e. for �����O=-	 _ `sa ,
���n^Y�9�o^1� Co-normal(2.3)

�����WXY�I�!�#������� X[�����5��� Multiplicative(2.4)

��
��WtM�������u
)�����5��� Interior(2.5)

�������u
���� "(2.6)

�����������q�9�#��������� "(2.7)

and

� ��R2�!�#RP� Normal(2.8)

� ���lV)�I�!�#� ������VF�9���5��� Additive(2.9)

��
��WtM� �����u
)�9���5��� Closure(2.10)

�-
�� ������� "(2.11)

� ���9�p���%�!�#� ������e "(2.12)

Furthermore,weseethatfor �����W=-	 _ `$a ,
�������9�"�����5� and � �����!�#� ���5� imply �d�#��e(2.13)

Thisexpressestheintuition thatapproximatingregionsareuniquelydeterminedby their lowerandupper

bound.Thealgebra	 _ `$a maybetoo large for certainsituations.It describesthesituationthat for each

���v�
������� with ��'#� thereare“true” regionswhich areapproximatedby �
������� ; however, this maynot

bealwaysthecase.Thus,a lessrestrictivenotionis required,andwegeneralise	 _ `$a asfollows:
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An approximatingalgebra (AA) �
Q���VW�[Xw��R]��^2�%�q�%��� is a structureof type �
xP��x]��R]�%R]��^2��^[� suchthatfor all

�����(=�Q ,

�
Q���VW�YXZ��R]��^Y� is a boundeddistributivelattice.(2.14)

� is aco-normalmultiplicativeinterior operatoron Q .(2.15)

� is a normaladditiveclosureoperatoron Q .(2.16)

�����9�����%� �#�9�������9� �����p���%� �#���p����e(2.17)

������� �#���p�I� and �9�����!�#�9���5� imply �d�#��e(2.18)

Eachclosedelementhasacomplement.(2.19)

It is not hardto seethat 	 _ `$a is anAA, andonecanshow thateachAA is asubalgebraof some	 _ `sa [4].

We will denoteby 	y�pQm� – or just by 	 if no confusioncanarise– thesetof closedelementsof Q . By

(2.17), 	 is alsothesetof interiorelementsof Q .

Ourfirst aim is to show that 	 doeswhatwe wantit to do:

Proposition2.1. 	 is a subalgebra of Q anda Booleanalgebra.

Proof:
By (2.17),thefunctions� and � aretheidentityon 	 , andthus, 	 is closedunder � and � . Furthermore,

R]�[^z=-	 since � is normaland � is co–normal.If �9��������� ���5�m=-	 , then,

�9������VF�9�p�I�!�#� ���lV)�I���
since � is additive,andthus, 	 is closedunder V . Now,

� �����{X[�9���5�!�#�����9�����%��XY����� ���I�q��� by (2.17)

�#�����9����� X|� ���5�%� since � is multiplicative

�#� ������� ������X[�9�p�I�%�q��e by (2.17)e
Thus, 	 is a RP�[^ –sublatticeof Q . Since Q , andthus 	 , is distributive,thecomplementwhoseexistence

is guaranteedby (2.19)is unique,andit follows,that 	 is a Booleanalgebra. }~

2.1. AA and regular doubleStonealgebras

In this sectionwe will show thattheclassAA is definitionallyequivalentto thewell known classof reg-

ulardoubleStonealgebras(RDSA)whichhavebeeninvestigated,amongothers,in [11, 19]. Many other

classesdefinitionallyequivalentto RDSAareknown, for example,theclassof threevaluedŁukasiewicz

algebras;for moredetailswe invite thereaderto consult[2, 15].
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For each��=-Q we define

���E�o+,���p�����(2.20)

���u�o+,�9�p�����(2.21)

where + denotesthe complementoperationin 	 . Observe that �������W��� �4� and �9�p���W��� �%� for all

��=-Q , andthatfor ��=-	 wehave +,�d�#� � �"� � .

Proposition2.2. Let �K=-Q .

� � is thesmallest�O=�Q for which �WVF�l�o^ .(2.22)

� � is thelargest�O=-Q for which �OX[�\�#R .(2.23)

	d��Qm�c�b:<� � @2��=-Q�Gk�b:<� � @2��=-QuG .(2.24)

Proof:
(2.22): Since���p���u
�� , and �������4Vi+,���p���!�b^ , wehave �\VF� � �N^ . Supposethat �lVH�l�o^ .Since� is

additive,normal,andorderpreserving,wehave �������4VF�l�N^ which impliesthat �(�"+,�������!�#� � .

(2.23): This is shown analogously.

(2.24): This followsfrom � � �#� ���4� and � � �#� �%�%� , respectively. }~
Theoperation� is calledpseudocomplementation, andtheoperation� is calleddualpseudocomplemen-

tation.

An algebra�
Q,��VW�[XZ� � � � ��R]�[^Y� of type �
xP��x]�Y^2��^2�%R]�%R2� is calleda regular doubleStonealgebra (RDSA),

if

1. �
Q,��VW�[XZ��R]��^�� is a boundeddistributivelattice.

2. � satisfies(2.23),and � satisfies(2.24).
3. �%� distributesover V , and �4� distributesover X .
4. � � �#� � and � � �#� � imply �d�#� .

In the sequel, ^�� is the identity relationon the set underconsideration.The following result is now

straightforwardto prove:

Proposition2.3. LetAAbeasabove,andRDSAbetheclassof regular doubleStonealgebras,regarded

ascategorieswith theappropriatehomomorphisms. Definemappings� and � in thefollowingway:

Let �
Q,��VW�[XZ���%�%���%R]��^[� =��z� , andlet � and � bedefinedasin (2.22)and(2.23). Set�m��Qc�9�o�$Q,��VW�YXZ� � � � ��R]�Y^[� ,
and �m���4�c�o� for anyAA morphism.Conversely, let �
Q,��VW�[XZ� � � � ��R]�[^Y�u=0�u�l�5� , andset ���p���u�o� �4�
and �9�p���!�#� �%� . Define �]��Qc�!�o�
Q���VW�[Xw���%�%����R5�[^�� , and �]���4�!�#� for anyRDSAmorphism.

Then,�-@2�z���M���l�5� and ��@I�u�l�5�#���z� are covariantfunctors,and �����,�i�5�%�y�o^�� . �
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Wecall 	d��Qm� thecentreof Q , andtheset �h��Qc�!�b:<��=�Q�@2� �%� �o^CG its denseset. Weshallusuallyjust

write � insteadof �E��Qc� , if no confusioncanarise.Thenameof � derivesfrom theproperty

� �����!�#� �%� �o^2�(2.25)

i.e.

�OX[�(��R(2.26)

for all ��=-���9�d=�Q!S . Notethat Q0�#	 if andonly if ���b:5^CG .
We canregard � asa crudemeasureof thegranularitylevel: If ���g:I^CG , then Q��o	 , andall regions

underconsiderationaredefinable.If �W� is isomorphicto 	�� , thenfor all �����z=-	 with �d
�� thereis a

unique �-=�Q with �������!�#� and � �����!�#� ; 	 _ `sa is anexamplefor this situation.

3. Contact relationsand their approximations

A contactrelation � on a set � (of regions)hastheproperties

� is reflexive.(3.1)

� is symmetric.(3.2)

If �������!�i�����5��� then �(�"��e(3.3)

Here,for �(=-� , we let �����2�!�;:[��=�� @I���l�%G . � is calledproper, if it is not theidentity.

By theextensionalityaxiom(3.3),a region is determinedby all regionsto which it is in contact.It was

shown by [8] that,in thepresenceof (3.1)and(3.2), theextensionalityaxiom(3.3) is equivalentto

+l�8�y�Y+u�J� is a partialorder.(3.4)

Here,the complementis takenwith respectto the setof all binary relationson � , and � is relational

composition.This partialorderwill usuallybedenotedby
�

, andwe call it thepart – of relationof � .

It is well known that
�

is the right residualof � , i.e. that
�

is the largestrelation   on � suchthat

�y�� #DF� [10]. For lateruse,wealsolet  \¡[¢%�$>\� bethesetof all binaryrelationson a set > .

If �
�H�[
,� is an orderedstructure,and � a contactrelationon � , we saythat � is compatiblewith �
(or 
 ) if for all �����O=-� ,

��
��l£Wt¤� � ��e(3.5)

It is nothardto seethat(3.5) is equivalentto

�-
��W£Wt¥�������mDF�����5��e(3.6)
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It wasshown in [7] thaton eachatomlessBA thereareat leasttwo compatiblepropercontactrelations.

The
¦

next resultshows thaton an AA Q which is not a Booleanalgebra,thereis no propercompatible

contactrelation:

Proposition3.1. If Q is an AA,and � a propercompatiblecontactrelationon Q!S , then QH�#	 .

Proof:
Let �§=H� . Then,by (2.26), ��XC�E�AR for all �E=§Q S . Then, �dXC�2�W� and ���p�(X2�5�\D#������� show that

�]�W� .It followsthat �������!�i���¨^[� , andtherefore,�d�o^ by (3.3). }~

Thus,if Q"L�#	 , wecannotdefineapropercompatiblecontactrelationon Q . SinceeachAA is obtained

from its Booleanalgebra	 of definableelementsvia theapproximationfunctions,we supposethatwe

have a contactrelation � on 	 , which we want to approximatein a similar way. It seemsnaturalfor

�����(=-Q to saythat

� and � arecertainlyconnected £Jt¤���p���n�W�����5���
� and � arepossiblyconnected £Jt¤�9�p���n�W�9���5��e

Thus,given �
	(�q�J� , we let

�]�l©��W£Wtª�������n�W�����5���(3.7)

�P�J«C�W£Wtª� �����n�W�9���5��e(3.8)

For formal reasons,however, wedo notwantto startwith � on 	 , but with theapproximationrelations

� © �%� « on Q , whoserestrictionto 	 is a contactrelation � suchthat(3.7)and(3.8)hold. Recallthatfor

a relation   its converse W¬ is definedas

 W¬,�b:5�
�������c@2�� \�PGIe

An approximatecontactalgebra (ACA) is a structure�
Q,���%�����%� © �q� « � suchthat �
Q����%����� is anAA and

� © �­� © ¬2� �W«k�i�W«]¬(3.9)

^ � D®� © 3d� « �(3.10)

�P�l©��J£Wt¤�������n�l©Z�����I���(3.11)

�]�W«C�J£Wt¤�9�����n�J«Y�9���5���(3.12)

�9�p���n��©¯� ���I�!£Wt¤�9�����n� « �9���5���(3.13)

� « �p�9�����%�mD®� « ���9�p�I�%�!£Wt¤�9�����u
��9�p�I��e(3.14)
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Proposition3.2. 1. Let �$Q,���q�����%� © �q� « � beanACA,andset �A�i� «�° 	 ` . Then,� is a compatible

contactrelationon 	 , and(3.7)and (3.8)hold. Furthermore, � « ° 	 ` �i� © ° 	 ` .
2. If �
Q,���%����� is an AA and � a contactrelation on 	 , then, � © and � « , definedby (3.7) and (3.8)

satisfy(3.9)– (3.14). Furthermore, �o�i� « ° 	 ` .

Proof:
1. Thefactsthat � is symmetricandreflexivefollow immediatelyfrom(3.9)and(3.10).Let �9�����n�J� �8�s�!£Wt
�9���5�n�W�9�8�n� , andassume� �����*L�o�9���5� . Then,by (3.14),thereis some�d=hQ suchthat �9�����n� « � , but not

�9���5�n� « � . It follows from the fact that � is idempotentand from (3.12), that �9�����n� « �9�p�2� , and not

�9���5�n� « �9�p�2� , contradictingourhypothesis.

Condition(3.8)follows immediatelyfrom (3.12),andthedefinitionof � . Now,

�]� © �W£Wt¤�������n� © ���p�I��� By (3.11)

£Wt¤�9���������%�¨� © �9�������5�%��� By (2.17)

£Wt¤�9���������%�¨� « �9�p�����5�%��� By (3.13)

£Wt¤�������n�J«Y�����5��� By (2.17)

£Wt¤�������n�J�����I��e By definitionof �
The fact that � is compatiblewith the Booleanorder follows from (3.14), and � « ° 	 ` ��� © ° 	 `
followsfrom (2.17).

2. Theproofsarestraightforwardcomputations.By wayof example,weshow (3.13):

� �����¨� © � ���I�!£Wt¤����� �����q�n�J�����9���5�%��� By (3.7)

£Wt¤�9�����n�J� ���5��� By (2.17)

£Wt¤�9��� �����q�n� « �9�p�9���5�%��� By (3.8)

£Wt¤�9�����n� « � ���I��e By (2.12)

�A�i� «�° 	 ` now followsfrom (3.8). }~

In the sequel,we let �
Q����q�����q� © �%� « � be a genericACA, and �±�²� « ° 	 ` be theassociatedcontact

relationon 	 .

Let

��B © �W£Wtª������� �#���p�I���(3.15)

��B « �l£Wt¤�9�����!�#�9���5��eZe(3.16)

Then, B © is an �
Q,�YXZ��RP��^2�%�
� congruence,B « is an �
Q,��VW��R]�Y^2�%��� congruence,and B © 3-B « �v^�� by (2.13).

Thefollowing is easyto prove,observingthat �v=- \¡Y¢%��	l� :
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Figure2. Approximate“part-of” relations

��³

�{´

µ
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�
`

·
¸
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µ
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Proposition3.3. � © �#B © �q�y��B © and � « �#B « �q�y��B « . �
Thequestionarises,how thepart-ofrelation

�
belongingto � (in thesenseof (3.4))canbesensiblyap-

proximated,in otherwords,whatdoesit meanto saythattheapproximatingregion � is (approximately)

partof theapproximatingregion � ?
We know that the part-of relation

�
on 	 generatedby � is the Booleanorder. Besidesthe lattice

ordering 
 on Q which extends
�

, thereare,on first glance,several possibilitiesto generalise
�

to a

relationon Q :

� � S[�W£WtM�9�p���,
)�����5���(3.17)

� � ´ �W£WtM�9�p���,
)�9���5���(3.18)

� � ` �W£WtM���p���u
������I���(3.19)

� � ³ �W£WtM���p���u
�� ���I��e(3.20)

A sketchof the D relationshipsamongthesepart-ofrelationsis givenin Figure2. Notethat
�{´ 3 � ` �i
 .

Following our assumptions(1.1) and(1.2), we think of lower boundascertaintyandupperboundas

possibility, wherebothboundsarebestpossible.With this in mind,we seethatanapproximatedpart-of�\¹
relationon anACA mustsatisfy

Therestrictionof
� ¹

to 	 is equalto
� e(3.21)

� � ¹ �Jt¥�������u
º�����5� and �9�p���u
�� ���I��e(3.22)

While the first conditionis clear, we shouldexplain the secondone: If � is approximatelya part of � ,
andif � is certainlypartof � , i.e. partof all regionswhich � approximates,then � shouldbe certainly

partof anything which is approximatedby � . If �9�����WLDA� ���I� , thenno region approximatedby � hasa
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commonpartwith �9�����!XI+,� ���5� , but every region approximatedby � has.Thus,therecanbeno region

in �9����� which is partof someregion in �9���5� .
With theseobservations,therecanbe only two suitableorderingrelations,namely, the latticeordering


 , andtheordering
� S , denotedby » , which is definedby

�-»���£Wtª� ������
������5��e(3.23)

The lattice orderingcanbe interpretedas“possiblepart-of”, while ��»v� saysthat anything which �
approximatesis certainlya part of anything which � approximates.Finally, we presentthe following

compatibilityTheorem:

Proposition3.4. For all �����(=-Q ,

��
���£Jt¥�l©%�����uDF�l©%���5� and � « �����uDF� « ���5��e(3.24)

Proof:
Let ����� in L; then,

�-
���£Wtª�������u
������5� and �9�����u
��9���5�
£WtM�����������%�cDF���������5�%� and �����9�p���%�uDF�����9�p�I�%�
£Wt¼�w½��1��¾¿���p���n�W�����2��tM�����5�n�W�����2�sÀ and �w½��1��¾¿�9�p���n�W�9���2� tM� ���I�¨�J�9�p�2�$Às�
£Wt¼�w½��1��¾¿�]� © �lt¥�2� © �YÀ and �w½��2��¾Á�]� « �\t¤�2� « �YÀ
£WtM� © �����uDF� © ���5� and � « �p���uDF� « �p�I��e
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4. Summary and outlook

In thispaperwehaveprovidedanalgebraicfoundationfor theintuitivenotionof “approximatingregion”.

In asecondstep,wehavesuggestedawayto define“approximatelyin contact”and“approximatelypart-

of” on thesealgebras.For theconstruction,we have madethreemodelassumptionswhich arefulfilled

in theimportantexampleof screenresolution.

Currently, we aredevelopinga logic for AA andACA usingtherelationalsemanticsintroducedin [13]

which seemsto us mostappropriatefor the spatialcontext. Many constraintswhich arenot modally

expressiblereceive an explicit representationin the form of a relationalrule or a relationalaxiomatic

sequence.Pertainingto our presentcontext, it wasshown in [6] that theextensionalityaxiom(3.2) of

contactrelationsis not expressiblein a classicalmodal logic, nor, asshown in [5], in its sufficiency

counterpartdefinedin [9]. It is, however, expressiblein a mixedlogic with relationalsemantics.

A furthertaskis thecomparisonof “approximatepart-of” with thenotionof “roughinclusion”described

in connectionwith roughmereology[17, 18].
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