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Abstract

An interpretation of the relational data model and various dependen-
cies is given within the framework of cylindric algebras. It turns out
that there is a natural translation of relational databases into cylin-
dric set lattices, and that Codd’s relational operators have a simple
interpretation in these structures. Consequently, various database con-
straints can be expressed in the equational language, and recent results
in equational logic have been able to shed some light on the expres-
siveness and axiomatizability of these constraints.

1 Introduction

The success of the relational data model introduced by Codd [4] can – at
least partly – be attributed to its clarity and succinctness. The semantics
of the model are constraints among and within the base relations which,
as it turned out, could be formulated in various fragments of first order
logic. Therefore, a natural approach seems to be the general framework of
cylindric structures. The two main examples of these are concrete algebras
of n–ary relations on the one hand, and algebras of first order sentences on
the other. It is interesting to note that throughout most of the research on

∗The author gratefully acknowledge support from the Natural Sciences and Engineering
Research Council of Canada.



the theory of relational databases, this dichotomy can be observed, albeit
in a different terminology. Codd’s relational algebra and domain- or tuple
calculus are well known examples for this phenomenon, and, keeping in mind
the connection between cylindric algebras and first order logic, it comes as
no surprise that the resulting query languages are of the same expressive
power. The extended relations of [24] are, loosely speaking, nothing else
than an embedding of some finite cylindric algebra into an infinite algebra of
formulae, and a transformation from finite dimensional relations to formulae
(and infinite dimensional cylindric algebras) is implicitly present in [7].

The plan for the current chapter is as follows: After a brief introduction to
Codd’s data model, I will present an embedding of relational data tables
into cylindric structures similar to the first such construction by Imilienski
and Lipski [17]. The rest of the chapter will be taken up by the discussion
of various forms of data dependencies in algebraic setting.

I will use the definitions and notation of [13, 14].

2 The relational data model

The two components of Codd’s original concept of a relational database are
objects and operators [4]:

1. Suppose that α is a countable cardinal, and {Dn : n < α} is a collection
of nonempty sets which are called domains. Intuitively, α is a set of
attribute names, and a domain Dn consists of those values which the
n-th attribute of a data table may take. Even though an instance of
a database is finite, the domains are usually allowed to be infinite so
as to have enough choices for a field entry. If ∅ 6= X ⊆ α, a subset
r of

∏
i∈X Di is called a data table over the schema X, written as

〈X, r〉; the largest data table with schema X is denoted by 1X , i.e.
1X =

∏
n∈X Dn. Note that data tables are (heterogeneous) relations.

The elements of a data table are called tuples or records; observe that
tuples are choice functions with domain X. If r is a data table over X,
we set a(r) = X, and call it the schema of r. A database is a structure
D = 〈Dn, rj〉n<α,j∈J such that, for every j ∈ J , rj is a data table with
schema a(rj).

2. Besides the Boolean set operators ∪ and \ which are defined on data
tables with the same schema X, there are four operations specific to
databases:
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(a) Join: The (natural) join ./ of two data tables r and s is defined
as

r ./ s = {f ∈ 1a(r)∪a(s) : f � a(r) ∈ r, f � a(s) ∈ s}.

Observe that a(r ./ s) = a(r) ∪ a(s), and that the join operator
glues r and s along their common attributes.

(b) Project : If Y ⊆ X, then the projection operator is defined by

πY (r) =

{
{f � Y : f ∈ r}, if Y 6= ∅,
1a(r), otherwise.

So, πY picks all columns from r whose attribute name is in Y .

(c) Rename: Suppose that i ∈ a(r), j ∈ α \ a(r), and Di = Dj . We
need an operation which changes the name of column i to that of
column j: Set Y = (a(r) \ {i}) ∪ {j}, and define

δi←j(r) = {f ∈ 1Y : f � (a(r) \ {i}) = g � (a(r) \ {i}),
f(j) = g(i) for some g ∈ r}.

(d) Select : Select is a unary operator on relations, or, more precisely,
a class of operators. For each attribute n ∈ a(r) and each d ∈ Dn

let

σn=d(r) = {f ∈ r : f(n) = d}.

In other words, σn=d(r) selects from r all those tuples which have
entry d in column m.

3 An embedding

Suppose that D = 〈Dn, rj〉n<α,j∈J is a database where α > 2 and R the set
of all its data tables. It is our aim to embed D into a Csα over an appro-
priate base set, and to translate the operations among data tables into Csα
operations. To avoid the messiness of typed structures – and since we are
not concerned with computational efficiency –, we shall assume throughout
this section that the domains are all equal, say, Di = D . This may entail
problems with respect to the selection operators when comparison of do-
main elements is involved. However, these can, in theory, be resolved, by
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restricting the comparisons on D to appropriate elements, so that there is
no restriction of generality.

One difficulty we encounter when considering a data table r is that a(r)
can be a proper subset of α. However, in the translation we have in mind,
we want to consider all occurring relations as α-ary; in other words, data
tables need to be interpreted as α–ary relations without losing the significant
columns a(R). The most natural way to do this is to follow the philosophy
that “all information is no information”, and introduce dummy columns into
r, see e.g. [20]. For example, if a(r) = α,X = α \ {0}, and r = D × πX(r)
then πX(r) carries the same information as r.

This method, however, has the drawback that it works only if D × r 6∈ R
for r ∈ R. For example, let D = {a, b}, α = 3, r0 = D × {a} × {b}, and
r1 = 〈a, b〉 with. α(r1) = {1, 2}. The dummy embedding of r1 into 3D
is now equal to r0 which is not what we want. If α = ω and a(r) < ω
for all r ∈ R, then this problem does not occur. However, this does not
seem a satisfactory solution, since it unnecessarily restricts our choice of
domains. It is proposed in [17] to flag the irrelevant columns by an extra
symbol; however, there it is not clear how the cylindric operations act on
these extended relations. In the embedding below we shall also make use of
a flag to identify irrelevant columns, though, in a different way.

Let U = D ∪ {u}, where u 6∈ D, and let V be the set of all α–termed
sequences over U . Define a mapping e : R → 2V by

e(r) = {f ∈ V : f � a(r) ∈ r}.

Theorem 3.1. Suppose that D = 〈Dn, rj〉n<α,j∈J is a database such that
Di = D for all i < α, and let R be a collection of data tables over D.
Furthermore, U and e are defined as above. Then, e is injective, and for all
r, s ∈ R, Y ⊆ α,

e(r ∪ y) = e(r) ∪ e(s) if a(r) = a(s). (1)
e(r \ s) = e(r) \ e(s) if a(r) = a(s). (2)
e(πY (r)) = cα\Y e(r). (3)

Here, cα\Y is a generalized cylindrification, see [13], Ch. 1.7.

e(r ./ s) = e(r) ∩ e(s). (4)

e(δi←j(r)) = sij(e(r)), (5)

where sij denotes the “j for i substitution” of [13], Ch. 1.5.
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Proof. Let r, s ∈ R and r 6= s. If a(r) 6= a(s), say, n ∈ a(r) \ a(s), then
there is some f ∈ e(s) such that f(n) = u. On the other hand, n ∈ a(r)
implies that u 6= f(n) for all f ∈ e(r), and thus, e(r) 6= e(s). If a(r) = a(s)
say, f ∈ r \ s. If a(r) = a(s), then r 6= s implies that w.l.o.g. there is some
f ∈ r \ s 6= ∅. Thus, for all g ∈ s there is some n ∈ a(r) = a(s) with
f(n) 6= g(n). Hence, e(r) 6= e(s).

The proofs of (1) – (5) are analogous to the corresponding properties of [17]
and can safely be omitted.

Recall that for any r ∈ V , the dimension set of r is ∆(r) = {n < α : cn(r) 6=
r} ([13], Ch. 1.6). The definition of e shows that

n ∈ a(r)⇐⇒ (∀f ∈ V )[f ∈ e(r)⇒ f(n) 6= u], (6)

and

n ∈ ∆(e(r))⇐⇒ cn(e(r)) 6= e(r),
⇐⇒ (∃f ∈ V )[f 6∈ e(r) and (∃g ∈ e(r)(f(m) = g(m),m 6= n)],
⇐⇒ (∃f ∈ V )[f(n) = u and (∃g ∈ e(r)(f(m) = g(m),m 6= n)],
⇐⇒ n ∈ a(r).

By flagging irrelevant columns by a new element, we have, in a way, in-
troduced a new constant, the algebraic version of which are regular thin
elements ([14], p. 60): For each n < α let vun = {f ∈ V : f(n) = u}. Then,
each e(r) satisfies

cn(e(r)) 6= r ⇒ e(r) ∩ vun = ∅. (7)

Observe that ⇐ is always true for any nonzero e(r). Generally, given a set
U and some u ∈ U , a set r of α – termed sequences over U is called a db
–relation (with respect to u), if cn(r) 6= r implies r ∩ vun = ∅ for all n < α.
We now have

Theorem 3.2. 1. Suppose that D = 〈Dn, rj〉n<α,j∈J is a database such
that Di = D for all i < n, and let R be a collection of data tables over
D. Furthermore, U and e are defined as above. Then, each e(r) is a
db–relation.

2. Conversely, if r ⊆ αU is a db–relation with respect to some u ∈ U ,
then r′ = r � ∆(r) is a subset of ∆(r)(U \ {u}), and e(r′) = r.
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Theorem 3.3. Suppose that α > 2 and R is the collection of db–relations
(of dimension α) with respect to some u ∈ U . Then,

1. If r, s ∈ R, then r ∩ s ∈ R, and, if ∆(r) = ∆(s), then r ∪ s ∈ R and
r \ s ∈ R.

2. If r ∈ R and i < α, then ci(r) ∈ R.

3. If r ∈ R, then sij(r) ∈ R for all i, j < α.

Proof. 1. and 2. are straightforward to prove, so we only show 3: Let k < α,
and suppose that sij(r) ∩ vuk 6= ∅; we need to show that ck(sij(r)) = sij(r). If
k = i, then we are done, since ci(sij(r)) = sij(r). If ck(r) 6= r, then r∩vuk = ∅,
i.e. r ⊆ −vuk , since r is a db–relation. But then, sij(r) = ci(r∩dij) ≤ ci(r) ≤
ci(−vuk ) = −vuk , which contradicts our hypothesis; thus, ck(r) = r. If k 6= j,
then, by 1.5.8. of [13], we have ck(sij(r)) = sij(ck(r)) = sij(r). If k = j,
then cj(r) = r; furthermore, r ∩ di,j ∩ vuk 6= ∅, since ci(−vuj ) = −vuj . Hence,
there is some f ∈ r such that f(j) = u = f(i), and therefore, ci(r) = r.
Again from 1.5.8. of [13] it follows that sij(r) = sij(c(r)) = ci(r) = r, and
cj(sij(r)) = cj(r) = r.

The db - relations have some more simple but remarkable properties:

Theorem 3.4. Let r, s be non zero db - relations. Then,

1. If r ⊆ s, then ∆(s) ⊆ ∆(r).

2. If X,Y ⊆ ∆(r) and cX(r) ⊆ cY (r), then X ⊆ Y .

3. If X ⊆ ∆(r), then ∆cX(r) = ∆r\X.

A special case of Theorem 3.4.2 is that ci(r) = cj(r) implies that i = j,
whenever r > 0 and i, j ∈ ∆(r). This does not usually happen in arbitrary
Cs; however, it seems necessary to model data base relations more realisti-
cally: Suppose that r corresponds to a concrete relation of a database with
scheme X, and thati, j ∈ X. Now, ci corresponds to the projection of r onto
the scheme X\{i}, similarly for j. If i and j name different columns of r,
one would certainly want different projections of r when one blanks out the
columns i and j respectively. In other words, removing one column should
not remove another column as well.
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4 Data dependencies

A central concern of database design is to avoid redundancy and ensure the
integrity of the database, and various dependencies have been considered.
These may be viewed as specifications of the semantics of a database, and
describe constraints among and within the data tables. For example, the
earliest dependencies were the functional dependencies [5]: If A0, . . . , Ak, B
are attribute names and r is a relation of the database, the functional de-
pendency A0, . . . , Ak →r B means that whenever two tuples from a relation
r agree on the attributes named by A0, . . . , Ak, then they agree also on at-
tribute B. Since many such constraints are meaningful in various situations,
many types of dependencies have been investigated; Thalheim [22] mentions
in 1996 that over 100 have been considered in the literature.

Most of the research on dependency theory has centred around two main
questions. The first of these is the implication problemfor a given class
of dependencies: For a given finite set Σ of dependencies we say that Σ
implies a dependency d, and write Σ |= d, if every relation which satisfies
all constraints in Σ also satisfies d. The implication problem (a semantical
concept) is to find an algorithm which decides Σ |= d. If there is such an
algorithm, we say that the implication problem is solvable for the class of
dependencies considered.

The second, closely related, problem is to find a complete axiom system for a
class of dependencies, or else show that such a system does not exist. There
is a large amount of literature on the subject - for an overview see e.g. [22]
- which to explore in detail space does not permit.

In formulating constraints, the project and join operator play a significant
role; indeed, the very general algebraic dependencies are stated in terms of
these operators (see Table 1, where we assume that all expressions are well
defined).

Table 1: Axioms for algebraic dependencies

1. πX(πX(r)) = πX(r), πa(r)(r) = r. 2. r ./ πX(r) = r, πa(r)(r ./ s) ⊆ r
3. r ⊆ s⇒ πX(r) ⊆ πX(s) 4. r ⊆ s⇒ r ./ t ⊆ s ./ t
5. r ./ s = s ./ r 6. (r ./ s) ./ t = r ./ (s ./ t)
7. X ⊆ a(r) and Y ⊆ a(s)⇒ πX∩Y (r ./ s) ⊆ πX∩Y (r ./ πY (s))
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By way of example, we shall concentrate in the sequel on general project–
join dependencies and cylindric dependencies. We suppose that all data
tables of a database have the same schema; this is no significant restriction
by Theorem 3.1.

4.1 Project–join dependencies

Formally, a language for project–join expressions over a set of generators
contains symbols for both operators and a set of predicates {Pj : j ∈ J} all
having the same finite arity, say, α. The set of project-join expressions over
the generators {Pj : j ∈ J} (pjes) is defined as follows:

1. Each Pj is a pje.

2. If τ is a pje and Y ⊆ α, then πY (τ) is a pje.

3. If τ and σ are pjes, then τ on σ is a pje.

4. No other expression is a pje.

Evaluation of pjes in databases is done in the obvious way: Suppose that
D = 〈Dn, rj〉n<α,j∈J is a database . If τ is a pje we define its value e′(τ) in
D inductively:

• e′(Pj) = rj

• e′(πY σ) = πY (e′(σ))

• e′(σ ./ ρ) = e′(σ) ./ e′(ρ).

We can relate equations among pjes to equations in a reduct of Csα: A
(diagonal free) cylindric (lower) semilattice of dimension α, in short, a cslα,
is an algebra 〈A, ·, ci, 〉i<α such that 〈A, ·〉 is a semilattice, and for all x, y ∈ A
and i, j < α,

x · cix = x (C1)
cicjx = cjcix (C2)

ci(x · ciy) = cix · ciy. (C3)
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Theorem 4.1. [9] The equational theory of pjes over α–dimensional databases
is equivalent to the equational theory of scslα.

Proof. Consider the following translation tr of pjes onto cylindric expressions
:

1. tr(Pj) = Pj ;

2. tr(πY σ) = c(αrY ) tr(σ);

3. tr(σ on ρ) = tr(σ) · tr(ρ).

It is shown in [9] that for all pjes τ and σ, τ = σ holds in every α–dimensional
database if and only if tr(τ) = tr(σ) is valid in every scslα.

A project-join dependency (pjd) is a formula τ = σ with τ and σ pjes. A
database D satisfies the pjd τ = σ, written as D |= τ = σ, if and only if
e′(τ) = e′(σ). A set Σ of pjds implies a pjd δ, written as Σ |= δ if and only
if for every database D, D |= Σ implies D |= δ. Note that we can express
that a pje σ follows from a pje τ (τ ≤ σ), since e′(τ) ⊆ e(σ) if and only if
e′(τ on σ) = e′(σ).

Suppose that Σ ∪ {τ} is a finite set of pjds. Since valid pjds are equivalent
to valid equations of scsln by Theorem 4.1, it follows that the implication
Σ |= τ is equivalent to a quasi–equation of cylindric expressions. The fol-
lowing result implies that there is no finite set of formulae axiomatizing
α–dimensional pjds if α > 2:

Theorem 4.2. [15]
if α > 2, then the quasi-equational theory of scslα is not finitely axiomatiz-
able.

4.2 Cylindric dependencies

Cylindric dependencies were introduced in [7], and they are an extension
of project–join dependencies to the positive reduct of first order logic with
equality. The corresponding query language L+

ω has the connectives ∧,∨,∃,
T,F,=, an infinite set V = {vi : i < ω} of variables, and a set of predicates
P = {Pi : i ∈ I}; to simplify matters we may suppose that all Pi have the
same finite arity, say, k, using dummy embeddings. Variables are not typed,
i.e. every variable is allowed to appear in any column of a predicate Pi.
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In this setting, a database is a pair 〈D,R〉, where D is a nonempty set, and
R = {Ri : i ∈ I} is a set of relations over D with finite arity γ(i).

Furthermore, the objects of the theory are valuations, i.e. mappings from the
set V of variables of the language to the domain D. A relation r of arity k of
a database then corresponds to the set ρr = {f ∈ VD : f [v0, . . . , vk−1] ∈ r}.

Cylindrifications ci and diagonal elements dij are defined as in part 3. above.
A cylindric dependency now is just a positive equation of Csω, i.e. it does
not contain complementation. The translation mapping µ from cylindric
expressions, i.e. terms of positive Cs′ωs, to databases is essentially the same
as the inverse that of [IL]. During this process, the constants Dij , and VD
are assumed implicitly to be elements of the database. The following axiom
system is given:

C1. A set of equations which say that 〈CE, ·,+, 0, 1〉 is a distributive lattice
with smallest element 0 and largest element 1.

C2. ci0 = 0

C3. τ · ciτ = τ

C4. ci(τ · ciσ) = ciτ · ciσ

C5. ci(τ + σ) = ciτ + ciσ

C6. cicjτ = cjciτ

C7. dii = 1

C8. If j 6= i, k, then dik = cj(dij · djk)

C9. cjPm = Pm for all j ≥ γ(m).

C10. dij · ci(dij · τ) ≤ τ .

for all i, j, k ∈ ω, m ∈ I, and τ, σ ∈ CE1. Implication of a CD ϕ from a
set of Cds is defined in the usual way. An abstract algebra C which satisfies
these axioms is called a cylindric lattice with generators Pk. If each element
of C is finite dimensional, we call C locally finite. If the set of generators
is understood or unimportant, we just speak of C as a cylindric lattice. A

1Axiom C10 was actually omitted from [7],
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cylindric lattice C is called representable if it can be embedded into the
product of algebras of the form

〈2ωD,∩,∪, ∅, ωD,Ci, Dij〉i,j∈ω.

Contrary to a claim in [7] the system C1 – C10 is not complete for the
indended models. Indeed, the situation is more complicated:

Theorem 4.3. [9] Let Σ be a set of universal formulae axiomatizing (the
quasi-equational theory of) representable cylindric lattices of dimension ω.
Then Σ contains infinitely many variables.

This result has the following consequence for cylindric dependencies:

Corollary 4.4. There is no finite set of (universal) axiom schemas such
that Σ |= τ iff Σ ` τ for every set Σ ∪ {τ} of cylindric dependencies.

There is no way to equationally repair the claim, since it is shown in [?] that,
unlike representable cylindric algebras, the representable cylindric lattices
do not form an equational class. Furthermore, it does not help to restrict
ourselves to finite dimensions because of the following result:

Theorem 4.5. [15] The quasi-equational and the equational theories of
representable cylindric lattices of dimension n is not finitely axiomatizable
if n > 2.

Note that in this case we have a stronger negative result than in the case of
pjds, since we cannot finitely axiomatize even the valid equations between
cylindric expressions, let alone valid inferences between equations.

5 Summary

In this chapter I have reviewed the connection between relational databases
and cylindric structures. It turned out that there is a natural translation
of relational databases into cylindric set lattices, and that Codd’s relational
operators have a simple interpretation in these structures. Consequently,
various database constraints can be expressed in the equational language,
and recent results in equational logic have been able to shed some light on
the expressiveness and axiomatizability of these constraints.
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