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Abstract

We consider Boolean algebras endowed with a contact relation which are abstractions of Boolean algebras of
regular closed sets together with Whitehead’s connection relation [17], in which two non-empty regular closed
sets are connected if they have a non-empty intersection. These are standard examples for structures used in
qualitative reasoning, mereotopology, and proximity theory. We exhibit various methods how such algebras
can be constructed and give several non-standard examples, the most striking one being a countable model of
the Region Connection Calculus in which every proper region has infinitely many holes.

1 Introduction

The origins of Boolean contact algebras go back to the works of Leśniewski [8] on mereology and Leonard
and Goodman [7] on the calculus of individuals on the one hand, and, on the other hand, the efforts of e.g.
de Laguna [2], Tarski [15] and Whitehead [17] to use regions instead of points as the basic entity of geometry. A
central role played the notion of “connection” (or “contact”) of regions, which, in its simplest form, is a reflexive
and symmetric relationC among non-empty regions, satisfying an additional extensionality axiom [3]. In order
to formalize mereological structures (which were, basically, complete Boolean algebrasB without a smallest
element) together with Whitehead’s connection relationC, Clarke [1] proposed additional axioms, among them
a compatibility axioma≤ b⇐⇒ {u : aCu} ⊆ {u : bCu} and a summation axiomaC(u+v)⇐⇒ aCuor aCv. A
subsequent development, the Region Connection Calculus (RCC) [12], also supposed that each proper non-zero
region was connected to its complement. Boolean algebras of regular closed sets of regularT1 spaces, together
with Whitehead’s connectionaCb⇐⇒ a∩ b 6= /0 served as standard models for these "connection algebras".
Recently, Stell [13] gave an axiomation of the RCC as a Boolean algebra enhanced with a contact relation which
satisfied the axioms given in [12]. In a separate development, proximities on power set algebras were investigated
which exhibited many similarities to the mereo-topological contact relations [5, 11, 14]. Two questions arose:

1. Does every RCC algebra have representation as a dense subalgebra of the algebra of all regular closed sets
of a topological space with Whitehead’s connection relation?

2. What are some of the algebraic constructions of Boolean contact algebras when one disregards the topo-
logical aspect?
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Problem 1. has been answered in the affirmative by Düntsch and Winter [4], with an earlier result on a special
class of RCC algebras having been obtained by Vakarelov et al. [16]. In the present paper, we address the
remaining question. We exhibit various methods how such algebras can be constructed and give several non-
standard examples, the most striking one being a countable model of the Region Connection Calculus in which
every proper region has infinitely many holes.

2 Boolean contact algebras

If T is a family of sets, thenT+ denotesT \ { /0}. For M ⊆U we set1′M = {〈x,x〉 : x∈ M}. If M = U we just
write 1′. ω is the ordered set of natural numbers.

In the sequel,〈B,+, ·, ∗,0,1〉 will denote a Boolean algebra (BA); we will usual identify algebraic structures with
their base set.B+ is the set of all non-zero elements ofB. Furthermore, ifa∈ B andT ⊆ B, we leta≤ T if and
only if a≤ b for all b∈ T. To avoid trivialities, we assume that all Boolean algebras under discussion have at
least four elements.

If M ⊆ B+, we callM dense inB, if for all b∈ B+ there is somem∈M such thatm≤ b.

A Boolean contact algebra(BCA) is a structure〈B,C〉 such thatB is a Boolean algebra, andC is a binary relation
onB such that

C0. (∀x)¬0Cx

C1. (∀x)[x 6= 0⇒ xCx]

C2. (∀x)(∀y)[xCy⇒ yCx]

C3. (∀x)(∀y)(∀z)[xCy∧y≤ z⇒ xCz.

C4. (∀x)(∀y)(∀z)[xC(y+z)⇒ (xCy∨xCz)]

C5. (∀x)(∃y)[y 6= 0∧¬xCy].

Observe that the class of BCAs is finitely axiomatizable by∀∃ formulas. We also consider the properties

C6. (∀x)(∀y)[x(−C)y =⇒ (∃z)(x(−C)z∧y(−C)z∗)] (The interpolation axiomof [11]).

C7. (∀x)[(x 6= 0∧x 6= 1)⇒ xCx∗] (Theconnection axiom).

It is well known that for BCAs, C6 is equivalent to

C6’. (∀x)(∀y)[xNTPPy⇒ (∃z)(xNTPPzNTPPy)].

Figure 1 illustrates the interpolation axiom which has been used mainly in proximity structures. Table 1 shows
some relations which are definable fromC with relational operators.

The following Lemma lists some easy properties ofC and its derivatives, the proof of which is left to the reader:

Lemma 2.1. 1. a(−C)b⇒ a·b = 0.

2. aCbor aCc⇒ aC(b+c).
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Figure 1: The interpolation axiom
x

y

z
x(-C)y

x(-C)z

y(-C)z*

Table 1: Some relations derived fromC

P =−(C◦−C), part of(2.1)

PP= P∩−1′. proper part of(2.2)

O = P˘ ◦P overlap(2.3)

EC= C∩−O external contact(2.4)

ECD=−(P◦P˘)∩−(P˘ ◦P) complement(2.5)

ECN= EC∩−ECD non-exhaustive external contact(2.6)

TPP= PP∩ (EC◦EC) tangential proper part(2.7)

NTPP= PP∩−TPP non–tangential proper part(2.8)

DC =−C disconnected(2.9)

3. a≤ b⇒C(a)⊆C(b).

4. If a 6= 0, thenaPb⇐⇒ a≤ b.

5. aOb⇐⇒ a·b 6= 0.

6. xNTPPy⇐⇒ x(−C)y∗.

To illustrate the properties of a contact relation, we show how the axioms translate into the properties of the
overlap relationO:

C0. aCb⇒ a,b 6= 0. a·b 6= 0⇒ a,b 6= 0.

C1. a 6= 0⇒ aCa. a 6= 0⇒ a·a 6= 0.

C2. C is symmetric. a·b 6= 0⇒ b·a 6= 0.

C3. aCbandb≤ c⇒ aCc. a·b 6= 0 andb≤ c⇒ a·c 6= 0.
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C4. aC(b+c)⇒ aCbor aCc. a· (b+c) 6= 0⇒ a·b 6= 0 or a·c 6= 0.

C5. C(a)⊆C(b)⇒ a≤ b. (∀x)(a·x 6= 0⇒ b·x 6= 0)⇒ a≤ b.

C6. a(−C)b⇒ (∃c)[a(−C)c andc∗(−C)b].

a·b = 0⇒ (∃c)[a·c = 0 andc∗ ·b = 0].

C7. a 6= 0,1⇒ aCa∗. But: a·a∗ = 0.

Proposition 2.2. 1. O is the smallest contact relation onB.

2. If B is a finite–cofinite algebra, thenO is the only contact relation onB.

Proof. 1. LetC be a contact relation onB, anda·b 6= 0. Then,(a·b)C(a·b) by C1, and, sincea·b≤ b, we have
aCbby C3.

2. Suppose thatB is a finite–cofinite algebra. LetC be a contact relation andC 6= O. Then, there area,b 6= 0 such
thataCbanda ·b = 0. SinceC is summative and one ofa andb is a finite sum of atoms, we can assume w.l.o.g.
thatb is an atom, and sinceC is expansive by C3, we can assume thata = b∗. Now, a is an antiatom connected
to its complement, and therefore it is connected to every non-zero element, contradicting extensionality.

A BCA 〈B,C〉 which satisfies C7 is called anRCC–algebra. These are the models of the Region Connection
Calculus (RCC) of Randell et al. [12] which has received some prominence in the field of qualitative spatial
reasoning.

If b∈ B+, we letIb = {a∈ B : a(−C)b}. The next lemma describes some properties of the relation−C:

Lemma 2.3. Ib is an ideal belowb∗ andsup Ib = b∗.

Proof. 1. If b(−C)a, thena ·b = 0, i.e. a≤ b∗. If a∈ Ib, andc≤ a, thenc∈ Ib by C3, and, ifa,c∈ Ib, then
a+c∈ Ib by C4.

Clearly, a≤ b∗ for all a ∈ Ib. Conversely, suppose thata≤ c for all a ∈ Ib, and assume thatb∗ · c∗ 6= 0, i.e.
b+ c 6= 1. Then, there is somed 6= 0 such thatd(−C)(b+ c). It follows thatd ∈ Ib andd · c = 0, contradicting
d 6= 0≤ c.

3 A one dimensional RCC algebra

Contact relations were originally defined onn–dimensional spaces wheren= 2,3. However, since BCAs are first
order structures, they have countable models by the Löwenheim–Skolem Theorem. In this Section, we describe
a simple countable model which may be regarded as one-dimensional. Other constructions of countable BCAs
can be found in [9].

Let L be a dense linear order with smallest elementm. Suppose that∞ is a symbol not inL, and setL+ = L∪{∞}
with x�∞ for all x∈ L. An interval ofL is a set of the form[s, t) = {u∈ L : s≤ u� t}. IntAlg(L) is the collection
of all finite unions of intervals

[x0
0,x

1
0)∪ [x0

1,x
1
1)∪ . . .∪ [x0

t(x),x
1
t(x)),(3.1)

together with the empty set. It is well known thatIntAlg(L) is a Boolean algebra [see 6, p.10], calledthe
interval algebra ofL. Each nonzerox∈ IntAlg(L) can be written in the form (3.1) in such a way thatxi

j ∈ L+,

4



x0
j < x1

j < x0
j+1, and the intervals[x0

j ,x
1
j ) are pairwise disjoint. The representation ofx in this form is unique,

and we call it thestandard representation. In the sequel, we shall assume that all elements ofIntAlg(L) are in
standard representation.

For eachx∈ IntAlg(L)+, we let

rel(x) = {x0
j : j ≤ t(x)}∪{x1

j : j ≤ t(x)}
rel+(x) = rel(x)\{m,∞},

be the set ofrelevant pointsof x, with and without extreme elements, and

Int(x) = {[x0
j ,x

1
j ) : j ≤ t(x)}

be the set ofrelevant intervals ofx.

If s∈ rel(x) we calls left–relevant(right–relevant), if [s, t) ∈ Int(x) ([t,s) ∈ Int(x)) for somet ∈ rel(x), and the
set of all left–relevant (right–relevant) elements ofx is denoted byrell (x) (relr(x)). Observe thats∈ rell (x) iff
s= min(x) or sup{t ∈ x : t � s} 6= s. Similarly,s∈ relr(x) iff s= sup(x) or inf{t ∈ x : s� t} 6= s.

Lemma 3.1. Suppose thatx,y∈ RelAlg(L),x,y 6= 0,1.

1. If {m,∞}∩ rel(x)∩ rel(y) 6= /0, thenx ·y 6= 0.

2. rel(x+ y) = (rell (x)∩ rell (y))∪ (relr(x)∩ relr(y))∪ {min{rel(x), rel(y)},max{rel(x), rel(y)}} ∪ (rel(x)⊕
(y∪ rel(y)))∪ (rel(y)⊕ (x∪ rel(x))). Hereu⊕v is the symmetric difference ofu andv.

3. If x 6= y, then,

(x ·y = 0 and rel(x)∩ rel(y) = /0)⇒ (rel(x)∪ rel(y)⊆ rel(x+y)).

4. If x≤ y≤ zandrel(x)∩ rel(z) 6= /0, thenrel(x)∩ rel(y) 6= /0.

5. rel+(x) = rel+(x∗).

Proof. 1 Let m∈ relx∩ rely. Then, there ares, t such that[m,s) ∈ Int(x) and[m, t) ∈ Int(y), and it follows that
x∩y 6= /0. The other case is similar.

2 “⊆”: Suppose thats 6= min(x+y),sup(x+y), s 6∈ (rell (x)∩ rell (y))∪(relr(x)∩ relr(y))∪(rel(x)⊕(y∪ rel(y)))
ands∈ rel(x+ y). Sincex+ y = x∪ y, we haves∈ rel(x)∪ rel(y). Assume thats∈ rel(y)∩ (x∪ rel(x)). First,
suppose thats is left–relevant fory, w.l.o.g [s, t) ∈ Int(y). Then,s is not left–relevant forx by our hypothesis. If
s∈ x, then the relevant interval ofy containings will be a subset of a relevant interval ofx+y, and sinces is not
left–relevant fory, it will be an inner point of some relevant interval ofy. Hence,s 6∈ rel(x+y), a contradiction.
If s∈ rel(x), thens is right–relevant forx, and thus, there is somer such that[r,s) ∈ Int(x). Hence, the combined
interval [r,s)∪ [s, t) = [r, t) will be contained in a relevant interval ofx+y, ands 6∈ rel(x+y). The case thats is
right–relevant fory is analogous.

“⊇”: Clearly, min{rel(x), rel(y)} ∈ rel(x+ y) andmax{rel(x), rel(y)} ∈ rel(x+ y). Suppose thats∈ rell (x)∩
rell (y), and thats 6= min(x+y). Then,sup{t � s: t ∈ x∪y}� s, so thats∈ rel(x+y). Similarly, relr(x)∩relr(y)⊆
rel(x+y). If s∈ rel(x)⊕(y∪ rel(y)) ands∈ rell (x), thensup{t ∈ y : t � s} 6= s, and thus,s∈ rel(x+y). The other
cases are analogous.

3. Letx∩y = rel(x)∩ rel(y) = /0. If s∈ rel(x), then, by our hypothesis,s 6∈ (y∪ rel(y), and thus,s∈ rel(x+y) by
2. If s∈ rel(y), thens 6∈ (x∪ rel(x).
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4. Leta∈ rel(x)∩ rel(z), and assumea 6∈ rel(y). Then, there is some[y0
j ,y

1
j ) such thaty0

j � a� y1
j . Sincey≤ z,

[y0
j ,y

1
j ) is totally contained in an interval ofz, contradictinga∈ rel(z).

5. We only show⊆. If x∈ {0,1}, thenrel(x) = rel(x∗) = {m,∞} and there is nothing more to show. If[s, t) ∈
Int(x) ands 6= m, then there is some[v,w) ∈ Int(x∗) such thatw = s; if t 6= ∞, then there is some[v,w) ∈ Int(x∗)
such thatt = v. It follows that{s, t}\{0,∞} ⊆ rel(x∗).

Next, we define a binary relationC on IntAlg(L) by

xCy⇐⇒ x ·y > 0 or rel(x)∩ rel(y) 6= /0.(3.2)

Proposition 3.2. 〈B,C〉 satisfies C0 – C7.

Proof. Clearly, C satisfies C0 – C3. For C4, Letx,y,z∈ B0 and xC(y+ z). If x · (y+ z) 6= 0, we are done.
Otherwise,rel(x)∩rel(y+z) 6= /0. By Lemma 3.1(1), we haverel(y+z)⊆ rel(y)∪rel(z), and thus,rel(x)∩rel(y) 6=
/0 or rel(x)∩ rel(z) 6= /0.

Suppose thatx 6= 0, and let[s, t) ∈ Int(x∗). If s� u� v� t andy = [u,v), theny 6= 0 andx(−C)y, which shows
C5.

SinceC is a contact relation, we show C6’. Thus, letx 6= 0 andxNTPPy. By (3.4) below (whose proof only
requires thatC is a contact relation), we havex≤ y andrel+(x)∩ rel+(y) = /0. If m 6∈ rel(x), setIm = /0. Otherwise,
x≤ y implies that there ares, t such thats≤ t and [m,s) ∈ Int(x), [m, t) ∈ Int(y). Now, rel+(x)∩ rel+(y) = /0
implies thats� t, and by the density ofL we can choose somes� r � t; now, setIm = [m, r). If [s, t) is thei–th
interval ofx with s 6= m, t 6= ∞, there is some[u,v) ∈ Int(y) such thatu� s� t � v. Again using the density of
L we find p,q such thatu� p� s� t � q� v; setIi = [p,q). Suppose that in this way we defineI1, I2, . . . , Ik.
If ∞ 6∈ rel(x), set I∞ = /0. Otherwise, there ares, t such thats� t and [s,∞) ∈ Int(y), [t,∞) ∈ Int(x). Choose
somes� r � t and setI∞ = [r,∞). Now, let z = Im∪ I1∪ . . .∪ Ik ∪ I∞. By the construction,x ≤ z≤ y and
rel+(x)∩ rel+(z) = rel+(y)∩ rel+(z) = /0, so thatxNTPPzNTPPyby (3.4).

Finally, if x∈ B,x 6= 0,1, thenrel(x)∩ rel(x∗) 6= /0 by Lemma 3.1(5), and hence,xCx∗.

Lemma 3.3. Letx,y∈ B+. Then,

xECy⇐⇒ x ·y = 0 and rel+(x)∩ rel+(y) 6= /0.(3.3)

xNTPPy⇐⇒ x≤ y and rel+(x)∩ rel+(y) = /0.(3.4)

Proof. (3.3) follows immediately from the definition and the fact thatx · y = 0 and rel(x)∩ rel(y) 6= /0 imply
rel+(x)∩ rel+(y) 6= /0.

For (3.4)., suppose thatxNTPPy. Then,x(−C)y∗ by Lemma 2.1(6), and the definition ofC implies x · y∗ = 0,
i.e. x≤ y, andrel(x)∩ rel(y∗) = /0. Then, in particular,rel+(x)∩ rel+(y∗) = /0, and by Lemma 3.1.5 we have
rel+(x)∩ rel+(y) = /0.

Conversely, suppose thatx≤ y, rel+(x)∩ rel+(y) = /0 and assume thatxCy∗. Sincex · y∗ = 0, we haverel(x)∩
rel(y∗) 6= /0, and thus,rel(x)∩ rel(y∗)⊆ {m,∞}. In both cases,x ·y∗ 6= 0, a contradiction.
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4 Extensions and restrictions

In this Section, we suppose thatC is a contact relation on the Boolean algebraB, and thatA is a subalgebra ofB.
Our first two results deal with the case thatA is dense inB, and on either of them a contact relation is defined.

Proposition 4.1. Let A be a dense subalgebra ofB, andD be the restriction ofC to A×A. Then,D is a contact
relation. IfC satisfies C7, then so doesD.

Proof. Since C0 – C4 and C7 are universal, we only need to show C5: Leta∈A, a 6= 1; then, there is someb∈B
such thatb 6= 0 anda(−C)b. SinceA is dense inB, there is somep∈ A, p 6= 0, such thatp≤ b; it follows that
a(−C)p, and hence,a(−D)p, sincea, p∈ A. The final part follows fromD⊆C.

Problem 1. Is C6 inherited as well?

The next result shows that the other direction works as well:

Proposition 4.2. Let 〈A,D〉 be a BCA, andA be a dense subalgebra ofB. ThenC defined by

aCb⇐⇒ (∀s, t ∈ A)[a≤ sandb≤ t ⇒ sDt]

is a contact relation onB such that(A×A)∩C = D, and if D satisfies C7, so doesC. Furthermore, ifE is a
contact relation onB such thatE∩ (A×A) = D, thenE ⊆C.

Proof. C0 – C3 andC∩ (A×A) = D are obvious. For C4 suppose thataC(b+c), and assume thata(−C)b and
a(−C)c. Then, there ares0,s1, t0, t1 ∈ A such that

a≤ s0, b≤ t0, s0(−C)t0, a≤ s1, c≤ t1, s1(−D)t1.

It follows thata≤ s0 ·s1, b+c≤ t0+ t1, and thus, by our hypothesis, we have(s0 ·s1)D(t0+ t1). SinceD satisfies
C3, we have w.l.o.g.(s0 ·s1)Dt0. But then,s0Dt0 by C2 and C3 forD, a contradiction.

For C5, suppose thatC(a) ⊆C(b); we show thatb∗ ≤ a∗. SinceA is dense inB, it suffices to show thatu≤ b∗

impliesu≤ a∗ for all u∈ A. Thus, letu∈ A, u≤ b∗. By Lemma 2.3, we know thatu = sup{t ∈ A : t(−D)u∗};
therefore it is enough to show thatt(−D)u∗ implies t ≤ a∗. Thus, lett ∈ A, t(−D)u∗. Sinceb≤ u∗, we have
b(−C)t, and hence,C(a)⊆C(b) impliesa(−C)t. It follows thata· t = 0, i.e. t ≤ a∗.

Suppose thatD satisfies C7, i.e.aDa∗ for all a∈ A, a 6= 0,1. If b∈ B, b 6= 0,1, then, by definition ofC, there are
s, t ∈ A such thatb≤ s,b∗ ≤ t, ands(−D)t. Sinces+ t = 1, it follows thats∗ ≤ t, and C3 implies thats(−D)s∗,
contradicting thatD satisfies C7.

Next, letE be a contact relation onB whose restriction toA is D, and suppose thataEb. If a≤ s∈ A, b≤ t ∈ A,
thensEt by (C3), andE∩ (A×A) = D implies thatsDt.

Problem 2. DoesD satisfy C6?

There may be different contact relations onB whose restriction toA givesD:

Example 1. Let B be the interval algebra of the non-negative realsR+, andA the interval algebra of the non-
negative rationalsQ+. Then,A is dense inB. Let M be the set of all intervals ofR+ whose set of critical points
includes

√
2, i.e. all intervals of the form[x,

√
2) or [

√
2,y) where0≤ x�

√
2� y. Let O be the overlap relation

on B, and setC = O∪ (M×M). Our aim is to show thatC is a contact relation onB. Since
√

2 6∈Q, we see that
C∩ (A×A) = O∩ (A×A). Clearly,C satisfies C0 – C2. To show C3, letaCbandb≤ c. If a∩b 6= /0, there is
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nothing to show. Ifa∩b = /0, then let w.l.o.g.a = [x,
√

2), b = [
√

2,y). Sinceb≤ c, we have either
√

2∈ c, in
which casea∩c 6= /0, or

√
2 is the left endpoint ofc, andc∈M. Next, letaC(b∪c), anda∩ (b∪c) = /0. Then,

a,b∪c∈M, which implies
√

2∈ rel(a) and
√

2∈ rel(b) or
√

2∈ rel(c). It follows thataCbor aCc. Finally, C5
follows from the fact that for eachb∈ B there is somec∈ B disjoint fromb, whose set of critical points does not
include

√
2. ¤

The next result shows an extension of a contact relation in case C6 is not fulfilled.

Proposition 4.3. LetB be atomless, and setC+ =C∪{〈a,b〉 : (∀c)[aCcor c∗Cb]}. Then,C+ is a contact relation
onB.

Proof. Clearly,C+ satisfies C0 – C2.

C3: Suppose thataC+b andb≤ d. If aCb, thenbCd, sinceC is a contact relation. Otherwise,aCcor c∗Cb for
all c∈ B. Sinceb≤ d, c∗Cb impliesc∗Cd, and thus,aCd.

C4: Let aC+(b+ c), and assume thata(−C+)b anda(−C+)c. Then, in particular,a(−C)b anda(−C)c, and
there ared,e such thata(−C)d, d∗(−C)b, a(−C)e, e∗(−C)c. It follows from C4 thata(−C)(d+ e) and from
C3 that(d∗ ·e∗)(−C)b, (d∗ ·e∗)(−C)c. Together with C4, the latter imply(d∗ ·e∗)(−C)(b+c). Now,aC+(b+c)
implies thataCmor m∗C(b+c) for all m∈ B. Settingm= d+e leads to a contradiction.

C5: Suppose thatC+(a) ⊆C+(b), and assume thata 6≤ b, i.e. a ·b∗ 6= 0. SinceC+(a ·b∗) ⊆C+(a), we can
suppose w.l.o.g thata · b = 0. Assume thatb(−C)c for some0 6= c≤ a. SinceaCx for every0 6= x≤ a and
C(a)⊆C+(b), we have

b(−C)d⇒ xCd∗

for all 0 6= x≤ c≤ a and alld∈B. In particular,xCc∗ for all 0 6= x≤ c, and thus,dCc∗ for all d 6= 0, contradicting
c 6= 0. It follows thatbCcfor all 0 6= c≤ a. This is not possible.

Note that in caseC satisfies C6, we haveC = C+. We do not know, whetherC+ satisfies C6, regardless ofC.

Now we show that, given a contact relationC on an atomless Boolean algebra, it is possible to extendC in such
a way, that for two givenx,y∈ B+, there is a contact relationR containingC in which xRy. If x ·y 6= 0, thenxCy
already, so the interesting case is whenx andy are disjoint. In this case, there are ultrafiltersF andG with x∈ F
andy∈G.

Proposition 4.4. Let B be atomless,F,G be distinct ultrafilters ofB, andR= C∪ (F×G)∪ (G×F). Then,R is
a contact relation onB. Furthermore, ifC satisfies C7, so doesR.

Proof. Clearly, R satisfies C0 – C2. SupposeaRb and b≤ c, anda(−C)b. If w.l.o.g. 〈a,b〉 ∈ F ×G, then
c ∈ G, and it follows that〈a,c〉 ∈ F ×G⊆ R. Next, suppose thataR(b+ c), and w.l.o.g. 〈a,b+ c〉 ∈ F ×G.
SinceG is an ultrafilter, we haveb∈ G or c∈ G, and therefore,aRbor aRc. Finally, leta 6= 0,1. By C5 there
is someb 6= 0 such thata(−C)b. If a 6∈ F ∪G, then〈a,b〉 6∈ (F ×G)∪ (G×F), and it follows thata(−R)b.
Otherwise, let w.l.o.g.a∈ F . SinceB is atomless andb 6= 0, there arep,q 6= 0 such thatp+ q = b, p ·q = 0.
Sincea(−C)b, we havea(−C)p anda(−C)q. Now, p ·q = 0 and the fact thatG is a proper filter imply that we
cannot have bothp,q∈ G, so let w.l.o.g.p 6∈ G. Observing thata ·b = 0 and p≤ b, we havep 6∈ F , and thus,
〈a, p〉 6∈C∪ (F×G)∪ (G×F) = R. The final claim follows from the fact thatC⊆ R.

Let A be dense inB. Since every ultrafilter onA can be extended toB in various ways, this is another example
that distinct contact relations onB can have identical restrictions toA. We can also show
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Proposition 4.5. The class of Boolean contact algebras is not closed under unions of chains.

Proof. Suppose thatB is countable, and enumerateB\ {0,1} by {xi : i ∈ ω}. For eachi ∈ ω choose ultrafilters
Fi ,Gi such thatxi ∈ Fi , x∗i ∈Gi . SetC0 = C, andCi+1 = Ci ∪ (Fi ×Gi)∪ (Gi ×Fi). By Proposition 4.4, eachCi is
a contact relation onB, but

S
i∈ωCi = B+×B+, violating C5.

Example 2. The following is an example where〈B,C〉 satisfies C6, but an ultrafilter extension as in Proposition
4.4 does not: Suppose thatL = [0,1) is the real left-closed right open unit interval,B = IntAlg(L) andC the
contact relation defined by (3.2). Ifa∈ L, thenFa = {x∈B : a∈ x} is an ultrafilter ofB, andFa∩L = {[0,x) : a�
x}. Choose somea∈B,a 6= 0, and setF = F0, G= Fa. By Proposition 4.4, the relationD =C∪(F×G)∪(G×F)
is a contact relation onB. To show that〈B,D〉 does not satisfy C6, choose some0� b� c� a, and letx =
[0,b), y = [c,a). Then,x(−D)y, sincex(−C)y andy 6∈ F ∪G. Sincea ∈ rel(y), anda ∈ t for all t ∈ G, we
haveyCt for all t ∈ G. Assume that C6 holds. Thenx(−D)y implies that there is somez 6= /0 with x(−D)z and
y(−D)z∗. Sincex∈ F , we cannot havez∈G, and therefore,z∗ ∈G. But this contradicts thatyCt for all t ∈G. ¤

The direct product of two BCAs with the product relation is not necessarily a BCA, since e.g. C4 may be violated.
Nevertheless, using a somewhat more involved construction, we show that a direct product of Boolean algebras
which are BCAs can be made into a BCA. Suppose that〈A,CA〉 and〈B,CB〉 are BCAs, and letD = A×B be the
direct product ofA andB. Let F be an ultrafilter onA, G be an ultrafilter onB, and define a relationCD on D by
〈a0,b0〉CD〈a1,b1〉 if one of the following conditions is true:

a0 = a1 = 1 and(b0CBb1 or b0 = b1 = 0),(4.1)

(a0 = a1 = 0 or a0CAa1) andb0 = b1 = 1,(4.2)

{a0,a1} 6= {1} and{b0,b1} 6= {1} and(a0CAa1 or b0CBb1),(4.3)

a0 ∈ F andb0 = 0 anda1 = 0 andb1 ∈G(4.4)

a0 = 0 andb0 ∈G anda1 ∈ F andb1 = 0).(4.5)

Proposition 4.6. 〈D,CD〉 is a BCA, and both〈A,CA〉 and〈B,CB〉 are isomorphic to substructures of〈D,CD〉. If
one ofCA andCB satisfy C7, so doesCD.

Proof. Let eA : A→ D be defined by

eA(x) =

{
〈x,1〉, if x∈ F,

〈x,0〉, otherwise.
(4.6)

It is easy to see (and well known) thateA is an embedding of Boolean algebras, andeA preservesCA by (4.3).
Conversely, suppose thateA(x)CDeA(y). If x,y∈ F , theneA(x) = 〈x,1〉,eA(y) = 〈y,1〉, and hence,xCAy by (4.2).
If x 6∈ F andy∈ F , thenx 6= 1,y 6= 0, andeA(x) = 〈x,0〉,eA(y) = 〈y,1〉. The only possible case foreA(x)CDeA(y)
is (4.3), and thus,xCAy, since0(−CB)1. The casex 6∈ F,y∈ F is shown analogously. Ifx,y 6∈ F , theneA(x) =
〈x,0〉,eA(y) = 〈y,0〉, andxCAy follows from (4.3) and0(−CB)0. Similarly,〈B,CB〉 is isomorphic to a substructure
of 〈D,CD〉.
Next, we show that〈D,CD〉 is a BCA:

(C0): This follows immediately from the definition ofCD.

(C1): Suppose that〈x,y〉 6= 〈0,0〉, and let w.l.o.g.x 6= 0. If x 6= 1, then〈x,y〉CD〈x,y〉 by (4.3). Ifx = 1 andy = 0,
then〈x,y〉CD〈x,y〉 by (4.1), and ify 6= 0, then〈x,y〉CD〈x,y〉 by yCBy and (4.1).

(C2): This follows from the fact that (4.1) – (4.5) are invariant against substitutinga0 for a1 andb0 for b1.
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(C3): Let〈x,y〉 6∈ {〈0,0〉,〈1,1〉}, and suppose w.l.o.g. thatx 6= 0. If x 6= 1, thenxCAx∗, and thus,〈x,y〉CD〈x∗,y∗〉
by (4.3). Ifx= 1, theny 6= 1. If y= 0, then〈x,y〉CD〈x∗,y∗〉 by (4.4), and ify 6= 0, thenyCBy∗, and〈x,y〉CD〈x∗,y∗〉
by (4.3).

(C4): Suppose that〈x,y〉CD(〈u,v〉+ 〈s, t〉), and that w.l.o.g.x 6= 0.

x 6= 1 andy 6= 1: In this case, (4.1) and (4.2) are not relevant. Ify 6= 0, then we have (4.3), and w.l.o.g. let
xCAu+ s; by (C4) for CA we can suppose w.l.o.g thatxCAu, and thus,〈x,y〉CD〈u,v〉 by (4.3). If y = 0, then
〈x,0〉CD〈u+ s,v+ t〉. If u+ s= 0, thenu = s= 0 andv+ t ∈ G, and we can suppose w.l.o.g. thatv∈ G; then,
〈x,0〉CD〈0,v〉= 〈u,v〉. If u+s 6= 0, then we must havexCA(u+s) by (4.3). It follows thatxCAu or xCAs, and we
can continue as above.

x = 1, 0� y� 1: Let u+s 6= 0. If u+s= 1, then w.l.o.g we haveyCAv by (4.1), and〈x,y〉CD〈u,v〉 by (4.3). If
0� u+s� 1, then w.l.o.g. we havexCAu, and〈x,y〉CD〈u,v〉 by (4.3). If u+s= 0, thenu = s= 0, and w.l.o.g.
we haveyCBv by (4.3). Again by (4.3), this implies〈x,y〉CD〈u,v〉.
x = 1, y = 0: In this case,v+ t ∈G. If w.l.o.g. v∈G, then〈1,0〉CD〈0,v〉 by (4.4).

x = 1,y = 1: If u+ s= 1, thenv+ t =6= 0 by (4.1), and thus w.l.o.g. we haveyCBv. It follows from (4.1) that
〈1,1〉CD1,v. Similarly, we treat the casev+ t = 1. If both u+ s,v+ t 6= 0, then, w.l.o.g.u+ s 6= 0, andxCAu.
Hence,〈1,1〉CDu,v by (4.3).

(C5): Let 〈x,y〉 6∈ {〈0,0〉,〈1,1〉}, and suppose w.l.o.g. thatx 6= 0. If x 6= 1, with (C5) choose somez∈ A such
thatx(−CA)z; then,〈x,y〉(−CD)〈z,0〉. If x = 1, theny 6= 1. If y = 0, choose somez∈ B\G; then〈x,y〉 6= 〈0,z〉.
If y 6= 0, choose somez∈ B with y(−CB)z; then,〈x,y〉(−CD)〈0,z〉.
(C7): Let 〈x,y〉 6∈ {〈0,0〉,〈1,1〉}. Then,{x,y} 6= {1} and{x∗,y∗} 6= {1}, and, sincexCAx∗ or yCBy∗, we have
〈x,y〉CD〈x∗,y∗〉 by (4.3).

5 An RCC algebra full of holes

Mormann [10] has introduced the “hole relation”H which is defined as

xHy⇐⇒ xECy, x+y 6= 1, ECN(x)⊆O(y).(5.1)

xHy is read as “x is a hole ofy”.

In Figure 2,x is a hole ofy; Figure 3 shows a hole in space. A regiony is calledsolid, if it does not have any
holes, i.e. if we cannot havexHy for anyx ∈ B+. In other words,y is solid, if and only if for allx ∈ B+ with
xECNythere is somez∈ B+ such thatxECNzandz·y = 0.

Mormann asked, whether every RCC algebra contained solid proper regions. The aim of this Section is to
construct an RCC algebra in which every proper region has a hole (and thus, infinitely many). For later use we
show

Lemma 5.1. Suppose thatC satisfies C7, and letx,y 6= 0. Then,

xHy⇐⇒ x ·y = 0,x+y 6= 1, andxNTPP(x+y).(5.2)

Proof. “⇒”: The first two assertions follow fromxECNy. Asssume thatx(−NTPP)(x+ y), i.e. xC(x+ y)∗.
Then,xC(x∗ · y∗) which shows thatxEC(x+ y)∗. If x+(x+ y)∗ = 1, theny≤ x, contradictingy 6= 0,x · y = 0.
Hence,xECN(x+y)∗, and the definition ofH implies thatyO(x+y)∗, a contradiction.
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Figure 2: A hole in the plane

.

x

y

“⇐”: Assume thatx(−C)y, i.e. xNTPPy∗. By our hypothesis, we also havexNTPP(x+ y). It follows that
xNTPP(y∗ · (x+ y)), i.e. xNTPPy∗ · x. Sincex · y = 0, we obtainxNTPPx, i.e. x(−C)x∗; this contradicts C7.
Next, letxECNz; then,xCzandz≤ x∗. Assume thatz· y = 0, i.e. z≤ y∗; then,z≤ x∗ · y∗ = (x+ y)∗, and we
obtainxC(x+y)∗. This contradictsxNTPP(x+y).

Our example of an RCC model which does not have any proper solid regions will involve the construction of
two Boolean algebras, of which the first algebra serves as an index for a family of interval algebras, from which
we will construct our desired model. As a preparation, we characterize the solid regions in an interval algebra.
The result shows that not all intervals are solid, which is somewhat surprising, and one wonders whether the
terminology of “hole” and “solid” are adequate.

Lemma 5.2. Suppose thatB = IntAlg(L), andm= minL.

1. x∈ B+ is solid if and only ifx has the form[m,s) or [t,∞) or [m,s)∪ [t,∞).

2. If yHx, then there is somez∈ B+ such thatzHxandz is an interval.

Proof. 1. “⇒”: Suppose thatx∈ B+ is solid, and assume thatx is not an interval, i.e.x = [x0
0,x

1
0)∪ . . .∪ [x0

k,x
1
k)

for somek 6= 0. Let y = [x1
0,x

0
1). Then,xECy, andyNTPP(x+y). Sincex is solid, we must havey = x∗, and it

follows thatx= [m,x1
0)∪ [x0

1,∞). If x= [s, t) andm 6= sandt 6= ∞, theny= [m,s) 6= 0, yECNxandyNTPP(y+x),
a contradiction.

“⇐′′: Let x = [m,s). If yECNx, thensup(y) 6= ∞. Choose somesup(y) � t � ∞; then, [sup(y), t)ECNyand
[sup(y), t)(−O)x shows thaty cannot be a hole ofx. Similarly, one shows that each[t,∞) is solid. Finally, let
x = [m,s)∪ [t,∞). If yECNx, thensup(y)� t or min(y) s, or there are[u,v), [p,q) ∈ Int(y) such thatv� p; in
any case we can use the same argument as in the previous case.

2. Suppose thatyHx, and thatz= [s, t) is the leftmost interval ofy. First, suppose thats= m, and assume that
t 6∈ rel(x). Then, it follows fromy·x= 0 that there is someq such thatt � q andq�min{r ∈ x : t � r}. SinceL is
dense we can also assume thatq�min{r ∈ y : t � r}. Now setz= [t,q); then,zECyandz(−O)x, contradicting
thaty is a hole ofx. If s 6= m, we can do a similar construction.
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Figure 3: A hole in space

.

For 2≤ n, 0≤ k� n, let Mn,k = {q∈ ω : q≡ k modn} be thekth–residue class ofn. B+ is the collection of all
sets of the formMn,k0∪ . . .∪Mn,kt . Here, as below, we suppose that0≤ k0� k1� . . .� kt � n. Furthermore, set
B = B+∪ /0.

Proposition 5.3. B is an atomless Boolean subalgebra of2ω.

Proof. Considera = Mn,k, and suppose thatm is a multiple ofn, say,m = r · n. Then,a = Mm,k∪Mm,n+k∪
Mm,2n+k∪ . . .∪Mm,(r−1)·n+k. It follows that there is some0� b� a. Furthermore, ifa = Mn,k1 ∪ . . .Mn,kt and
b = Mm, j1 ∪ . . .Mm, js, then we can write botha andb in terms oflcm(a,b); this shows thatB is closed under
union. Since the setsMn,k,k� n partitionω, B is also closed under complementation, and thus, it is a Boolean
algebra.

For eachn ∈ ω let tn : Q→ Q be the translationq 7→ q+ n. Furthermore, we letLn be the interval algebra of
the rational interval[n,n+ 1) (with n+ 1 taking the place of∞) endowed with the contact relation defined in
(3.2), and definefn : L0 → Ln by fn(x) = {tn(q) : q∈ x}. Clearly, fn is a BCA isomorphism, andn 6= m implies
fn(x)∩ fm(y) = /0. Next, defineg : B×L0→ 2Q by g(T,x) =

S{ fn(x) : n∈ T}. Note thatg(T,x) = /0 if T = /0 or
x = /0. Furthermore,

Lemma 5.4. 1. g(T,x)∪g(T,y) = g(T,x+y).

2. g(T,x)∪g(S,x) = g(S∪T,x).

3. −g(T,x) = g(−T, [0,1))∪g(T,x∗).

4. g(T,x)∩g(S,y) = g(T ∩S,x ·y).
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Proof. 1. – 3. are immediate, and we just show 4.:

“⊆”: Let a ∈ g(T,x)∩g(S,y).Then, there aren ∈ T, m∈ S such thata ∈ fn(x)∩ fm(y). SinceLn andLm are
disjoint if n 6= m, we haven = m. Thus,a ∈ fn(x)∩ fn(y) = fn(x · y), since fn is a Boolean homomorphism.
Hence,a∈ g(T ∩S,x ·y).
“⊇”: Let a ∈ g(T ∩S,x · y). Then, there is somen ∈ T ∩S such thata ∈ fn(x · y) = fn(x)∩ fn(y). Now,
fn(x)⊆ g(T,x) and fn(y)⊆ g(S,y) give the desired result.

Let A be the collection of all finite unions of sets of the formg(T,x), whereT ⊆ω andx∈ L0. To avoid confusion
with the rational numbers0 and1, we will denote the smallest element ofA by 0, and its largest element by1.

Proposition 5.5. A is a Boolean subalgebra of2Q.

Proof. We need to show that each finite union of elementary products of the formg(T0,x0)∩ ·· · ∩ g(Tn,xn)∩
−g(S0,y0)∩·· ·∩−g(Sm,ym) is in A. By Lemma 5.4,

g(T0,x0)∩·· ·∩g(Tn,xn)∩−g(S0,y0)∩·· ·∩−g(Sm,ym) =
g(T0∩·· ·∩Tk,x0 · . . . ·xn)∩ [g(−S0,1)∪g(S0,y

∗
0)∪·· ·∪ (g(−Sm,1)∪g(Sm,y∗m)],

whence the claim follows by distributivity .

If a∈ A+, a = g(T0,x0)∪ . . .∪g(Tk,xk), and eachTi is a union of residue classes ofni , by takinglcm(n0, . . . ,nk)
we may assume that all theni are equal, and, using Lemma 5.4, that theTi are all different. Using Lemma 5.4
again shows that we can assume that theTi are all pairwise disjoint.

Observe that each nonemptya ∈ A is a union of intervals ofQ. Thus, the notionsrel(a) andInt(a) still make
sense. As withIntAlg(L), defineC onA+ by

aCb⇐⇒ (a∩b)∪ (rel(a)∩ rel(b)) 6= /0.

We also will use the relations of Table 1. The proof of the following result is similar to that of Lemma 3.3 and is
left to the reader.

Lemma 5.6. Letx,y∈ A+. Then,

xECy⇐⇒ x ·y = 0 and rel(x)∩ rel(y) 6= /0.(5.3)

xNTPPy⇐⇒ x≤ y and rel+(x)∩ rel+(y) = /0.(5.4)

Proposition 5.7. 〈A,C〉 is an RCC algebra which has no proper solid regions.

Proof. To show that〈A,C〉 is an RCC model is analogous to Proposition 3.2 and is left to the reader. Suppose
that0 6= a 6= 1, a = g(T0,x0)∪g(T1,x1)∪ . . .∪g(Tr ,xr). As in the proof of Proposition 5.3, we may assume that
all Ti are unions of residue classes to the same basen, and using Lemma 5.4, we can suppose thata has the form

a = g(Mn,k0,x0)∪g(Mn,k1,x1)∪ . . .∪g(Mn,kt ,xt),(5.5)

where0≤ k0� k1� . . .� kt � n. For example, if, for simplicity,xi = [pi ,qi), then

a =[k0 + p0,k0 +q0)∪ . . .∪ [kt + pt ,kt +qt)∪
[n+k0 + p0,n+k0 +qi)∪ . . .∪ [n+kt + pt ,n+kt +qi)∪
[2n+k0 + p0,2n+k0 +qi)∪ . . .∪ [2n+kt + pt ,2n+kt +qi)∪ . . .
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In each of the following cases we define an elementb which is easily seen to be a hole ofa, the verification of
which is left to the reader. The key observation here is that we “fill” gaps in the even multiples ofn and leave
them untouched in the odd multiples. This assures thata·b = 0 anda+b 6= 1, while rel+(a)∩ rel+(b) = /0.

Case 1. xi = [0,1) for all i ≤ t: Sincea 6= 1, we have{0, . . . ,n−1} 6= {k0, . . . ,kt}, and

a = [k0,k0 +1)∪ . . .∪ [kt ,kt +1)∪ [n+k0,n+k0 +1)∪ . . .∪ [n+kt ,n+kt +1)∪ . . .

(a) Suppose thatk j+1 6= k j +1 for somej � t. In this case, we set

b = g(M2n,k j+1, [0,1))∪g(M2n,k j+2, [0,1))∪ . . .∪g(M2n,k j+1−1, [0,1))

= [k j +1,k j +2)∪ . . .∪ [k j+1−1,k j+1)∪ [2n+k j +1,2n+k j +2)∪ . . .

= [k j +1,k j+1)∪ [2n+k j +1,2n+k j+1)∪ . . .

(b) Suppose thatki +1 = ki+1 for all i � t; then,

a =[k0,k0 +1)∪ [k0 +1,k0 +2)∪ . . .∪ [kt ,kt +1)∪
[n+k0,n+k0 +1)∪ [n+k0 +1,k0 +2)∪ . . .∪ [n+kt ,n+kt +1)∪
[2n+k0,2n+k0 +1)∪ [2n+k0 +1,2k0 +2)∪ . . .∪ [2n+kt ,2n+kt +1)∪

and thus,

a =[k0,kt +1)∪ [n+k0,n+kt +1)∪ [2n+k0,2n+kt +1)∪ . . .

Sincea 6= 1 we havek0 6= 0 or kt 6= n−1.

i. kt = n−1: Then,

a = [k0,n)∪ [n+k0,2n)∪ [2n+k0,3n)∪ . . .

andk0 6= 0. Now, we set

b = g(M2n,0, [0,1))∪g(M2n,1, [0,1))∪ . . .∪g(M2n,k0−1, [0,1))
= [0,k0−1)∪ [2n,2n+k0−1)∪ [4n,4n+k0−1)∪ . . .

ii. kt 6= n−1: In this case,kt +1 6= n, and we set

b = g(M2n,kt+1, [0,1))∪ . . .∪g(M2n,n, [0,1))∪ . . .∪g(M2n,n+k0, [0,1))
= [kt +1,kt +2)∪ . . .∪ [n−1,n)∪ [n−1,n)∪ [n,n+1)∪ . . . [n,n+k0)∪ . . .

= [kt +1,n+k0)∪ [2n+kt +1,2n+n+K0)∪ . . .

Case 2. There is somej ≤ t such thatxt 6= [0,1):

(a) x j is not an interval: Then, there ares∈ relr(x j), t ∈ rell (x j) with s� t and[s, t)∩x j = /0. In this case,

b = g(M2n,k j , [s, t)) = [k j +s,k j + t)∪ [2n+k j +s,2n+k j + t)∪ . . .

is a hole ofa.

(b) x j = [p,q): Then,p 6= 0 or q 6= 1.

i. p 6= 0:
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A. j = 0: If t = 0, then[0, p) is a hole ofa. Otherwise, letu = minx1,v = supxt and set

c =

{
g(M2n,k0+1, [0,1))∪ . . .∪g(M2n,k1−1, [0,1) if k0 +1 6= k1,

/0, otherwise,

and define

b = g(M2n,0, [0,1))∪ . . .∪g(M2n,k0−1, [0,1))∪
g(M2n,k0, [0, p))∪g(M2n,k0, [q,1))∪c∪g(M2n,k1, [0,u))∪g(M2n,kt , [v,1)).

B. j 6= 0: Let u = supx j−1 and set

b = g(M2n,k j−1, [u,1))∪g(M2n,k j , [0, p)).

ii. p = 0,q 6= 1: If t = 0, then[q,1) is a hole ofa. Thus, let0� t, andu = minx0.
A. j = t: Set

b = g(M2n,kt , [q,1))∪g(M2n,kt+1, [0,1))∪ . . .

. . .∪g(M2n,n+k0−1, [0,1))∪g(M2n,n+k0, [0,u)).

B. j 6= t: Let u = minx j+1, and

c =

{
g(M2n,k j+1, [0,1))∪ . . .∪g(M2n,k j+1−1, [0,1), if k j+1 6= k j +1,

/0, otherwise.

Now set

b = g(M2n,k j , [q,1))∪c∪g(M2n,k j+1, [0,u)).

This completes the proof.

This construction has interesting topological consequences. We know from [4], that〈A,C〉 is isomorphic to a
dense substructure of the Boolean algebraRegCl(X) of regular closed sets of some connectedT1 spaceX. Now
suppose that〈A,C〉 itself is such a substructure of some such spaceX. SinceA is dense inRegCl(X), its non-zero
elements are a basis for the closed sets. Since for eachx∈ A+, its complementx∗ in RegCl(X) is topologically
disconnected, we observe thatX has an open basis of disconnected regular open sets.

6 Conclusion and outlook

We have exhibited various ways in which new contact structures can be obtained from a given one. Since the
overlap relationO is a contact relation on every Boolean algebra, the most interesting remaining question is

• Can one define on every atomless Boolean algebra an RCC contact relation?

Another open problem is the following:

• Can the completionA of the algebra constructed in Section 5 be equipped with an RCC contact relationD
whose restriction toA is C, and〈A,D〉 contains no proper solids?

If the answer is affirmative, then there would be a connectedT1 space in which every proper non-empty regular
open set would be topologically disconnected, and thus,X would be locally disconnected at each of its points.
Furthermore, we would have a standard complete RCC model without proper connected regions.
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