
 

 

Brock University 
 

Department of Computer Science 
 
 
 
 
 
 
 

A Representation Theorem for Boolean Contact Algebras 
 
Ivo  Düntsch and Michael Winter 
Technical Report # CS-03-08 
September 2003 
 
 
 
 
 
 
 
Brock University 
Department of Computer Science 
St. Catharines, Ontario 
Canada L2S 3A1 
www.cosc.brocku.ca 

 



A Representation Theorem for Boolean Contact Algebras

Ivo Düntsch∗†& Michael Winter†

Department of Computer Science
Brock University

St. Catharines, Ontario, Canada, L2S 3A1
{duentsch|mwinter}@cosc.brocku.ca

September 25, 2003

Abstract

We prove a representation theorem for Boolean contact algebras which implies that the axioms for the
Region Connection Calculus [20] (RCC) are complete for the class of subalgebras of the algebras of
regular closed sets of weakly regular connectedT1 spaces.

1 Introduction

The main aim of the present paper is to establish a representation theorem for certaincontact structures

which have arisen in various fields such as qualitative spatial reasoning, proximity theory, and ontology. The

common ground is what has become known asmereotopology, based, among others, on Whitehead’s notion

of connection [27], Lésniewski’s mereology [12, 13], and “pointless geometry” which originates with the

works of de Laguna [4], Nicod [16], and Tarski [25]. Historically, standard (models for) mereotopological

structures were collections of regular closed (or regular open) sets of topological spaces〈X,τ〉. Following

Whitehead [27], two regular closed sets are said to bein contact, if they have a non-empty intersection;

the primary example is the collection of all regular closed sets of the Euclidean plane. Algebraizations of

mereotopological structures have been considered for some time and in various ways, see e.g. [1, 3, 11, 20,

23]. In a sequence of papers, Pratt and Schoop have investigated the first order theory of Boolean algebras

of polygons in the plane and have obtained some very satisfying results [17–19].

∗Ivo Düntsch gratefully acknowledges support from the National Sciences and Engineering Research Council of Canada.
†The order of authors is alphabetical and equal authorship is implied
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From a different perspective,proximity structureshave been investigated in a topological context since the

1950’s; for an exhaustive treatment of proximity spaces we invite the reader to consult [15]. Proximity

spaces are relational structures on families of sets that satisfy axioms which to some extent coincide with

those for the connection structures mentioned earlier.

The search for representation theorems is motivated by a desire to relate general structures to – in some

sense – more “familiar” ones, the most famous of such results being

• Each finite group is isomorphic to a group permutations [2].

• Each Boolean algebra is isomorphic to an algebra of sets [24].

Representation problems also play a part in the completeness of logical axioms: Having fixed a class of

“standard models” of some theory, the non–existence of a standard model for a structure shows that the

axiomatization is incomplete for this class.

Given the origin and original motivation for contact or proximity structures, one aimed at representing

such structures as algebras of regular closed (or, equivalently, regular open) sets of some topological space

where contact was defined in the Whiteheadian sense. Since contact algebras are first order structures,

and the Boolean algebraRegCl(X) of all regular closed subsets of a topological space is complete [see

10], we need to be content with substructures ofRegCl(X) if we want to stay in the realm of first order

logic. Thus, a Boolean algebraB endowed with some contact relationC will be called representableif

there are a topological spaceX and a mappingh : B→ RegCl(X) such thath is a Boolean embedding and

xCy⇐⇒ h(x)∩h(x) 6= /0.

2 Topological spaces

For any notion not explained here, we invite the reader to consult [8]. We will denote topological spaces

by 〈X,τ〉, whereτ is the topology onX; for x⊆ X, we let clτ(x) be theτ-closure ofx, andintτ(x) its τ-

interior. If τ is understood, we will just speak ofX as a topological space, and drop the subscripts from

the operators. Ifx,y ∈ τ, thenx and y are calledseparated, if cl(x)∩ y = x∩ cl(y) = /0. A non–empty

open setx is calledconnectedif it is not the union of two separated nonempty open sets. A setu⊆ X

is calledregular openif u = int(cl(u)), and regular closed, if u = cl(int(u)). The set complement of a

regular open set is regular closed and vice versa.RegCl(〈X,τ〉) is the collection of regular closed sets,

andRegOp〈X,τ〉) the collection of regular open sets; we will sometimes just writeRegCl(X) or RegCl(τ)
(respectively,RegOp(X) or RegOp(τ)) if no confusion can arise. It is well known thatRegCl(X) is a

complete Boolean algebra with the operationsa+b= a∪b, a·b= cl(int(a∩b))), and−a= cl(X \a). Note

that we can havea ·b = 0, while a∩b 6= /0. Similarly, RegOp(X) is a Boolean algebra with the operations

a+b = int(cl(a∪b)), a·b = a∩b, −a = int(X \a).
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Let Cτ be defined onRegCl(X) by aCb⇐⇒ a∩ b 6= /0, andDτ be defined onRegOp(X) by aDτb⇐⇒
cl(a)∩ cl(b) 6= /0. These relations will be our standard contact relations, and the following known result

shows that it is not stucturally important whether we work withRegCl(X) or RegOp(X):

Lemma 2.1. RegCl(X) andRegOp(X) are isomorphic Boolean algebras, and the pairs〈RegCl(X),Cτ〉 and

〈RegOp(X),Dτ〉 are isomorphic relational structures.

Proof. It is easy to see that the assignmentf : RegOp(X)→RegCl(X) defined byu 7→ cl(u) has the desired

properties.

A space isregular if a point x and a closed set not containingx have disjoint open neighborhoods, and

semiregularif it has a basis of regular open sets; regularity implies semiregularity, but not vice versa.

Since representations of regions will be regular closed sets, we could restrict ourselves to semiregular spaces.

The following result shows that we do not lose anything in this case. First, define thesemi–regularization of

〈X,τ〉 as the topologyr(τ) onX whose open basis isRegOp(τ). Now,

Proposition 2.2. Suppose that〈X,τ〉 is a topological space. Then,RegOp(τ) = RegOp(r(τ)).

Proof. [See also 8, p. 84] Leta⊆ X. Then,

clr(τ)(a) =−
[
{m∈ RegOp(τ) : m∩clτ(a) = /0} ⊇ −

[
{m∈ τ : m∩clτ(a) = /0}= clτ(a).

Let a∈ RegOp(τ). Then,

intr(τ) clr(τ)(a) = intr(τ)
(
−
[
{m∈ RegOp(τ) : m∩clτ(a) = /0}

)
,

=
[
{t ∈ RegOp(τ) : t ∩m= /0 for all m∈ RegOp(τ) with m∩clτ(a) = /0},

= a,

sincea andt are regular open, and thus,t ⊆ clτ(a) impliest ⊆ a.

Conversely, leta∈ RegOp(r(τ)). Then,

a = intr(τ) clr(τ)(a) =
[
{t ∈ RegOp(τ) : t ⊆ clr(τ)(a)}.

Now, intτ clτ(a) ∈ RegOp(τ), and thus,a⊆ intτ clτ(a)⊆ intr(τ) clr(τ)(a) = a.

If a ∈ RegOp(τ), then, by the preceding consideration,−τa = −r(τ)a, and thus,clτ(a) = clr(τ)(a). This

implies the claim.

Together with Lemma 2.1, the following now is a straightforward consequence, and it shows that we can

restrict our attention to semiregular spaces:
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Lemma 2.3. The enhanced Boolean algebras〈RegCl(τ),Cτ〉 and〈RegCl(r(τ)),Cr(τ)〉 are isomorphic.

It is well known thatX is regular, if and only if for each non–emptyu∈ τ and eachx∈ u there is somev∈ τ
such thatx ∈ v⊆ cl(v) ⊆ u. We callX weakly regularif it is semiregular and for each non–emptyu ∈ τ
there is some non–emptyv∈ τ such thatcl(v) ⊆ u. Weak regularity may be called a “pointless version” of

regularity, and each regular space is weakly regular.

A topological spaceX is callednormal, if any two disjoint closed sets can be separated by disjoint open sets.

X is calledκ–normal, if any two disjoint regular closed sets can be separated by disjoint open sets. Then,

X is normal⇒ X is κ–normal⇒ X is regular⇒ X is weakly regular⇒ X is semiregular,

and none of the implications can be reversed: Shchepin [21] gives an example of aκ-normal space which

is not normal, and of a regular space which is notκ-normal. Example 5.3, together with the Representation

Theorem 5.6 exhibits a weakly regularT1 space which is notT2, and thus, it is not regular. Finally, here is

an example of a connected, semiregularT2 space which is not weakly regular in a very strong way:

Example 2.4. Therelatively prime integer topologyis defined as follows [see 22, Example 60, for details]:

Let X be the set of positive integers, and for alla,b∈ X let Ua(b) = {b+n ·a : n ∈ Z}∩X. Consider the

topologyτ generated by the basis

B = {Ua(b) : a,b∈ X,gcd(a,b) = 1}.

This topology isT2 and has a basis of regular open sets. Furthermore, the closures of any two non-empty

open sets intersect, and it follows thatX is connected and not weakly regular. 2

This also shows that weak regularity is independent of theT2 property.

3 Boolean contact algebras

In the sequel,〈B,+, ·,−,0,1〉will denote a Boolean algebra (BA); we will usual identify algebraic structures

with their base set.B+ is the set of all non-zero elements ofB. Furthermore, ifa ∈ B andT ⊆ B, we let

a≤ T if and only if a≤ b for all b∈ T.

Lemma 3.1. 1. For each idealI and each filterF such thatI ∩F = /0 there is some ultrafilterU of B

such thatF ⊆U andU ∩ I = /0.

2. Suppose thatM ⊆ B such that

(a) 0 6∈M.
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(b) y+z∈M ⇒ y∈M or z∈M for all y,z∈ B.

(c) If x∈M andx≤ y, theny∈M.

Then, for eachx∈M there is an ultrafilterF such thatx∈ F andF ⊆M.

Proof. 1. is a well known consequence of the Boolean prime ideal theorem, see e.g. [10, p 33 ff]. 2. has

previously been shown in the context of proximity structures [15, Lemma 5.7]; for completeness we provide

a proof. Letx∈M, and suppose thatF is a subset ofM containingx which is maximal with respect to the

property

y0, . . . ,yk ∈ F impliesy0 · . . . ·yk ∈M.(3.1)

The existence of suchF is an easy consequence of Zorn’s Lemma, and we show thatF is an ultrafilter.

Suppose thata,b∈ F , and thaty0, . . . ,yk ∈ F . Then,y0 · . . . ·yk ·a·b is a finite product of elements ofF , and

thus it is an element ofM; the maximality ofF now impliesa ·b∈ F . If a∈ F , a≤ b, y0, . . . ,yk ∈ F , then

y0 · . . . · yk ·a∈ F . By condition 2c above anda≤ b, we havey0 · . . . · yk ·a∈ M, and the maximality ofF

impliesb∈ F . Finally, assume that there is somea∈ B such thata,−a 6∈ F . Then, there arey,z∈ F such

thaty ·a 6∈ M andz·−a 6∈ M. By (3.1) andy,z∈ F we havey · z∈M. On the other hand,y ·a,z·−a 6∈ M

and condition 2c onM imply thaty · z·a 6∈ M andy · z·−a 6∈ M. Sincey · z·a+ y · z·−a = y · z∈ M, this

contradicts condition 2b.

A binary relationC onB is called acontact relationif it satisfies

C0. aCb⇒ a,b 6= 0.

C1. a 6= 0⇒ aCa.

C2. C is symmetric.

C3. aCbandb≤ c⇒ aCc.

C4. aC(b+c)⇒ aCbor aCc.

C5. C(a)⊆C(b)⇒ a≤ b.

As shown in [26], in the presence of the other axioms we can replace C5 by

C5’. If a 6≤ b, there is somec∈ B such thataCcandc(−C)b.

If B is a Boolean algebra andC a contact relation onB, the pair〈B,C〉 will be called aBoolean contact

algebra(BCA). We will consider the following additional properties ofC:
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C6. a(−C)b⇒ (∃c)[a(−C)c and−c(−C)b] (Thestrong axiomof [15]).

C7. a,b 6= 0 anda+b = 1⇒ aCb (C is connecting).

Let aOb⇐⇒ a·b 6= 0. The following Lemma lists some easy properties ofC. The proof is left to the reader:

Lemma 3.2. 1. O is a contact relation onB andO⊆C.

2. a(−C)b⇒ a·b = 0.

3. If a 6∈ {0,1}, there is someb 6= 0 such thata(−C)b.

4. aCbor aCc⇒ aC(b+c).

5. a≤ b⇒C(a)⊆C(b).

TheRegion Connection Calculus(RCC) of Randell et al. [20] has received some prominence as a structure

for qualitative spatial reasoning. RCC models are BCAs which satisfy C7. Indeed, the primary motivation

for this paper was to find a standard topological representation for each RCC model.

The presence of the extensionality axiom C5 causes that the interesting BCAs have a not too simple structure.

Recall that a Boolean algebra is calledf inite−co f inite if every nonzero element is a finite sum of atoms or

the complement of such an element. In particular, every finite BA is finite–cofinite.

Lemma 3.3. 1. If B is a finite–cofinite algebra, there is exactly one contact relation onB.

2. If C satisfies C7, thenB is atomless.

Proof. 1. We show thatO is the only contact relation onB. Assume thatC is a contact relation onB, and

thatC 6= O. SinceO is the smallest contact relation onB by Lemma 3.2(1), there arex,y∈ B+ such thatxCy

andx · y = 0. SinceB is finite-cofinite, and the meet of two cofinite elements is always nonzero, we may

assume by C4 thaty is an atom; by C3 we may assume thatx =−y, i.e. thatx is the antiatom disjoint toy.

But then,x 6= 1 andx is connected to every region, contradicting C5’.

2. This was shown in [6].

This shows that BCAs are not the best choice for reasoning with finite or discrete structures: The RCC

models assume a continuous interpretation of the world since by Lemma 3.3(2) every region is infinitely

divisible, and Lemma 3.3(1) tells us that finite BCAs are quite trivial. A way of coping with this situation is

to omit C5 as in [14] and also weaken the other axioms such as in [5], see also [9].

For eacha∈ B+ we letIa = {b : a(−C)b}.

Lemma 3.4. Leta 6= 0,1. ThenIa is a proper non–trivial ideal ofB andsupIa =−a.

6



Proof. Sincea 6= 1, there is someb 6= 0,1 such thata(−C)b by C5’, and thus,Ia is non–trivial. Sincea 6= 0,

we haveaCa, and hence,Ia is proper. Ifb,c∈ Ia, thena(−C)b anda(−C)c, and C4 shows thata(−C)(b+c).
If a(−C)b andc≤ b, thena(−C)c by C3, and it follows thatIa is an ideal.

Observe that by Lemma 3.2(2),−a is an upper bound ofIa. Let b≤ s for all b∈ Ia, and assume−a 6≤ s,

i.e. a+s 6= 1. Sincea+s 6∈ {0,1}, there is somed ∈ B+ such that(a+s)(−C)d by C5’. By C4,a(−C)d
ands(−C)d. The first condition impliesd ∈ Ia, and henced≤ s, and the second condition impliess·d = 0,

which together implyd = 0, contradicting our choice ofd.

If M ⊆ B, we letIM be the ideal ofB generated by{Ia : a∈M}. Thus,

x∈ IM ⇐⇒ (∃y0, . . . ,yk ∈M)(∃p0, . . . , pk)[x = p0 + . . .+ pk andp0(−C)y0, . . . , pk(−C)yk].(3.2)

We also letFM = {−x : x∈ IM} be the filter containing the complements of the elements ofIM.

For later use we mention the following construction of a BCA:

Example 3.5. Let L be a linear order with smallest element0L. Suppose that∞ is a symbol not inL, and set

L+ = L∪{∞} with x < ∞ for all x∈ L. An interval ofL is a set of the form[s, t) = u∈ L : s≤ u� t. Int(L)
is the collection of all finite unions of intervals

[x0
0,x

1
0)∪ [x0

1,x
1
1)∪ . . .∪ [x0

t(x),x
1
t(x)),(3.3)

along with the empty set. It is well known thatInt(L) is a Boolean algebra [see 10, p.10], calledthe

interval algebra ofL. Each nonzerox∈ Int(L) can be written in the form (3.3) in such a way thatxi
j ∈ L+,

x0
j < x1

j < x0
j+1, and the intervals[x0

j ,x
1
j ) are pairwise disjoint. The representation ofx in this form is unique,

and we call it thestandard representation. In the sequel, we shall assume that all elements ofIntAlg(L) are

in standard representation. For eachx∈ IntAlg(L)+, we let

rel(x) = {x0
j : j ≤ t(x)}∪{x1

j : j ≤ t(x)}

be the set ofrelevant pointsof x.

Suppose thatL is the rational unit interval[0,1) and thatB = IntAlg(L). Set

xCy
def⇐⇒ x ·y 6= 0 or rel(x)∩ rel(y) 6= /0.(3.4)

Proposition 3.6. [7] 〈B,C〉 is a BCA which satisfies C6 and C7.

We also require the following construction:

Proposition 3.7. [7] Let B be atomless,F,G be distinct ultrafilters ofB, andD = C∪ (F×G)∪ (G×F).
Then,D is a contact relation onB.
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The common standard models of Boolean contact algebras are substructures of the regular closed alge-

bra RegCl(X) for some semiregular topological space〈X,τ〉 where the contact relationCτ is defined by

aCτb⇐⇒ a∩b 6= /0. The following result exhibits the connections between the BCA axioms and topologi-

cal properties of〈X,τ〉:

Proposition 3.8. 1. Cτ satisfies C0 – C4.

2. Cτ satisfies C5 if and only ifX is weakly regular.

3. Cτ satisfies C6 if and only ifX is κ–normal.

4. Cτ satisfies C7 if and only ifX is connected.

Proof. Clearly,Cτ satisfies C0 – C4. For 2., suppose thatCτ satisfies C5, and letu 6= /0 be open; sinceτ is

semiregular, we may assume thatu is in fact regular open. Then,X \u is regular closed and not equal toX.

By C5’ there is some non-empty regular closedv such thatv(−Cτ)(X \u), which impliesv∩ (X \u) = /0, i.e.

v⊆ u.

Conversely, suppose thatX is weakly regular, and thata,b ∈ RegCl(X) with a 6⊆ b, i.e. a∩ (X \ b) 6= /0.

Sincea is regular closed, we have in factint(a)∩ (X \ b) 6= /0, and int(a)∩ (X \ b) is regular open. By

weak regularity, there is some non-empty regular closedc such thatc⊆ int(a)∩ (X \b), which shows that

Cτ(a) 6⊆Cτ(b).

For 3., suppose thatX satisfies C6, and suppose thata,b are non-empty disjoint regular closed sets. By C6,

there exists some regular closedc such thata(−Cτ)c and−c(−Cτ)b. Then,a∩ c = cl(X \ c)∩b = /0, and

thus,a⊆ int(−c) andb⊂ int(c), showing thata andb can be separated. Conversely, suppose thatX is κ–

normal, and thata,b∈ RC(X)+, a(−Cτ)b. Then,a∩b = /0, and byκ–normality there are disjoint openu,v

such thata⊆ u andb⊆ v. Then, regularity ofa impliesa∩cl(X \u) = /0, andcl(u)∩b= /0, i.e. a(−Cτ)(−u)
andu(−Cτ)b.

Finally, suppose thatX satisfies C7, and suppose thata,b are non-empty, disjoint open sets whose union is

X. Then, in particular,a andb are regular closed, anda+ b = X. C7 implies thataCτb, i.e. a∩b 6= /0, a

contradiction.

Conversely, suppose thatCτ does not satisfy C7. Then, there area,b∈ RegCl(X)+ such thata∪b = X and

a∩b = /0. It follows thata andb are open and closed, showing thatX is not connected.

In the literature, standard representation spaces for contact algebras are usually assumed to be regular and

T1, but the previous result shows that this may not be a necessary condition. Indeed, Example 5.3 below will

show that such spaces need not even beT2.
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4 Clusters

The points of Stone’s topological representation space of a Boolean algebraB are the ultrafilters ofB. The

additional relation onB requires a different construction, which first was used in the theory of proximities,

see [15]. A non–empty subsetΓ of B is called aclan if for all x,y∈ B,

CL1. If x,y∈ Γ thenxCy.

CL2. If x+y∈ Γ thenx∈ Γ or y∈ Γ.

CL3. If x∈ Γ andx≤ y, theny∈ Γ.

Lemma 4.1. 1. If F,G are filters ofB such thatF×G⊆C, then there is a clan containingF ∪G.

2. If Γ is a clan,U an ultrafilter, andU×Γ⊆C, thenU ∪Γ is a clan.

3. If Γ is a clan andx∈ Γ, then there is some ultrafilterU such thatx∈U ⊆ Γ.

Proof. 1. SinceF ×G⊆C, we haveG∩ IF = /0, and by 3.1(1), there is some ultrafilterU disjoint from

IF and containingG. Assume thatx ∈ F ∩ IU . Then, there arey0, . . . ,yk ∈ U and, for eachi ≤ k some

pi ∈ Iyi such thatx = p0 + . . .+ pk. SinceU is a filter we havey = y0 · . . . ·yk ∈U . By C3 and C4 we have

(p0 + . . .+ pk)(−C)y, i.e. x(−C)y. On the other hand,x∈ F andy∈U imply xCy, sinceU ∩ IF = /0. Again

by 3.1(1) there is some ultrafilterV disjoint fromIU and containingF . Then,U×V ⊆C, and clearly,U ∪V

is a clan.

Observe that this implies that

xCy⇒ There is a clanΓ such thatx,y∈ Γ.(4.1)

2. This follows immediately from CL1 – CL3.

3. SinceΓ satisfies the conditions of Lemma 3.1(2), there is some ultrafilterU such thatx∈U ⊆ Γ.

Clearly, the class of clans onB is closed under union of chains, and thus each clan is contained in a maximal

element which we callcluster. The set of all clusters inB will be denoted by Clust(B). A characterization

of clusters is as follows:

Proposition 4.2. A clanΓ is a cluster if and only if

U×Γ⊆C⇒U ⊆ Γ(4.2)

for all ultrafilters U.
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Proof. “⇒”: If U×Γ⊆C, thenU ∪Γ is a clan by Lemma 4.1(2), and the maximality ofΓ impliesU ⊆ Γ.

“⇐”: Suppose thatU andΓ satisfy (4.2), and assume that∆ is a clan such thatΓ( ∆. Then, there is some

z∈ ∆\Γ, and, by 4.1(3) there is some ultrafilterU such thatz∈U ⊆ ∆. SinceU ∪Γ⊆ ∆ and∆×∆⊆C, we

have, in particular,U×Γ⊆C. By our hypothesis, we havez∈U ⊆ Γ, a contradiction.

Lemma 4.3. Let Γ ∈ Clust(B). Then,B\Γ = IΓ.

Proof. Assume thatx∈ Γ∩ IΓ. Then, there arey0, . . . ,yk ∈ Γ, p0, . . . , pk ∈ B such thatx = p0 + . . .+ pk and

pi(−C)yi for all i ≤ k. Sincex∈ Γ, we havepi ∈ Γ for somei ≤ k by CL2. Now,pi(−C)yi contradicts CL1.

Next, assume thatx 6∈ Γ∪ IΓ. By Lemma 3.1(1), there is some ultrafilterU such thatx∈U andU ∩ IΓ = /0.

It is easy to see thatU ∩Γ satisfies CL1 – CL3, and thus,U ⊆ Γ by the maximality ofΓ. This contradicts

x 6∈ Γ.

The representation theorem of Vakarelov et al. [26] uses a different definition of cluster; let us callΓ⊆ B a

proximity cluster(p-cluster), if it is a clan and furthermore satisfies

(P). (∀x)[{x}×Γ⊆C⇒ x∈ Γ].

Lemma 4.4. A clanΓ is a p-cluster if and only if

F×Γ⊆C⇒ F ⊆ Γ(4.3)

for all filters F.

Proof. “⇒”: Suppose thatF is a filter ofB andF ×Γ ⊆C. In particular,{x}×Γ ⊆C for all x∈ F , and

hence,F ⊆ Γ by (P).

“⇐: Suppose that{x}×Γ ⊆C, and letF be the principal filter generated byx. By C2 and C3 we have

{y}×Γ⊆C for all y∈ F , and thus,F ⊆ Γ.

Clearly, each p-cluster is a cluster, but the converse need not hold in general:

Example 4.5. Suppose that〈B,C〉 is the BCA of Example 3.5, and let0� a� b� 1. Furthermore, let

Fa be the ultrafilter ofB of all sets containinga, andFb be the ultrafilter ofB of all sets containingb. By

Proposition 3.7, the relationD =C∪(Fa×Fb)∪(Fb×Fa) is a contact relation onB. Let Γ = Fa∪Fb; clearly,

Γ is a clan, and we shall show that it is a cluster. Suppose thatU is an ultrafilter ofB and thatU×Γ⊆D. By

(4.2) it is sufficient to proveU ⊆ Γ. Thus, assume thatx∈U, x 6∈ Γ. SinceU is an ultrafilter and no element

belowx can be inΓ by CL3, we can suppose thatx = [s, t). Sincea,b 6∈ x andxCy for all y∈ Γ = Fa∪Fb,

we must havex = [s,a) = [s,b), contradictinga 6= b. Hence,U ⊆ Γ. If s� a� t � b andy = [s,a)∪ [t,b),
then{y}×Γ⊆ D andy 6∈ Γ. 2
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However, if C6 holds, then the two notions coincide:

Proposition 4.6. Suppose thatC satisfies C6. Then, each cluster is a p-cluster.

Proof. Suppose{x}×Γ⊆C; by Lemma 4.3 it is enough to show thatx 6∈ IΓ. Assume otherwise; then, there

arey0, . . . ,yk ∈ Γ and for eachi ≤ n somepi such thatpi(−C)yi , andx≤ p0 + . . . pn. With C6, choose for

each1≤ i ≤ n someai such thatpi(−C)−ai andai(−C)yi , and leta = a1 + . . .+an. Now, setz0 = y0 ·−a,

and, for1≤ i ≤ n setzi = y0 ·ai . Then,

z0 + . . .+zn = y0 ·−a+y0 · (a1 + . . .an) = y0 ·−a+y0 ·a = y0.

Our aim is to show thatzi 6∈ Γ for all i ≤ n which contradictsy0 ∈ Γ. First, we considerz0. From z0 =
y0 · −a = y0 · −a1 · . . .− an we infer z0 ≤ y0 andz0 ≤ −ai for 1≤ i ≤ n. If z0Cp0, thenz0 ≤ y0 implies

p0Cy0, contradictingp0 ∈ Iy0. If z0Cpi for 1≤ i ≤ n, thenpiC−ai , contradicting the choice ofai . Hence,

z(−C)(p0 + . . .+ pn), andx≤ p0 + . . . pn now impliesx(−C)z. From{x}×Γ⊆C we now obtainz0 6∈ Γ. If

1≤ i ≤ n, thenzi ≤ ai andai(−C)yi imply thatzi(−C)yi , and hence,yi ∈ Γ shows thatzi 6∈ Γ.

5 The Representation Theorem

Let 〈B,C〉 be a BCA,X = Clust(B) andh : B→ 2X be defined by the Stone–like assignmenth(x) = {Γ ∈
Clust(B) : x∈ Γ}. Our first result shows thath is injective and preserves+:

Lemma 5.1. 1. x≤ y⇐⇒ h(x)⊆ h(y).

2. h(0) = /0, h(1) = X, andh(x)∪h(y) = h(x+y) for all x,y∈ B.

Proof. 1. “⇒: Let x≤ y andx∈ Γ. By CL3 we havey∈ Γ, and thus,Γ ∈ h(y).

“⇐”: Let x 6≤ y. C5 implies that there is somez∈ B such thatxCzandy(−C)z. By (4.1), there is some

clusterΓ containing bothx andz, andy(−C)z implies thaty 6∈ Γ. Hence,h(x) 6⊆ h(y).

It may be worthy to note that, except for weak regularity, this is the only place in the proof of the Represen-

tation Theorem, where C5 is used.

2. Since0 is not contained in any cluster by C0, and1 is contained in every cluster by CL3, we have

h(0) = /0 andh(1) = X. 1. above implies thath(x)∪ h(y) ⊆ h(x+ y). Conversely, ifΓ ∈ h(x+ y), then

x+y∈ Γ, and it follows from CL2 thatx∈ Γ or y∈ Γ, i.e. Γ ∈ h(x)∪h(y).

Let τ be the topology onX which has the familyA = {h(x) : x∈ B} as a basis for the closed sets. ThatA

is indeed a basis follows from Lemma 5.1(2). Thus,B = {X \h(x) : x∈ B} is a basis for the open sets, and

each open setU has the form

U =
[
{X \h(x) : x∈ T}= X \

\
{h(x) : x∈ T}(5.1)
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for someT ⊆ B.

The next Lemma will exhibit some properties of the topologyτ which will be useful for the proof of the

Representation Theorem:

Lemma 5.2. 1. 〈X,τ〉 is a T1 space.

2. LetM ⊆ X. Then,cl(M) = {Γ :
T

M ⊆ Γ}.

3. A is closed iff there is someT ⊆ B such thatA = {Γ : T ⊆ Γ}.

4. Let /0 6= T ⊆ B andA = {Γ : T ⊆ Γ} be closed. Then,

(a) int(A) = {Γ : (∃y)[y 6∈ Γ and−y≤ T]}.
(b)

T
int(A) = {x : (∀y)[y≤ T ⇒ y≤ x]}.

(c) A⊆ cl(int(A))⇐⇒T
int(A)⊆ T.

(d) LetS= {y : y∗ ≤ T}. Then,cl(X \A) = {Γ : S⊆ Γ}.

Proof. 1. Suppose thatΓ ∈ X. Clearly, Γ ∈ T{h(y) : y ∈ Γ}. Let ∆ ∈ T{h(y) : y ∈ Γ}. If y ∈ Γ, then

∆ ∈ h(y), i.e. y∈ ∆. The maximality ofΓ shows thatΓ = ∆, and it follows that{Γ} =
T{h(y) : y∈ Γ} is

closed.

2. Since the setsh(x) are a basis for the closed sets ofτ, we have

cl(M) =
\
{h(y) : M ⊆ h(y)}

= {Γ : (∀y)[M ⊆ h(y)⇒ y∈ Γ]}
= {Γ : y∈

\
M ⇒ y∈ Γ}

= {Γ :
\

M ⊆ Γ}.

3. Since the sets of the formh(x) are a basis for the closed sets ofτ, A is closed if and only if there is some

T ⊆ B such thatA =
T{h(x) : x∈ T}. Now,

Γ ∈
\
{h(x) : x∈ T}⇐⇒ (∀x∈ T)Γ ∈ h(x)⇐⇒ (∀x∈ T)x∈ Γ⇐⇒ T ⊆ Γ.
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4a. By definition ofτ andA, we have

Γ ∈ int(A)⇐⇒ (∃y)[Γ ∈ X \h(y)⊆ A]

⇐⇒ (∃y)[y 6∈ Γ and(∀∆)(y 6∈ ∆⇒ ∆ ∈ A)]

⇐⇒ (∃y)[y 6∈ Γ and(∀∆)(y∈ ∆ or T ⊆ ∆)]

⇐⇒ (∃y)[y 6∈ Γ and(∀∆)(∀t ∈ T)(y+ t ∈ ∆)]

⇐⇒ (∃y)[y 6∈ Γ and(∀t ∈ T)(y+ t ∈
\

Clust(B))]

⇐⇒ (∃y)[y 6∈ Γ and(∀t ∈ T)(y+ t = 1)]

⇐⇒ (∃y)[y 6∈ Γ and−y≤ T].

Observe that this implies

Γ ∈ int(h(x))⇐⇒ (∃y)[y 6∈ Γ and−y≤ x]⇐⇒ (∃y)[y 6∈ Γ and−x≤ y]⇐⇒−x 6∈ Γ.(5.2)

4b. Letx∈ T int(A), y≤ T, and assumey 6≤ x, i.e. −y+x 6= 1. By C5’ there is somez 6∈ {0,1} such that

z(−C)(−y+x), and by C4 we havez(−C)−y andz(−C)x. Choose someΓ with z∈ Γ. Then,−y 6∈ Γ and

y≤ T shows thatΓ ∈ int(A) by 4a. Sincez(−C)x impliesx 6∈ Γ, this contradictsx∈T int(A).

Conversely, suppose thatz≤ T impliesz≤ x, and letΓ ∈ int(A). Then, there is somey such thaty 6∈ Γ and

−y≤ T. Hence,−y≤ x and thus,x∈ Γ.

4c. Consider the following:

A⊆ cl(int(A))⇐⇒ (∀Γ)[Γ ∈ A⇒
\

int(A)⊆ Γ]⇐⇒ (∀Γ)[T ⊆ Γ⇒
\

int(A)⊆ Γ]⇐⇒
\

int(A)⊆ T.

4d: Consider the following:

Γ ∈ cl(X \A)⇐⇒ Γ 6∈ int(A)

⇐⇒ (∀y)[y 6∈ Γ⇒−y 6≤ T] by 4a

⇐⇒ (∀y)[−y≤ T ⇒ y∈ Γ]

⇐⇒ (∀y)[y∈ S⇒ y∈ Γ]

⇐⇒ S⊆ Γ.

Note thatS is a filter: If x,y∈ S, then−x≤ T,−y≤ T implies−x+−y≤ T, and thus,x · y∈ S. If x≤ z,

then−z≤−x≤ T, and it follows thatz∈ S.

The following example shows that〈X,τ〉 need not be aT2 space:

Example 5.3. Let 〈B,C〉 be the algebra of Example 3.5,0� a� b� c� 1 andFa,Fb,Fc be the ultrafilters

of B of all elements ofB containing, respectively,a,b or c. Let D = C∪ (Fa×Fb)∪ (Fb×Fa)∪ (Fa×Fc)∪
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(Fc×Fa). By Proposition 3.7,D is a contact relation. As in Example 4.5, one can show thatΓ = Fa∪Fb

and∆ = Fa∪Fc are clusters. Incidentally, this shows that an ultrafilter can be contained in two different

clusters which is not possible for p-clusters. Assume that there are open setsu,v such thatΓ ∈ u, ∆ ∈ v and

u∩v = /0. Since the setsh(x) are a basis for the closed sets, there arex,y in B such thatΓ 6∈ h(x), ∆ 6∈ h(y)
andh(x)+ h(y) = X. Sinceh is an embedding, the latter impliesx+ y = 1. On the other hand,Γ 6∈ h(x)
implies thata 6∈ x andb 6∈ x, and∆ 6∈ h(y) implies thata 6∈ y andc 6∈ y. Together, we obtaina 6∈ x+ y,

contradictingx+y = 1. 2

Our next result shows thatT2 implies (P). As a preparation, we need the following

Lemma 5.4. If Γ ∈ X, then{h(y) : y∈ FΓ} is a basis for the closed neighborhoods ofΓ.

Proof. The sets of the formint(h(y)) are a basis for the open sets ofX by 5.2(2), and, by 5.2(4a), we obtain

Γ ∈ int(h(y))⇐⇒ y∈ Γ and−y 6∈ Γ,

i.e. y∈ FΓ.

Proposition 5.5. If 〈Clust(B),τ〉 is a T2 space, thenB satisfies (P).

Proof. Suppose thatΓ×{x} ⊆C. Then, in particular,FΓ×{x} ⊆C, and it follows from Lemma 4.1(1) that

there is some∆ ∈ X such thatFΓ∪{x} ⊆ ∆. Recall that a space isT2 iff each point is the intersection of all

of its closed neighborhoods. Now, sinceX is T2, and by 5.4 above we have{Γ}=
T{h(y) : y∈ FΓ}= {∆ :

FΓ ⊆ ∆}. In other words,Γ is the only cluster containingFΓ, and thus,x∈ Γ.

We will now prove the Representation Theorem:

Proposition 5.6. 1. Each BCAB is isomorphic to a dense substructure of some〈RegCl(X),Cτ〉 whereτ
is T1 and weakly regular.

2. B satisfies C7 if and only ifX is connected.

Proof. 1. Let X = Clust(B). We show thath is a Boolean embedding intoRegCl(X) such thath[B] is a

dense subalgebra ofRegCl(X), andxCy⇐⇒ h(x)∩h(y) 6= /0. By Lemma 5.1,h is injective and preserves

sums. From (4.1) and CL1 it is easily seen thatxCy⇐⇒ h(x)∩h(y) 6= /0.

Next, we show thath(x) ∈ RegCl(X) and thath preserves complements. First, observe that for allx∈ B,

cl(X \h(x)) =
\
{h(y) : X \h(x)⊆ h(y)}=

\
{h(y) : h(x)∪h(y) = X}=

\
{h(y) : x+y = 1}.(5.3)
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If Γ ∈ h(−x), then−x ∈ Γ, and, if x+ y = 1, then−x≤ y which impliesy∈ Γ. Hence,Γ ∈ cl(X \h(x)).
Conversely, suppose thatΓ ∈ h(y) wheneverx+ y = 1; then, in particular,Γ ∈ h(−x). It follows that

h(x) = cl(X \h(−x)) for all x∈ B. Now,

h(x) = cl(X \h(−x)) = cl(X \ (cl(X \h(x)))) = cl(int(h(x)))

shows thath(x) is regular closed and it follows from (5.3) thath preserves complements.

Suppose that/0 6= A = {Γ : T ⊆ Γ} is regular closed. Then, there are someΓ ∈ int(A) and somey∈ B such

thaty 6∈ Γ and−y≤ T. Sincey 6∈ Γ, we have−y∈ Γ, and−y≤ T impliesT ⊆ Γ. It follows thatΓ ∈ A, and

hence,/0 6= h(−y) ⊆ A. Therefore,h[B] is dense inRegCl(X). Note that this impliesh[B] = RegCl(X) just

in caseB is complete.

Sinceτ is T1 by Lemma 5.2(1), it remains to show thatτ is weakly regular. Suppose that/0 6= u∈ τ. Since

the sets of the formX \h(y) are regular open and a basis for the open sets, we can assume thatX \h(y)⊆ u

for somey 6= 1. By C5’ there is somez 6= 0 such thatz(−C)y. Hence, by CL1 no cluster contains bothy and

z, and it follows thath(z)∩h(y) = /0, i.e. h(z)⊆ X \h(y).

2. Suppose thatM 6= /0,X is clopen. By Lemma 5.2(4a) and (4d), there are filtersF,G of B such that

M = {Γ : F ⊆ Γ}, X \M = {∆ : G⊆ ∆}, andG is the set of upper bounds of the set{−x : x ∈ F}. If

x∈ F andy∈ G, then−x≤ y by definition ofG, and thusx+ y = 1. It follows from C7 thatxCy. Hence,

F×G⊆C, and by Lemma 4.1(1) there is some clusterΓ such thatF ∪G⊆ Γ. On the other hand,

F ∪G⊆ Γ⇐⇒ F ⊆ Γ andG⊆ Γ⇐⇒ Γ ∈M andΓ ∈ X \M,

which is not possible.

Corollary 5.7. Each RCC model is isomorphic to a substructure of some〈RegCl(X),Cτ〉 for a connected

weakly regularT1 spaceX.

6 Conclusion and outlook

We have provided a topological Representation Theorem for Boolean contact algebras which implies a

representation of the Region Connection Calculus. As a consequence, one can observe that the common

assumption of regularity andT1 of the representation space is too strong and not forced by the axioms, since

our spaces need not be regular. We do not even need any point separation axioms: TheT1 property of our

representation space is a consequence of the fact that the clusters are pairwise incomparable under⊆. If we

“double” the points of Clust(B) and choose the obvious topology, then the resulting space will still provide

a representation for〈B,C〉, but it will not even beT0. Two interesting questions remain:
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1. Is there a topological representation theorem for Boolean algebras whereC only satisfies C0 – C4?

We are somewhat doubtful, since if C5 is not satisfied, then regions cannot be distinguished byC

anymore, and the mappingh above need not be injective.

2. Are there BCAs which do not have a regular representation space? Even though our spaces are not

necessarily regular, it may be that by another method such spaces could be obtained.
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[12] Leśniewski, S. (1928). O podstawach ogolnej teoryi mnogosci.I.Przeglad Filozoficzny, 31:261–291.

16
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