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Abstract. In this paper we a language and first-order calculus for for-
mal reasoning about relations based on the theory of allegories. Since
allegories are categories the language is typed in Church-style. We show
soundness and completeness of the calculus and demonstrate its usabil-
ity by presenting the RelAPS system; a proof assistant for relational
categories based on the calculus presented here.

1 Introduction

Binary relations and categories of relations in particular have been widely used
in mathematics and computer science for various purposes. For some very in-
teresting applications we refer to [4, 5, 9, 15–17]. The most general and probably
most influential theory is given by the notion of an allegory and its extensions
due to P. Freyd and A. Scedrov [5, 9]. Further extensions of this theory including
fuzzy relations have been proposed throughout the literature, e.g., [14–16, 19].

Many systems supporting theorem proving in general and for relations in par-
ticular have been developed during the past years. However, most systems show
serious disadvantages if the theory of allegories is considered. In the following
we want to explore some of those systems.

A typical example for a fully automated system is Prover9 [12]. Prover9 is
an automated theorem prover for first order and equational logic. Therefore,
the language of the system is not typed. The typing contained in the theory of
allegories could be modeled by partial operations within an untyped language.
However, this would produce additional proof obligations verifying that all enti-
ties are well defined. This is a serious disadvantage of the system in this context
since the type information could be part of the language and checked in advance.
Furthermore, the calculus used and the proofs generated are tailored for auto-
matic proving. As a consequence they are usually very hard to read for a human
being.
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In another project, a semi-automated proof system has been developed for ba-
sic category-theoretic reasoning [11]. It is based on a first order sequent calculus
that captures the basic properties of categories, functors and natural transfor-
mations as well as a small set of proof tactics that automate proof search in
this calculus. Since it is a automated system, it has similar problems as Prover9.
Typing is not part of its languages, hence, like Prover9, this would produce
additional proof obligations. The system is also based on fixed theory and no
additional operations or theories can be added to it. Therefore, it is not possi-
ble to work within the theory of allegories since the system only supports basic
category theory.

RALF [3] was designed as a special purpose proof assistant for heterogeneous
relation algebras with the goal of supporting proofs in a calculational style.
RALF has a graphical user interface which represents theorems as trees, i.e.,
every term is displayed as a tree where the leaves are constants and variables
and the nodes are the relational operations. This makes some terms hard to read.
The system is based on a fixed axiomatization; the axioms of a heterogeneous
relation algebra. It is not possible to work with weaker and/or stronger theories
within the system. Furthermore, the system is no longer supported and there is
no working version any longer available.

RALL [13] is another theorem proving system for heterogeneous relation al-
gebra which has the ability of automatic proving for small theorems. It uses
the Isabelle/HOL type system to support reasoning within abstract heteroge-
neous relation algebras with minimal effort. However, RALL limits itself to rea-
soning within representable relation algebras. The system works by translating
relation-algebraic formulas into higher-order logic. As a consequence the system
is incomplete. Moreover, this method cannot be applied to weaker structures
like allegories. A further consequence of this method is that the proofs gener-
ated are proofs of the translated formulas within a fully automated system. One
can easily imagine that they are extremely hard to read.

In this paper we present a language and first-order calculus for formal rea-
soning about relations. We use the theory of allegories as an underlying axiom
system, i.e., a theory that is based on categories. Therefore, relations are typed
and the regular operations on relations are partial, i.e., can only be applied if
the relations involved have suitable type. The goal of designing the language
and the calculus was to mimic human reasoning as closely as possible. The ba-
sic language was already presented and used in [18, 19] in the context of fuzzy
relations.

The rules of natural deduction mimic human reasoning very closely. However,
the explicit tree structure together with the practice of making assumptions and
discarding them later by applying certain rules seems not to be very suitable for
computer support. In particular, discarding assumptions is not a local operation;
it affects whole subtrees. On the other hand, the sequent calculus keeps track of
assumptions on the left-hand side of a sequent which makes every rule a local
rule. The fact that the right-hand side of a sequent, i.e., the assertion or the goal
of the proof, is also a list of formulas (including the empty list) does not really



model human reasoning. Therefore, we developed a calculus which is mixture of
both calculi. It is based on a sequent, i.e., keeps rules local, but has exactly one
formula on the right-hand side of that sequent, i.e., there is exactly one assertion
or goal at any time of the proof.

The language and the calculus have been implemented in the RelAPS sys-
tem. This system is an interactive proof assistant that was designed in order to
work with allegories and any possible extension thereof avoiding the problems
mentioned in the systems above.

The rest of the paper is organized as follows. In Section 2 we present the
basics of the theory of allegories. The Sections 3 and 4 are dedicated to the
formal language and the new calculus. Finally, we present a short introduction
to the RelAPS system in Section 5.

2 Relational preliminaries

Throughout this paper, we use the following notation. To indicate that a mor-
phism R of a category R has source A and target B we write R : A → B. The
collection of all morphisms R : A → B is denoted by R[A,B] and the compo-
sition of a morphism R : A → B followed by a morphism S : B → C by R; S.
Last but not least, the identity morphism on A is denoted by IA.

We recall briefly some fundamentals on allegories [5] and relational construc-
tions within them. For further details we refer to [5, 15, 19]. Furthermore, we
assume that the reader is familiar with the basic notions from category theory.
For unexplained material we refer to [2].

Definition 1. An allegory R is a category satisfying the following:

1. For all objects A and B the collection R[A,B] is a meet semi-lattice, whose
elements are called relations. Meet and the induced ordering are denoted by
u and v, respectively.

2. There is a monotone operation ` (called converse) such that for all relations
Q : A → B and R : B → C the following holds: (Q;R)` = R`; Q` and
(Q`)` = Q.

3. For all relations Q : A → B, R,S : B → C we have Q; (RuS) v Q; RuQ;S.
4. For all relations Q : A → B, R : B → C and S : A → C the modular law

Q; R u S v Q; (R uQ`; S) holds.

In this paper we only need some basic properties of relations in some exam-
ples. We have listed those properties in the following lemma:

Lemma 1. Let Q;Q : A → B and R, R′ : B → C be relations. Then we have
the following:

1. Composition is monotonic, i.e., Q v Q′ and R v R′ implies Q; R v Q′;R′.
2. Q v Q;Q`; Q.
3. IA` = IA.



A proof of the previous lemma can be found in any of [5, 9, 15–17, 19].
Besides the basic theory of allegories the following two extension are of par-

ticular interest.

Definition 2. An allegory R is called distributive if:

1. For every pair of objects A and B the class R[A,B] is a distributive lattice
with smallest element ⊥⊥AB. Union is denoted by t.

2. For all relations Q : A → B, R,S : B → C we have Q; ⊥⊥BC = ⊥⊥AC and
Q; (R t S) = Q;R tQ; S).

A distributive allegory is called a division allegory if for all relations R : B → C
and S : A → C there is a relation S/R : A → B (called the left residual of S
and R) so that for all Q : A → B we have Q;R v S iff Q v S/R.

3 A first-order language for allegories

The language of allegories is two-sorted. One kind of terms will denote objects,
and the other kind denotes relations. In addition, the language is typed, i.e., every
relational term has a source and a target. We have chosen a Church-style typing
system, i.e., every relational variable, constant symbol, and function symbol has
a fixed (and known) type.

Because of its differences to a regular language for first-order logic we describe
the syntax of our language in the following section in detail. In particular the
dependency of relational variables on object terms, and, hence, the notion of free
and bounded variables, is unusual and needs a proper definition.

3.1 Syntax

In order to provide a proper language for allegories, we require a countable set
of object variables Vobj and a countable set of object constant symbols Cobj . The
two sets Vobj and Cobj as well as similar sets introduced later are supposed to
be disjoint, i.e., Vobj ∩ Cobj = ∅.

Definition 3. The set of object terms consists of object variables and object
constant symbols.

We also require the following components:

– Vrel is a countable set of relational variables. Each variable r has a type
t1 → t2 where t1 and t2 are object terms. To indicate that the variable r has
type t1 → t2 we write r : t1 → t2,

– Crel is a countable set of relational constant symbols. Each constant symbol
c has a type t1 → t2 where t1 and t2 are object terms. To indicate that the
constant symbol c has type t1 → t2 we write c : t1 → t2,



– F is a countable set of typed function symbols. Each function symbol f has
a type {(t1 → s1), ..., (tn → sn)} → (t → s) where t1, s1, ..., tn, sn, t, s are
object terms. To indicate that the variable f has type {(t1 → s1), ..., (tn →
sn)} → (t → s) we write f : {(t1 → s1), ..., (tn → sn)} → (t → s).

Based on the components above we define relational terms as follows:

Definition 4. The set of relational terms of type s1 → s2, where s1 and s2 are
object terms is defined recursively as follows:

1. If r : s1 → s2 is a relational variable, then r is a relational term of type
s1 → s2.

2. If c : s1 → s2 is a relational constant symbol, then c is a relational term of
type s1 → s2.

3. If s is an object term, then Is is a relational term of type s → s.
4. If t is a relational term of type s1 → s2, then t^ is a relational term of type

s2 → s1.
5. If t1 and t2 are relational terms of type s1 → s2, then t1 u t2 is a relational

term of type s1 → s2.
6. If t1 and t2 are relational terms of type s1 → s2 resp. s2 → s3, then t1; t2 is

a relational term of type s1 → s3.
7. If t1,...,tn are relational terms of type s1 → s′1,..., sn → s′n and f is a n-ary

function symbol with type f : {(s1 → s′1), ..., (sn → s′n)} → (s → s′), then
f(t1, ..., tn) is a relational term of type s → s′.

In order to define formulas we need an additional component, a countable
set P of typed predicate symbols. Each predicate symbol p has a type {(t1 →
s1), ..., (tn → sn)} where t1, s1, ..., tn, sn, are object terms. To indicate that the
predicate symbol p has type {(t1 → s1), ..., (tn → sn)} we write p : {(t1 →
s1), ..., (tn → sn)}. Finally we can define the set of formulas.

Definition 5. The set of formulas is defined recursively as follows:

1. ⊥ is a formula.
2. If t1 and t2 are relational terms of type s1 → s2, then t1 = t2 is a formula.
3. If t1, . . . , tn are relational terms of type s1 → s′1,..., sn → s′n and p is a n-ary

predicate symbol with type {(s1 → s′1), ..., (sn → s′n)}, then p(t1, . . . , tn) is a
formula.

4. If ϕ1 and ϕ2 are formulas, then ϕ1 ∧ ϕ2 is a formula.
5. If ϕ1 and ϕ2 are formulas, then ϕ1 ∨ ϕ2 is a formula.
6. If ϕ1 and ϕ2 are formulas, then ϕ1 → ϕ2 is a formula.
7. If ϕ is a formula, then ¬ϕ is a formula.
8. If ϕ is a formula and r : s1 → s2 is a relation variable, then (∀r : s1 → s2)ϕ

is a formula.
9. If ϕ is a formula and a is an object variable, then (∀a)ϕ is a formula.

10. If ϕ is a formula and r : s1 → s2 is a relation variable, then (∃r : s1 → s2)ϕ
is a formula.

11. If ϕ is a formula and a is an object variable, then (∃a)ϕ is a formula.



In the next step, we want to introduce the concept of free variables in a for-
mula. Obviously, there are two kinds of variables; object variables and relational
variables. The set of object variables in an object term is defined as usual. Since
relational variables and constants are typed with object terms, the notion of an
object variable in a relational term is not standard.

Definition 6. The set of object variables OV (t) and the set of relational vari-
ables RV (t) of a relational term t is defined recursively as follows:

1. OV (r) = OV (s1) ∪OV (s2) for a relational variable r : s1 → s2,
2. OV (c) = OV (s1) ∪ OV (s2) for a relational constant symbol c : s1 → s2 in

Crel,
3. OV (t^) = OV (t),
4. OV (t1; t2) = OV (t1 u t2) = OV (t1) ∪OV (t2),
5. OV (f(t1, ..., tn)) = OV (t1)∪...∪OV (tn) for every function symbol f : {(s1 →

s′1), ..., (sn → s′n)} → (s → s′).
6. RV (r) = {r} for every relational variable r,
7. RV (c) = ∅ for every relational constant symbol c in Crel,
8. RV (t^) = RV (t),
9. RV (t1; t2) = RV (t1 u t2) = RV (t1) ∪RV (t2),

10. RV (f(t1, ..., tn)) = RV (t1) ∪ ... ∪RV (tn) for every function symbol f .

Now we can define free object and relational variables in a formula.

Definition 7. The set of free object variables OFV (ϕ) and the set of free rela-
tional variables RFV (ϕ) of a formula ϕ is defined as follows:

1. OFV (⊥) = ∅,
2. OFV (t1 = t2) = OV (t1) ∪OV (t2),
3. OFV (p(t1, ..., tn)) = OV (t1) ∪ ... ∪OV (tn),
4. OFV (ϕ1 ⊗ ϕ2) = OFV (ϕ1) ∪OFV (ϕ2) where ⊗ ∈ {∧,∨,→},
5. OFV (¬ϕ) = OFV (ϕ),
6. OFV ((Qa)ϕ) = OFV (ϕ) \ {a} where Q ∈ {∀,∃},
7. OFV ((Qr : s1 → s2)ϕ) = OFV (ϕ) ∪OV (r) where Q ∈ {∀, ∃},
8. RFV (⊥) = ∅,
9. RFV (t1 = t2) = RV (t1) ∪RV (t2),

10. RFV (p(t1, ..., tn)) = RV (t1) ∪ ... ∪RV (tn),
11. RFV (ϕ1 ⊗ ϕ2) = RFV (ϕ1) ∪RFV (ϕ2) where ⊗ ∈ {∧,∨,→},
12. RFV (¬ϕ) = RFV (ϕ),
13. RFV ((Qa)ϕ) = RFV (ϕ) where Q ∈ {∀,∃},
14. RFV ((Qr : s1 → s2)ϕ) = RFV (ϕ) \ {r} where Q ∈ {∀,∃},

3.2 Semantics

As for the syntax the dependency of relational variables on object terms requires
a careful definition of the semantics of the language. In particular, the notion
of an environment, i.e., a function mapping variables to values, is not standard



since the collection of possible values for a relational variable may depend on the
values of certain object variables. For example, assume a is an object variable,
r : a → a is a relational variable, and that the environment maps a to the object
A and r to a relation R : A → A. An update of a to the object B now requires
that r is mapped to a relation with source and target B since r : a → a.

As a first step to a proper definition of the semantics need a universe where
all syntactic entities can be interpreted by suitable values.

Definition 8. A pre-model P consists of the following data:

1. |P| a non-empty allegory,
2. For each constant symbol c ∈ Cobj a constant cP ∈ Obj|P|.

In order to define the semantics of terms and formulas we have to replace
the free variables of the formula by actual values. Those values are stored in so
called environments.

Definition 9. An object environment σo over a pre-model P is a function from
the set of object variables to the objects of |P|.

We are now ready to define the value of an object term in a pre-model.

Definition 10. The value VP of object terms under the environment σo is de-
fined by:

– VP(a)(σo) = σo(a) for every object variable a,
– VP(c)(σo) = cP for every constant symbol c ∈ Cobj.

In the next definition we define an environment for both relational and object
variables.

Definition 11. An environment σ = (σo, σr) over a pre-model P is a pair of
functions so that σo is an object environment over P and σr maps each relational
variable r : s1 → s2 to a relation σr(r) : VP(s1)(σo) → VP(s2)(σo).

In the following σo and σr will always refer to the object and relational part
of an environment σ, respectively. Similarly, we will write σ(a) instead of σo(a)
for object variables a, and σ(r : s1 → s2) instead of σr(r : s1 → s2) for relational
variables r : s1 → s2.

Storing a new value for a variable in an environment is called update. Such an
update of an environment yields again an environment. Recall that updating an
object variable may change the collection of relations that a relational variable
might be mapped to.

Definition 12. The update σ[A/a] of σ at the object variable a with the object
A is defined by:

σ[A/a](b) =
{

σ(b) iff a 6= b,
A iff a = b,

σ[A/a](r : s1 → s2) =
{

σ(r : s1 → s2) iff s1 6= a and s2 6= a,
R : σ[A/a](s1) → σ[A/a](s2) iff s1 = a or s2 = a



for an arbitrary relation R : σ[A/a](s1) → σ[A/a](s2).
The update σ[R/r : s1 → s2] at the relation variable r : s1 → s2 with the relation
R : σ(s1) → σ(s2) is defined by:

σ[R/r : s1 → s2](a) = σ(a),

σ[R/r : s1 → s2](q : s1 → s2) =
{

σ(q : s1 → s2) iff r : s′1 → s′2 6= s1 → s2,
R iff r : s′1 → s′2 = q : s1 → s2.

To ascribe meaning to all formulas, we need, besides a non empty allegory,
an appropriate interpretation of each of the constant, function and predicate
symbols.

Definition 13. A relational model M is a pre-model with the following data:

1. For each c : s1 → s2 in Crel and environment σ a constant cMσ : σ(s1) →
σ(s2) so that σ(s1) = σ′(s1) and σ(s2) = σ′(s2) implies cMσ = cMσ′ ,

2. For each function symbol f : {(t1 → s1), ..., (tn → sn)} → (t → s) in F and
environment σ, a n-ary function fMσ which is mapping |M|[σ(t1), σ(s1)] ×
... × |M|[σ(tn), σ(sn)] to |M|[σ(t), σ(s)] so that σ(t1) = σ′(t1), ..., σ(tn) =
σ′(tn), σ(t) = σ′(t) and σ(s1) = σ′(s1), ..., σ(sn) = σ′(sn), σ(s) = σ′(s)
implies fMσ = fMσ′ ,

3. For each predicate symbol p in P with type (t1 → s1), ..., (tn → sn) and envi-
ronment σ, a subset pMσ ⊆ {|M|[σ(t1), σ(s1)]× ...×|M|[σ(tn), σ(sn)]}so that
σ(t1) = σ′(t1), ..., σ(tn) = σ′(tn), σ(t) = σ′(t) and σ(s1) = σ′(s1), ..., σ(sn) =
σ′(sn), σ(s) = σ′(s) implies pMσ = pMσ′ .

In the previous definition, an object environment would be sufficient because
it is just needed to get the value of an object term. Note that the value of an
object term in a model M is the same as that in the pre-model P it contains,
i.e., VM(s)(σ) = VP(s)(σo).

Now we are ready to define the value of relational terms and the validity of
formulas. Both definitions are done inductively on the structure of the language.

Definition 14. Let M be a relational model and σ be an environment. The
value VM of terms under the environment σ is defined by:

1. VM(r : s1 → s2)(σ) = σ(r : s1 → s2) for every relational variable r : s1 →
s2,

2. VM(c : s1 → s2)(σ) = cMσ for every constant c : s1 → s2 in Crel,
3. VM(f(t1, ..., tn))(σ) = fMσ (VM(t1)(σ), ...,VM(tn)(σ))
4. VM(Ia)(σ) = Iσ(a),
5. VM(t^)(σ) = (VM(t)(σ))^,
6. VM(t1 u t2)(σ) = VM(t1)(σ) u VM(t2)(σ),
7. VM(t1; t2)(σ) = VM(t1)(σ);VM(t2)(σ).

The next step is to define the validity of formulas.

Definition 15. Let M be a relational model, and σ be an environment. The
validity of a formula in M under σ is defined inductively as follows:



1. M |=σ t1 = t2 iff VM(t1)(σ) = VM(t2)(σ),
2. M |=σ p(t1, . . . , tn) iff (VM(t1)(σ), . . . ,VM(tn)(σ)) ∈ pMσ ,
3. M |=σ ϕ1 ∧ ϕ2 iff M |=σ ϕ1 and M |=σ ϕ2,
4. M |=σ ϕ1 ∨ ϕ2 iff M |=σ ϕ1 or M |=σ ϕ2,
5. M |=σ ϕ1 → ϕ2 iff M |=σ ¬ϕ1 or M |=σ ϕ2,
6. M |=σ ¬ϕ iff M 6|=σ ϕ
7. M |=σ (∀r : s1 → s2)ϕ iff M |=σ[R/r:s1→s2] ϕ for all relations R : σ(s1) →

σ(s2),
8. M |=σ (∀a)ϕ iff M |=σ[A/a] ϕ for all objects A,
9. M |=σ (∃r : s1 → s2)ϕ iff M |=σ[R/r:s1→s2] ϕ for some relation R : σ(s1) →

σ(s2),
10. M |=σ (∃a)ϕ iff M |=σ[A/a] ϕ for some object A.

As usual we write M |= ϕ if M |=σ ϕ holds for all environment σ and |= ϕ if
M |= ϕ holds for all relational models M.

For our language versions of a coincidence and a substitution lemma hold.

Lemma 2. Let a be an object variable, r : s1 → s2 be a relational variable,
s, s′ be object terms, t, t′ be relational terms, ϕ be a formula, and M be a rela-
tional model. Furthermore, suppose σ1 and σ2 are environments over M so that
σ1(a) = σ2(a) for all free object variables in s, t or ϕ and σ1(r : s1 → s2) =
σ2(r : s1 → s2) for all free relational variables r in t or ϕ, respectively. Then we
have the following:

1. VM(s)(σ1) = VM(s)(σ2)
2. VM(t)(σ1) = VM(t)(σ2).
3. M |=σ1 ψ iff M |=σ2 ψ.
4. VM(s′[s/a])(σ) = VM(s′)(σ[VM(s)(σ)/a]).
5. VM(t′[t/r])(σ) = VM(t′)(σ[VM(t)(σ)/r]).
6. VM(t′[s/a])(σ) = VM(t′)(σ[VM(s)(σ)/a]).
7. M |=σ ϕ[t/r] iff M |=σ[VM(t)(σ)/r] ϕ.
8. M |=σ ϕ[s/a] iff M |=σ[VM(s)(σ)/a] ϕ.

For a proof of the lemma above we refer to [1].

4 A first-order calculus

In this section we introduce our first-order logic calculus for relational categories.
The calculus is formulated in a sequent style [6] but with exactly one formula on
the right-hand side. It has three different types of rules; axioms, which represent
the basic tautologies of logic and the axioms of the theory of allegories, structural
rules, which operate on the sequent of formula in a judgment, and logical rules,
which are concerned with the logical operations.

Definition 16. The axioms in Figures 1 and the rules of Figure 2 and 3 con-
stitute the formal calculus of allegories. If Γ is a sequence of formulas and ϕ
is a formula, then we write Γ ` ϕ to indicate that there is a derivation in the
calculus ending in that sequence.



ϕ ` ϕ (Axtiom)

` (∀a)(∀b)(∀r : a → b)Ia; r = r

` (∀a)(∀b)(∀r : a → b)r; Ib = r

` (∀a1)(∀a2)(∀a3)(∀a4)(∀r : a1 → a2)(∀q : a2 → a3)(∀u : a3 → a4)(r; q); u = r; (q; u)

` (∀a)(∀b)(∀r : a → b)r u r = r

` (∀a)(∀b)(∀r : a → b)(∀q : a → b)(∀u : a → b)(r u q) u u = r u (q u u)

` (∀a)(∀b)(∀r : a → b)(r^)^ = r

` (∀a)(∀b)(∀r : a → b)(∀q : a → b)(r u q)^ = r^ u q^

` (∀a)(∀b)(∀r : a → b)(∀q : b → c)(r; q)^ = q^; r^

` (∀a)(∀b)(∀r : a → b)(∀q : b → c)(∀u : b → c)r; (q u u) = r; (q u u) u r; q u r; u

` (∀a)(∀b)(∀r : a → b)(∀q : b → c)(∀u : a → c)r; q u u = r; (q u r^; u) u r; q u u

Fig. 1. Axioms

Weakening rule

Γ ` ψ

Γ, ϕ ` ψ
Weak

Contraction rule

Γ, ϕ, ϕ ` ψ

Γ, ϕ ` ψ
Cont.

Permutation rule

Γ, ϕ2, ϕ1 ` ψ

Γ, ϕ1, ϕ2 ` ψ
Perm.

Cut rule

Γ ` ϕ Γ, ϕ ` ψ

Γ ` ψ
Cut

Fig. 2. Structural rules



left logical rules right logical rules

Γ ` t1 = t2 Γ ` ψ[t1/r]

Γ ` ψ[t2/r]
=L ` t = t

=R

Γ, ϕ1, ϕ2 ` ψ

Γ, ϕ1 ∧ ϕ2 ` ψ
∧L

Γ ` ϕ1 Γ ` ϕ2

Γ ` ϕ1 ∧ ϕ2
∧R

Γ, ϕ1 ` ψ Γ, ϕ2 ` ψ

Γ, ϕ1 ∨ ϕ2 ` ψ
∨L

Γ ` ϕ1

Γ ` ϕ1 ∨ ϕ2
∨R

Γ ` ϕ2

Γ ` ϕ1 ∨ ϕ2
∨R

Γ ` ϕ1 Γ, ϕ2 ` ψ

Γ, ϕ1 → ϕ2 ` ψ
→L

Γ, ϕ1 ` ϕ2

Γ ` ϕ1 → ϕ2
→R

Γ ` ϕ

Γ,¬ϕ ` ψ
¬L

Γ, ϕ ` ⊥
Γ ` ¬ϕ

¬R

Γ, ϕ[t/r] ` ψ

Γ, (∀r : s1 → s2)ϕ ` ψ
∀L (rel)

Γ ` ϕ

Γ ` (∀r : s1 → s2)ϕ
∀R (rel)

If r does not occur free in
any formula of Γ .

Γ, ϕ[s/a] ` ψ

Γ, (∀a)ϕ ` ψ
∀L (obj)

Γ ` ϕ

Γ ` (∀a)ϕ
∀R (obj)

If a does not occur free in
any formula of Γ .

Γ, ϕ ` ψ

Γ, (∃r : s1 → s2)ϕ ` ψ
∃L (rel)

Γ ` ϕ[t/r]

Γ ` (∃r : s1 → s2)ϕ
∃R (rel)

If r does not occur free in any for-
mula of Γ and in ψ.

Γ, ϕ ` ψ

Γ, (∃a)ϕ ` ψ
∃L (obj)

Γ ` ϕ[s/a]

Γ ` (∃a)ϕ
∃R (obj)

If a does not occur free in any for-
mula of Γ and in ψ.

Γ,¬ϕ ` ⊥
Γ ` ϕ

PBC

Fig. 3. Logical rules



Note that for the =L rule in the form presented here (and implemented in
the system) is not a really left rule since the equation appears on the right-hand
side of `. The rule can alternatively be formulated as

Γ, t1 = t2 ` ψ[t1/r]
Γ ` ψ[t2/r] =L′

having the equation on the left-hand side. We have chosen the version presented
in Figure 3 because that version seems more convenient to use. In particular this
rule models the way equational reasoning is implemented using the ’Working
Area’ in RelAPS (see Section 5).

Theorem 1 (Soundness and Completeness). The calculus is sound and
complete, i.e., ` ϕ iff |= ϕ for all formulas ϕ.

The previous theorem was shown in [1]. The soundness proof uses a straight-
forward induction on the structure of the derivation. The completeness result
was obtained following Henkin’s method, i.e., it was actually shown that every
consistent theory in our language has a model in the sense of Definition 13.
Significant modifications to the original proof had to be made in order to cope
with the categorical structure of the models.

5 The system RelAPS

The purpose of the RelAPS system is to provide an environment in which a user
may construct a proof of certain theorems as close to a hand-written proof as
possible. This provides the benefits of having a system ensuring that an indi-
vidual proof-step is executed properly, while it remains the responsibility of the
user to complete the proof. It should be mentioned that it is not the aim of the
system to provide automated deduction.

In order to achieve the goal mentioned above the following design decisions
have been made:
1. Allegories are only the beginning of a whole hierarchy of relational categories.

For an overview we refer to [10]. Therefore, the system was designed to handle
extensions of the theory of allegories such as distributive allegories, division
allegories and so on.

2. A lot of proofs in the theory of relations are either based on equational
and/or inclusion based reasoning or on a chain of equivalences. For example,
in order to proof that a partial identity is idempotent, i.e., Q v I implies
Q = Q;Q, one could argue as follows:

Q v Q; Q`;Q Lemma 1(2)

v Q; I`;Q assumption
= Q; I; Q Lemma 1(3)
= Q; Q, identity axiom

and Q; Q v Q; I assumption
= Q. identity axiom



Another example is the following proof of (Q/R)/S = Q/(S; R) for suitable
relations in a division allegory:

X v (Q/R)/S ⇐⇒ X;S v Q/R residual axiom
⇐⇒ X;S; R v Q residual axiom
⇐⇒ X v Q/(S; R). residual axiom

In both examples we use a chain of inclusion or equivalences, and in each
step we apply an axiom, an assumption or a lemma. The RelAPS system
has a special ‘working area’ to perform proofs in that style.

3. The previous examples also show that humans usually use certain properties
of operations and predicates without mentioning. Composition is associative
which is used in the second proof. Both, composition and converse, are mono-
tonic which is used in the first proof. Similar examples can be constructed in
which the symmetry or an anti-monotonic behavior is used implicitly. The
RelAPS system is capable of handling this kind of reasoning.

4. As already mentioned in the introduction we have chosen a logic calculus
that mimics human reasoning closely. The proofs is constructed bottom-up
and it is complete when all its subtrees have been ended by the application
of axioms.

5.1 A short tour through the system

Upon starting RelAPS a dialog requires the user to specify which theory should
be loaded. When the program is started for the first time, the only option pre-
sented is the (default) theory of allegories. Later on, user defined theories to-
gether with their set of operations and constants will also be available. After
selecting an appropriate theory the user may access the RelAPS interface, which
is shown in Figure 4.

The ‘Assertions’ (or goal) window displays the assertion of the current proof
corresponding to the right-hand side of ` in a derivation. The text area of the
‘Assertions’ window simply displays the current state of the assertion being
worked with. The user may only work with one assertion at a time.

The ‘Assumptions’ window displays the assumptions that are associated with
the current proof. This corresponds with the sequence Γ on the left-hand side of
`. The text area of the ‘Assumptions’ window allows to select any assumption in
order to apply logical rules. Therefore, the order of the formulas is not important,
i.e., the Permutation rule is implemented implicitly. The ‘Weakening’ button
corresponds to the Weakening rule and removes a selected assumption from
the current proof. The ‘Duplicate’ button implements the Contraction rule by
duplicating a selected assumption.

The buttons on the right side of ‘Working Area’ are used to apply the logical
rules, introduced in Section 4. All derivation buttons are disabled by default
except PBC and Cut since the corresponding rules can always be applied. The
right-hand rule buttons are enabled based on current formula in the ‘Assumption’
window. An appropriate left-hand rule button will be enabled when the user



Fig. 4. The RelAPS Interface

selects an assumption in the ‘Assumptions’ window. There are no button for the
(=L) and (=R) rules. These rules can be applied by using the ‘Working Area’
window described below.

When the user selects a term of either an equation or inclusion in the ‘As-
sertions’ or ‘Assumption’ window, the corresponding ‘Derive’ button (|=) will
become enabled. This allows the user to move the selection to the ‘Working
Area’ in order to use equation or inclusion based reasoning. A proof in the
‘Working Area’ is based on the equational rules (=L) and (=R). If a subterm of
the current term is selected, a menu immediately pops up allowing the user to
apply an axiom, an assumption, or a previously proved theorem to the current
selection. By pressing the Apply button (⇑) the original term in the ‘Assertions’
or ‘Assumption’ window will be replaced by latest term in the ‘Working Area’.
Instead of selecting a term, the user can also select an equation or inclusion
and move the whole formula to the ‘Working Area’ in order to start a chain of
equivalences. Notice that in the ‘Working Area’ certain properties of operations
such as monotonicity, associativity, and symmetry are applied automatically.
The system keeps track of those properties for each of the operations defined.

Each time a rule is applied the Axiom rule is automatically checked by the
system. In that step the system actually checks whether the assertion is among



the formulas in the assumption window, i.e., the Weakening rule is implicitly
used in this process.

There are two additional buttons in the ‘Assertion’ window allowing the user
to split an equation into two inclusions, and to split an equivalence into two
implications.

In the ‘Proof Explorer’ window the tree of the current proof is displayed.
The user can switch between the different subtrees by clicking the appropriate
assertion in that tree view. Subtrees that have already successfully be shown
are tagged by ‘thumb up’, and all other subtrees are tagged by ‘thumb down’.
This window also contains buttons to save and load proofs and to enter a new
theorem.

A user may define a new theory. In order to do so the user has to define
new operations and axioms, which can be done by selecting the appropriate
function of the ‘Tools’ menu. During this process the user may also specify certain
properties of operations such as monotonicity, associativity, and symmetry. Once
specified the system requires the property of the operation either as an axiom
or that it is shown as a theorem. Afterwards the property can be used in the
‘Working Area’ automatically as described above. A new theory can be saved
and used later. In particular, it will be available as a selection in the staring
dialog.

6 Conclusion and future work

There is plenty of further work that could improve the RelAPS system. In this
section we want to sketch four of those projects.

The main focus in the future should be on automating some proof steps, par-
ticularly very basic steps. Certain sub-theories of allegories, such as the equa-
tional theory, are known to be decidable. Once it has been implemented, the
system could suggest to the user that the current proof obligation is in a certain
sub-theory that can be decided. If the user chooses to let the system finish the
proof, the corresponding algorithm is used to find that proof.

More flexible user-defined operations is another way to extend the system.
Currently it is not possible to define functions that take objects as parameters
and return objects. The user only can define functions that return relations. In
addition, function symbols could take a mixture of relational and object terms as
parameters which would be useful for relational constructions such as splittings.
Such an extension would also require a modification of the language studied in
this paper.

Even though user defined predicate symbols are already part of the language,
they have not been implemented in the RelAPS system, i.e., the only defined
predicate symbols are ‘<’, ‘>’, and ‘=’. Here the same flexibility as outlined in
the previous paragraph for function symbols might be useful.

Producing LATEX output of the proofs is another possible project. A re-
searcher could use the system to prove theorems which are then automatically



checked for correctness and use the LATEX output for publications. For any tex-
tual representation of a RelAPS proof it would be very helpful if the user could
specify the level of detail in which the proof should be presented. Depending on
that level each step in the textual representation could summarize several steps
in the actual derivation.
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