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Abstract. Several relation-algebraic algorithms for computing the cut completion of a
partially ordered set are formally developed and afterwards generalized to the case of
concept lattices. It is shown how the algorithms can be translated into the programming
language of RelView and executed using this system. Furthermore, it is demonstrated
how to obtain and draw Hasse diagrams of concept lattices as labeled directed graphs
using the RelView system.

1 Introduction

Completion via cuts is a well-known method to embed a partially ordered set
into a complete lattice. Its generalization to arbitrary relations leads to concept
lattices (sometimes also called Galois lattices). These structures, which constitute
the basis of formal concept analysis [17], have been proved to be a useful tool in
many computer science applications, e.g., knowledge representation and discov-
ery, information retrieval, data mining, and program analysis. A lot of references
can be found in the textbook [17].

The problem of computing cut completions and concept lattices is studied
in the literature since some decades. One of the first papers seems to be [13],
published 1973. In the year 1984 a remarkable simple algorithm for both tasks was
presented in [15]. Some further references to algorithms again can be found in [17].
Also the present paper deals with the computation of cut completions and concept
lattices. However, it does not present the algorithms in the informal way followed
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by a “free-style” correctness proof as usual in the algorithms community but
concentrates on the formal development of programs in a certain language using,
in addition, the algebra of (binary) relations as main tool. Most of the previous
relation-algebraic program developments deal with graph-theoretic problems or
problems on structures which are closely related to graphs (like Petri nets). See
[3, 4, 6–10, 19–21] to give some references. The present paper is an attempt to
extend the relation-algebraic approach to orders and lattices.

When applying formal methods in programming, one usual asks for addi-
tional computer aid. We will apply the Kiel RelView system, a visual tool for
calculating with relations and relation-algebraic programming. Hence, a further
aim of the paper is to demonstrate the practical use of this system, its manifold
possibilities, and its flexibility by means of a new domain of applications.

The remainder of the paper is organized as follows: We first present the basics
of the algebra of relations in Section 2. Thereby, we also show how to model
subsets and sets of subsets using relations and introduce two important choice
operations. Based on relations, in Section 3 we formally develop three algorithms
for the computation of cut completions which immediately can be formulated in
the language of RelView. Section 4 deals with concept lattices. We show how
to compute them with the help of the programs of Section 3 and how to obtain
and draw their Hasse diagrams as labeled directed graphs using the RelView

system. Section 5 contains some concluding remarks.

2 Relational Preliminaries

In this section we introduce some basics about the algebra of relations, show how
to represent subsets and sets of subsets, and consider two choice operations on
relations. We also have a short look at the RelView-system.

2.1 Algebra of Relations

We write R : X ↔ Y if R is a relation with domain X and range Y , i.e., a
subset of X × Y . If the sets X and Y of R’s type X ↔ Y are finite and of
cardinality m and n, respectively, we may consider R as a Boolean matrix with
m rows and n columns. Since this Boolean matrix interpretation is well suited
for many purposes, in the following we often use matrix terminology and matrix
notation. Especially we speak of the rows and columns of R and write Rxy instead
of (x, y) ∈ R. Boolean matrices are also used by the RelView system as a mean
to depict relations.

We assume the reader to be familiar with the basic operations on relations,
viz. RT (transposition), R (negation), R ∪ S (union), R ∩ S (intersection), R S
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(composition), R ⊆ S (inclusion), and the special relations O (empty relation),
L (universal relation), and I (identity relation).

The basic operations and the special relations are very helpful for defining
many properties of and further operations on relations in a component-free man-
ner, that is, by formulae and expressions over relations involving no element
relationship Rxy. The properties and operations used in the remainder of this
paper are presented now (see e.g., [21] for more details).

A relation R is reflexive if I ⊆ R, irreflexive if R ⊆ I , transitive if RR ⊆ R,
symmetric if R = RT, and antisymmetric if R ∩ RT ⊆ I. An equivalence relation
is a reflexive, transitive, and symmetric relation whereas a partial order relation
is reflexive, transitive, and antisymmetric. By ipa(R) := R ∩ I we denote the
irreflexive part of R. If R is a partial order relation, then ipa(R) is irreflexive and
transitive, i.e., a strict order relation. R is univalent if RTR ⊆ I, total if RL = L,
and injective if RT is univalent. A univalent and total relation is a mapping .

The left residual of S over R is defined as S /R := S RT , while the right

residual of R under S is given by R \S := RT S . After translating the relation-
algebraic expressions of the residuals into component-wise formulations we get
that (S /R)yx holds if and only if Rxz implies Syz for all z and (R \S)xy holds
if and only if Rzx implies Szy for all z. By syq(R,S) := (R \S) ∩ (RT / ST) the
symmetric quotient of R and S is defined. In component-wise notation this means
that syq(R,S)xy holds if and only if Rzx is equivalent to Szy for all z.

2.2 Modeling Sets and Sets of Sets with Relations

Relations offer some simple and elegant ways of representing subsets of a given
set and sets of such subsets and for manipulating such objects.

The first representation of subsets uses vectors which are relations v with
v = vL. For v : X ↔ Y this condition means: Whatever set Z and universal
relation L : Y ↔ Z we choose, an element x ∈ X is either in relationship (vL)xz

to no element z ∈ Z or to all elements z ∈ Z. As for a vector, therefore, the
range is irrelevant, we consider in the following mostly vectors v : X ↔ 1 with
a specific singleton set 1 = {⊥} as range and omit in such cases the second
subscript, that is, write vx instead of vx⊥. Such a vector can be considered as a
Boolean matrix with exactly one column, i.e., as a Boolean column vector, and
represents the subset {x ∈ X | vx} of X. A vector is said to be a point if it is
non-empty and injective. These properties mean that it represents a singleton
subset of its domain or an element from it if we identify a singleton set with the
only element it contains. In the Boolean matrix model, hence, a point v : X ↔ 1

is a Boolean column vector in which exactly one component is 1.
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We can also use injective mappings for representing subsets. Given an injective
mapping ı : Y ↔ X, we may consider Y as a subset of X by identifying it with
its image under ı. If Y is actually a subset of X and ı the identity mapping
from Y to X, then the vector ıTL : X ↔ 1 represents Y as subset of X in the
above sense. Clearly, the transition in the other direction, i.e., the generation of
an injective mapping inj (v) : Y ↔ X fulfilling inj (v)yx if and only if y = x from
a given vector v : X ↔ 1 representing the subset Y of X, is also possible.

As third possibility to deal with subsets of a given set X we will use in this
paper the set-theoretic membership relation ε : X ↔ 2X , defined by εxY if and
only if x ∈ Y . Using matrix terminology, membership relations lead to a column-
wise representation of sets of subsets. More specifically, if the vector v : 2X ↔ 1

represents a subset S of 2X in the above sense, then for all x ∈ X and Y ∈ S we
get the equivalence of (ε inj (v)T)xY and x ∈ Y . This means that the elements of
S are precisely represented by the columns of the relation ε inj (v)T : X ↔ S.

If the subset S of the powerset 2X is represented by the columns of a relation
R : X ↔ S in the sense that RxY is equivalent to x ∈ Y for all x ∈ X and Y ∈ S,
then the insertion of a new set Y into S can be modeled by adding to R a new
column which consists of the vector representation v : X ↔ 1 of Y . For example,

adding v to R from the right formally can be described as R @ v := (RT + vT)
T
,

where + is the relation-algebraic sum operation of the direct sum of the two sets
S and {Y } (cf. [5] for details).

2.3 Choice Operations

The choice of a point point(v) contained in a non-empty vector v is fundamental
for relational programming since it corresponds to the choice of an element from a
non-empty set. An relation-algebraic axiomatization of point(v) is obvious. Note
that point is a (deterministic) function from non-empty vectors to points of the
same type in the usual mathematical sense. Each call yields the same object so
that especially point(v) = point(v) holds. Of course, the axiomatization allows
different realizations. E.g., the implementation of the function in RelView uses
the fact that the system only deals with finite carrier sets which are linearly
ordered by an internal enumeration. If the vector v : X ↔ 1 represents the subset
Y of X, then the RelView version of point(v) : X ↔ 1 yields that point which
represents its least element of Y with respect to the enumeration order.

The generalization of point to arbitrary non-empty relations is atom. A call
atom(R) of this function yields an atom contained in the non-empty relation R,
i.e., a relation S such that S ⊆ R and S contains exactly one pair. Relation-
algebraically the latter property can be characterized by S 6= O and SLST ∪
STLS ⊆ I. The RelView version of atom(R) yields that relation S ⊆ R which
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contains the lexicographic least pair of R with respect to the internal enumeration
order.

2.4 The RelView System

In the following we want to give an impression of RelView, a computer system
for calculating with relations and relation-algebraic programming. More details
and applications can e.g., be found in [2, 5, 8, 9].

In RelView all data are represented as relations, which the system visual-
izes in different ways. It offers several algorithms for pretty-printing a relation for
which domain and range coincide as a directed graph. Alternatively, an arbitrary
relation may be displayed as a Boolean matrix which is very useful for visual
editing and also for discovering structural properties that are not evident from
a graphical presentation. Because RelView, in particular when using it for the
validation of relational specifications, often works on (very) large data, it uses a
very efficient implementation of relations based on reduced ordered binary de-
cision diagrams. Especially, this holds for the membership-relation ε : X ↔ 2X ,
which in RelView is implemented via a binary decision diagram with O(|X|)
nodes. Details can be found in [11, 18].

The RelView system can manage as many relations simultaneously as mem-
ory allows and the user may manipulate and analyze them by pre-defined opera-
tions and tests, relational functions, and relational programs. The pre-defined op-
erations include all operations presented so far. All that can be accessed through
simple mouse-clicks but also composed to functions and programs.

A declaration of a relational function is of the form F (X1, . . . , Xn) = t, where
F is the function name, the Xi, 1 ≤ i ≤ n, are the formal parameters (standing for
relations), and t is a relation-algebraic expression over the relations of the system’s
workspace that can additionally contain the formal parameters Xi, 1 ≤ i ≤ n.
Recursion is not allowed.

A relational program in RelView essentially is a while-program based on
the datatype of relations. Such a program has many similarities with a function
procedure in Modula-2. It starts with a head line containing the program’s name
and a list of formal parameters. Then the declaration part follows, which consists
of the declarations of local relational domains (direct products and sums), local
relational functions, and local variables. The third part of a relational program
is its body, a sequence of statements which are separated by semicolons and
terminated by the return-clause. In programs recursive calls are possible.

We renounce at this place examples for relational functions and programs
since many of them will be presented in the remainder of this paper.
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3 Computation of Cut Completions

At the beginning of this section we recall the basic definitions of cut completion.
More details can be found in [12] for example. Based on relations we then for-
mally develop three algorithms for its computation. Each of them easily can be
translated into the programming language of the RelView system.

3.1 Cut Completion

Assume (M,Q) to be a partially ordered set, i.e., Q : M ↔ M to be a partial
order relation. For a set C ∈ 2M let MiQ(C) := {x ∈ M | ∀ y ∈ C : Qxy} denote
the set of its lower bounds and MaQ(C) := {x ∈ M | ∀ y ∈ C : Qyx} denote the
set of its upper bounds with respect to Q. An element of the set

CQ := {C ∈ 2M | C = MiQ(MaQ(C))}

is called a (Dedekind) cut of (M,Q). It is well-known that (CQ,⊆) constitutes
a complete lattice. Greatest lower bounds and least upper bounds are given by
C u D = C ∩ D and C t D = MiQ(MaQ(C ∪ D)), respectively.

The complete lattice (CQ,⊆) is called the (Dedekind-McNeille) cut completion
of the partially ordered set (M,Q) since it contains a sub-order which is order-
isomorphic to (M,Q). This sub-order is given as (PQ,⊆), where

PQ := {[x] | x ∈ M}

and [x] := MiQ(MaQ({x})) = {y ∈ M | Qyx} is the principal cut generated
by x. For x, y ∈ M we have that Qyx holds if and only if [y] ⊆ [x]. Hence, the
isomorphism is established via the function σ : M → CQ defined by σ(x) = [x].

It is also well-known that the cut completion is the least complete lattice
containing a sub-order isomorphic to the partially ordered set (M,Q). Formally,
the following theorem holds: If (M,Q) is isomorphic to a sub-order of a complete
lattice (V,v) via the function ρ : M → V , then also (CQ,⊆) is isomorphic
to a sub-order of (V,v) via the function ψ : CQ → V mapping a cut C to⊔{ρ(x) | x ∈ C} and, furthermore, ρ(x) = ψ(σ(x)) holds for all x ∈ M .

Although the cut completion is the least complete lattice in which one can
embed a partially ordered set (M,Q), the size of CQ may be exponential in the
size of M . For example, let M := {1, . . . , 2 ∗n} and Qxy hold if and only if x = y
or 1 ≤ x ≤ n < y ≤ 2 ∗ n and x + n 6= y. Then Q is a partial order relation and
the cut completion of (M,Q) is isomorphic to (2{1,...,n},⊆).
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3.2 Use of Membership-Relations

In the following we develop a first relation-algebraic algorithm for computing the
cut completion of a partially ordered set (M,Q). It is based on the membership
relation ε : M ↔ 2M between M and its powerset 2M .

We start with the definition that x ∈ M is a lower bound of C ∈ 2M if and only
if for all y from y ∈ C it follows Qxy. Then, we represent C by a vector v : M ↔ 1

and use the component-wise description of left residuals given in Section 2.1. We
obtain that MiQ(C) is represented by the vector Q/ vT : M ↔ 1. Transposing
the relation Q yields QT / vT : M ↔ 1 as the vector representing MaQ(C). Hence,
we obtain the following two relation-algebraic descriptions for computing lower
and upper bounds:

mi(Q, v) := Q/ vT : M ↔ 1 ma(Q, v) := QT / vT : M ↔ 1

If the second argument of mi and ma is not a vector but an arbitrary relation
R : M ↔ Y , then obviously they compute lower and upper bounds column-wise.
This means e.g., that for all x ∈ M and y ∈ Y the relationship mi(Q,R)xy is
equivalent to x being a lower bound of the set {z ∈ M | Rzy}.

Our next aim is to develop a vector which represents the set CQ. Using besides
ε the identity relation I : 2M ↔ 2M und the vector L : 2M ↔ 1 in combination
with well-known correspondences between certain kinds of logical and relation-
algebraic constructions and the component-wise description of symmetric quo-
tients of Section 2.1, we are able to calculate for all C ∈ 2M as follows:

C cut of (M,Q) ⇐⇒ ∀x : x ∈ C ↔ x ∈ MiQ(MaQ(C))
⇐⇒ ∀x : εxC ↔ mi(Q,ma(Q, ε))xC

⇐⇒ ∃D : ∀x : εxC ↔ mi(Q,ma(Q, ε))xD ∧ C = D
⇐⇒ ∃D : syq(ε,mi(Q,ma(Q, ε)))CD ∧ ICD ∧ LD

⇐⇒ (syq(ε,mi(Q,ma(Q, ε))) ∩ I)LC

If we remove the subscript C from the last expression of this equivalence by
function abstraction, we get the following relation-algebraic description of the
vector representing the set of cuts:

cutvect(Q) := (syq(ε,mi(Q,ma(Q, ε))) ∩ I)L : 2M ↔ 1

Now we apply the injective mapping generated by cutvect(Q). As shown in
Section 2.2, the columns of the following relation represent the set of cuts of
(M,Q), i.e., for all x ∈ M and C ∈ CQ we have x ∈ C if and only if cutset(Q)xC :

cutset(Q) := ε inj (cutvect(Q))T : M ↔ CQ
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The set of cuts is ordered by set inclusion. Using the component-wise descrip-
tion of right residuals of Section 2.1 in combination with the equivalence of x ∈ C
and cutset(Q)xC , we are able to show for all C,D ∈ CQ the following property:

C ⊆ D ⇐⇒ ∀x : x ∈ C → x ∈ D
⇐⇒ ∀x : cutset(Q)xC → cutset(Q)xD

⇐⇒ (cutset(Q) \ cutset(Q))CD

An immediate consequence of this calculation is the subsequent relation-algebraic
description of the inclusion order on the set of cuts:

cutord(Q) := cutset(Q) \ cutset(Q) : CQ ↔ CQ

As the last step it remains to describe the embedding of (M,Q) into its cut
completion, i.e., the function σ : M → CQ of Section 3.1, as a relation between
M and CQ. Given x ∈ M and C ∈ CQ, we obtain

[x] = C ⇐⇒ ∀ y : y ∈ [x] ↔ y ∈ C
⇐⇒ ∀ y : Qyx ↔ cutset(Q)yC

⇐⇒ syq(Q, cutset(Q))xC

due to [x] = {y ∈ M | Qyx} and the component-wise descriptions of the relation
cutset(Q) and the symmetric quotient construction, respectively. This leads to
the following relation-algebraic version of the function σ of Section 3.1:

embedding(Q) := syq(Q, cutset(Q)) : M ↔ CQ

All the previous relation-algebraic descriptions are algorithms if we assume
that (M,Q) is a finite partially ordered set. They can immediately be translated
into the language of RelView. Doing so, we get:

mi(Q,v) = Q / v^.

ma(Q,v) = Q^ / v^.

cutvect(Q)

DECL E, I

BEG E = epsi(On1(Q));

I = I(O1n(E)^ * O1n(E))

RETURN dom(syq(E,mi(Q,ma(Q,E))) & I)

END.

cutset(Q) = epsi(On1(Q)) * inj(cutvect(Q))^.



58 Rudolf Berghammer

cutord(Q)

DECL C

BEG C = cutset(Q)^

RETURN C \ C

END.

embedding(Q) = syq(Q,cutset(Q)).

After loading it from a file, this RelView-code can be executed via the system as
it stands and after that the results are depicted on the system’s screen. In the case
of cutvect and cutord the code uses relational programs instead of relational
functions to avoid multiple evaluations of relation-algebraic expressions.

3.3 Inductive Generation of the Set of Cuts

The column-wise enumeration of the set of cuts is the decisive step of the cut
completion procedure since from it one immediately obtains the inclusion order
and the embedding mapping. A serious drawback of the solution of Section 3.2 is
the use of the membership relation. It leads to an exponential complexity even if
the size of CQ is polynomial in the size of M . In this section we develop a solution
which avoids this drawback.

Guided by the description of the greatest lower bound of two cuts as their
intersection, we start with the set IQ inductively generated by the principal cuts
PQ as base and intersection as only generating function. I.e., we consider:

IQ :=
⋂

{X ∈ 2CQ | PQ ∪ {C ∩ D | C,D ∈ X} ⊆ X}

By this definition (IQ,⊆) is the least complete lower semi-lattice which contains
PQ, i.e., a sub-order isomorphic to (M,Q). Now we distinguish two cases: If the
set IQ contains the largest cut M , then (IQ,⊆) is even the least complete lattice
containing a sub-order isomorphic to (M,Q). Hence, it is the cut completion
of (M,Q) because of the theorem mentioned in Section 3.1. Otherwise, the same
argument shows that inserting M into IQ results in the cut completion of (M,Q).

The next step of the algorithm development applies Tarski’s well-known fixed
point theorem (see [22]). It shows that IQ is the least fixed point of the following
monotone function:

F : 2CQ → 2CQ F (X) = PQ ∪ {C ∩ D | C,D ∈ X}

If M is a finite set, the least fixed point of F coincides with the greatest element of
the finite chain ∅ ⊂ F (∅) ⊂ F 2(∅) ⊂ . . . which leads to the subsequent algorithm
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for computing the set of cuts as final value of X:

X := PQ;
R := {(C,D) ∈ X × X | C ∩ D 6∈ X};
while R 6= O do

X := X ∪ {C ∩ D | RCD};
R := {(C,D) ∈ X × X | C ∩ D 6∈ X} od;

if M 6∈ X then X := X ∪ {M} fi

Correctness follows from the fact that a simple induction shows F i+1(∅) = Gi(PQ)
for all i ≥ 0, where the monotone function G is defined as

G : 2CQ → 2CQ G(X) = X ∪ {C ∩ D | C,D ∈ X},

and, furthermore, the equation

G(X) = X ∪ {C ∩ D | (C,D) ∈ X × X,C ∩ D 6∈ X} = X ∪ {C ∩ D | RC,D}

holds for all X ∈ 2CQ . Finally, we transform this algorithm step by step into
a relation-algebraic version. Especially this means that we take X as a relation
whose columns represent in each run of the loop a certain subset S of the powerset
2M as described at the end of Section 2.2.

The principal cuts are exactly represented by the columns of the partial order
relation Q. Hence, interpreting X as a relation we have to change line 1 of the
above algorithm into the assignment

X := Q.

To obtain a relation-algebraic version of the computation of R from X, i.e., of
lines 2 and 5 of the above algorithm, we apply the so-called tupling (sometimes
also called fork) [X,X] : M ↔ S×S of X, defined by [X,X]x(C,D) if and only if
XxC and XxD. Combining it with the component-wise description of symmetric
quotients, we are able to calculate for all C,D,Z ∈ S as follows:

C ∩ D = Z ⇐⇒ ∀x : x ∈ C ∧ x ∈ D ↔ x ∈ Z
⇐⇒ ∀x : XxC ∧ XxD ↔ XxZ

⇐⇒ ∀x : [X,X]x(C,D) ↔ XxZ

⇐⇒ syq([X,X], X)(C,D)Z

Now we use – considered as relations – the projections π and ρ from the direct
product S × S to its first and second component, respectively. Then from the
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above calculation we obtain for all C,D ∈ S the following equivalence:

∃Z : C ∩ D = Z ⇐⇒ ∃Z : syq([X,X], X)(C,D)Z

⇐⇒ ∃P : πPC ∧ ρPD ∧ ∃Z : syq([X,X], X)PZ ∧ LZD

⇐⇒ ∃P : πT

CP ∧ (ρ ∩ syq([X,X], X)L)PD

⇐⇒ (πT(ρ ∩ syq([X,X], X)L))CD

A removal of the indices of the last expression followed by a negation, finally, leads
to the relation-algebraic version of the computation of the relation R : S ↔ S
from the relation X : M ↔ S in form of an assignment as follows:

R := πT(ρ ∩ syq([X,X], X)L)

The relation-algebraic version of line 4 of the above algorithm consists of a
few lines and can be developed rather straightforwardly. First, we store the value
of X in a new variable, say V . By means of a simple loop we then take every pair
(C,D) of R via a call of the operation atom, compute the vector representation
v of the intersection C ∩D, and add v as a column to V if it is not yet a column
of it. Of course, taking the pair (C,D) allows to neglect the reverse pair (D,C).
After the loop X becomes the value of V .

Let the relation A consist exactly of the pair (C,D) ∈ R. Taking the uni-
versal vector L : M ↔ 1, a little reflection shows that XAL is the column of
X representing C and XATL is the column of X representing D. Hence, the
vector representation v of the intersection C ∩ D is computed by the following
assignment:

v := XAL ∩ XAT
L

It is added as a new column to V from the right by

if syq(V, v) = O then V := (V T + vT)
T

fi.

The guard syq(V, v) = O of this conditional follows from the fact that syq(V, v)
is empty if and only if the vector v is not a column of the relation V (see the
component-wise description of symmetric quotients given in Section 2.1) and its
body already has been elaborated in Section 2.2.

It remains to treat line 6. Here we use that the set M is represented by the
universal vector L : M ↔ 1. Hence, the relation-algebraic version

if syq(X, L) = O then X := (XT + L
T)

T

fi

of the last line of the above algorithm is an immediate consequence of the just
presented test for column containment, too.
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Now we are done and can combine the single developed pieces of code to the
desired new relation-algebraic computation of the set of cuts. In the language of
the RelView system this computation looks as follows:

haveint(X)

DECL Prod = PROD(X^*X,X^*X);

pi, rho

BEG pi = p-1(Prod);

rho = p-2(Prod)

RETURN pi^ * (rho & syq([X,X],X) * L(X^*X))

END.

cutset(Q)

DECL L, X, R, V, W, A, v

BEG L = Ln1(Q);

X = Q;

R = -haveint(X);

WHILE -empty(R) DO

V = X;

W = R;

WHILE -empty(W) DO

A = atom(W);

v = X * dom(A) & X * dom(A^);

IF empty(syq(V,v)) THEN V = (V^ + v^)^ FI;

W = W & -A & -A^ OD;

X = V;

R = -haveint(X) OD;

IF empty(syq(X,L)) THEN X = (X^ + L^)^ FI

RETURN X

END.

To enhance readability, this code uses an an auxiliary program haveint for com-
puting the “have an intersection relation” πT(ρ ∩ syq([X,X], X)L) from X.

3.4 Lectic Enumeration of the Set of Cuts

As we have already mentioned in the introduction, in [15] a remarkable simple
algorithm for computing cut completions and concept lattices is presented. The
aim of this section is to demonstrate how its decisive part easily can be formulated
in RelView to compute the set of cuts of a partially ordered set (M,Q) with
the help of the system.

In [15] it is assumed that the carrier set is enumerated. Using relations this
means that we have besides the partial order relation Q : M ↔ M a strict order
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relation S : M ↔ M with the additional property I ⊆ S ∪ ST of linearity. Then
a first result of [15] is that the relation L : CQ ↔ CQ, defined by

LCD :⇐⇒ ∃x : less(C, x,D, S),

is a linear strict order relation (called the lectic order) if the predicate less for
C,D ∈ 2M and x ∈ M is given as

less(C, x,D, S) :⇐⇒ x ∈ D \ C ∧ {y ∈ C | Syx} = {y ∈ D | Syx}.
The lectic least cut is MiQ(MaQ(∅)) and the lectic greatest cut is M . Hence, the
task of computing CQ can be reduced to a simple loop which starts with a list
containing MiQ(MaQ(∅)) as the only element and inserts in every run the lectic
upper neighbour of the last list element C, i.e., the least cut that is greater than
C with respect to L, until M is inserted. Using the operation

⊕ : CQ × M → 2M C ⊕ x := MiQ(MaQ({y ∈ C | Syx} ∪ {x})),
in [15] it is shown that C⊕x is the lectic upper neighbour of C if x is the greatest
element of the set {y /∈ C | less(C, y, C ⊕ y, S)} with respect to S.

Now we turn to relational algebra. Let a subset C of M be represented by
the vector v : M ↔ 1 and an element x of M by the point p : M ↔ 1. Then the
vector v ∩ Sp : M ↔ 1 is the representation of {y ∈ C | Syx}. This immediately
leads to the following relation-algebraic version of the predicate less:

less(v, p, w, S) ⇐⇒ p ⊆ w ∩ v ∧ v ∩ Sp = w ∩ Sp

Using the functions mi and ma of Section 3.2, the subsequent relation-algebraic
version of the operation ⊕ (which makes visible that it depends besides the set
representation v and the element representation p also on the two relations Q
and S) is an immediate consequence of the original definition, too:

plus(v, p,Q, S) = mi(Q,ma(Q, (v ∩ Sp) ∪ p)) : M ↔ 1

It remains to develop a relation-algebraic algorithm which yields for a vector v
representing a cut C the vector representation w of the lectic upper neighbour of
C. To obtain this goal, we use the simple fact that for all vectors u : M ↔ 1 the
greatest element (with respect to S) of the set it represents is represented by the
point u ∩ ma(S ∪ I, u). Then the algorithm

u := v ;
p := u ∩ ma(S ∪ I, u);
w := plus(v, p,Q, S);
while ¬less(v, p, w, S) do

u := u ∩ p ;
p := u ∩ ma(S ∪ I, u);
w := plus(v, p,Q, S) od,
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starting with a point representing the greatest element of the complement of C,
is a straightforward implementation of the search for the greatest point p ⊆ v
for which less(v, p, plus(v, p,Q, S), S) holds.

Summing up and changing to RelView we obtain the following new code
for computing a relation the columns of which represent the set of cuts. Its main
program cutset has a second parameter for the linear strict order relation S.

less(v,p,w,S) =

incl(p,w & -v) & eq(v & S * p,w & S * p).

plus(v,p,Q,S) =

mi(Q,ma(Q, (v & S * p) | p)).

nextcut(v,Q,S)

DECL I, u, p, w

BEG I = I(S);

u = -v;

p = u & ma(S | I,u);

w = plus(v,p,Q,S);

WHILE -less(v,p,w,S) DO

u = u & -p;

p = u & ma(S | I,u);

w = plus(v,p,Q,S) OD

RETURN w

END.

cutset(Q,S)

DECL L, X, v

BEG L = Ln1(Q);

X = mi(Q,ma(Q,On1(Q)));

v = nextcut(X,Q,S);

X = (X^ + v^)^;

WHILE -eq(v,L) DO

v = nextcut(v,Q,S);

X = (X^ + v^)^ OD

RETURN X

END.

It should be mentioned that cutset requires the precondition |CQ| > 1 for being
correct. A version which works correctly for all cut sets can be obtained by an
additional treatment of the case mi(Q,ma(Q, O)) = L.
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4 Computation of Concept Lattices

This section deals with concept lattices. First, we introduce the basics. Then, we
show how concept lattices can be computed with the help of the programs of
Section 3. Finally, we demonstrate how to obtain and draw their Hasse diagrams
as labeled directed graphs using the RelView system.

4.1 Concept Lattices

Concept lattices are generalizations of cut completions. One starts with (formal)
contexts which are triples (O,A, I) consisting of a non-empty set O of objects , a
non-empty set A of attributes , and an incidence relation I : O ↔ A. A (formal)
concept then is a pair (C,D) from 2O × 2A such that the equations C = D5 and
D = C4 hold. Here D5 and C4 are defined in analogy to the sets of lower and
upper bounds in Section 3.1, that is, we have D5 := {x ∈ O | ∀ y ∈ D : Ixy} and
C4 := {x ∈ A | ∀ y ∈ C : Iyx}.

If (C1, D1) and (C2, D2) are two concepts, then (C1, D1) is defined to be less
general or equal than (C2, D2), denoted by (C1, D1) v (C2, D2), if C1 ⊆ C2 or,
equivalently, D2 ⊆ D1. With this relation the set

BI := {(C,D) ∈ 2O × 2A | C = D5 ∧ D = C4}

of all concepts constitutes a complete lattice (BI ,v), in [17] called concept lattice
([1] speaks of a Galois lattice). By (C1, D1) u (C2, D2) = (C1 ∩ C2, (D1 ∪ D2)

54)
greatest lower bounds are given; (C1, D1) t (C2, D2) = ((C1 ∪ C2)

45, D1 ∩ D2)
describes least upper bounds.

4.2 Adaptation of the Previous Algorithms

As an immediate consequence of Section 4.1 we obtain that the concept lattice
(BI ,v) of a context (O,A, I) is isomorphic to the complete lattice (OI ,⊆), with
the carrier set defined as OI := {C ∈ 2O | ∃D : (C,D) ∈ BI}, and also to the
complete lattice (AI ,⊇), where AI := {D ∈ 2A | ∃C : (C,D) ∈ BI}.

Fundamental for the following is the simple fact that D5 and C4 generalize
the notions of lower bounds and upper bounds from partial order relations to
arbitrary relations. Using also the notations Mi I(D) and MaI(C) of Section 3.1
instead of D5 and C4 we, furthermore, get for each C ∈ 2O:

C ∈ OI ⇐⇒ ∃D : (C,D) ∈ BI

⇐⇒ ∃D : MaI(C) = D ∧ Mi I(D) = C
⇐⇒ C = Mi I(MaI(C))
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The last line of this equivalence is exactly the defining equation for a set to be a
cut. Hence, the lattice (OI ,⊆) generalizes the construction of a cut completion
from a partial order relation to an arbitrary (incidence) relation.

As an immediate consequence, the two calls cutset(I) and cutord(I) of the
RelView-programs of Section 3.2 compute for a context (O,A, I) the column-
wise representation of the set OI and the inclusion order on this set, respec-
tively. The column-wise representation of the set AI is obtained as value of the
RelView-expression ma(I, cutset(I)). This follows from the property AI =
{MaI(C) | C ∈ OI} and the fact that for an arbitrary second argument the
RelView function ma computes upper bounds column-wise. From the value of
ma(I, cutset(I)), finally, the reverse inclusion order on AI can be obtained with
the help of RelView’s right residual and transposition operations.

Instead of the RelView-program cutset of Section 3.2 also the correspond-
ing program of Section 3.4 can be used for computing the set OI since the al-
gorithm it implements originally was designed for the lectic enumeration of all
object-components of the elements of BI , i.e., the set OI (see [15, 17]).

A call cutset(I) with the version of Section 3.3, however, only leads to a
correct result if all columns of the incidence relation I are pair-wise different (oth-
erwise the result is not antisymmetric). A context or incidence relation with this
property is called column-clarified . In [17] it is proved that column-clarification
is without any affect on the structure of the concept lattice. Hence, to ensure cor-
rectness also for the version of Section 3.3 we only have to remove all duplicates
of columns from the incidence relation in a preparatory step.

To remove all duplicates of columns from an arbitrary relation R : X ↔ Y , we
start with the relation S := syq(R,R). From the component-wise description of
symmetric quotients in Section 2.1 we obtain for all x, y ∈ Y that Sxy holds if and
only if the x-column and the y-column of R are equal. Furthermore, S : Y ↔ Y is
an equivalence relation (see e.g., [21] for a relation-algebraic proof). The column-
wise representation of the set Y/S of its equivalence classes is the canonical
epimorphism, considered as a relation Φ : Y ↔ Y/S. Now it is obvious that the
step from R : X ↔ Y to RΦ : X ↔ Y/S removes all duplicates of columns from
R.

In [5] the following RelView-program for the column-wise representation of
the equivalence classes of an equivalence relation S formally is derived:
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classes(S)

DECL C, v, p

BEG p = point(Ln1(S));

C = S * p;

v = -C;

WHILE -empty(v) DO

p = point(v);

C = (C^ + (S * p)^)^;

v = v & -(S * p) OD

RETURN C

END.

Combining the RelView-program classes with the RelView-program cutset

of Section 3.3 and RelView’s pre-defined operation syq for symmetric quotients,
the evaluation of the RelView-expression cutset(I * classes(syq(I,I))) first
column-clarifies I, say to Ir, and then computes the column-wise representation
of the set OIr

. Instead with single attributes the columns of this relation are
labeled with sets of attributes, viz. the equivalence classes of syq(I, I). This is in
accordance with the usual labeling of clarified incidence relations; see [17].

4.3 Drawing Concept Lattices With RelView

In many applications of context analysis experts learn from formal contexts by
inspecting their carefully layouted concept lattices. Concept lattices of such con-
texts tend to have a modest size. Otherwise their drawings would be hard to
analyze visually. In this section we demonstrate how the RelView system can
be used for depicting such concept lattices as labeled directed graphs. We do this
by means of a small example, taken from [16].

The object set O of the context (O,A, I) of the example consists of the seven
triangles T1, . . . , T7 given in the following tabular, where each triangle is repre-
sented by the coordinates of its three corners in the Euclidian plane:

abbreviation coordinates
T1 (0,0) (6,0) (3,1)
T2 (0,0) (1,0) (1,1)
T3 (0,0) (4,0) (1,2)

T4 (0,0) (2,0) (1,
√

3)
T5 (0,0) (2,0) (5,1)
T6 (0,0) (2,0) (1,3)
T7 (0,0) (2,0) (0,1)
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As set A of attributes we consider five standard properties that triangles may or
may not have, viz. equilateral (eq), isoceles (is), acute angled (aa), obtuse angled
(oa), and right angled (ra). The following picture, finally, shows the RelView-
representation of the incidence relation I : O ↔ A of the context (O,A, I):

T1
T2
T3
T4
T5
T6
T7

eq is aa oa ra

In this labeled Boolean matrix a grey square stands for the entry “true” and a
white square stands for the entry “false”:

To obtain the concept lattice of the triangles context, in a first step we apply
the RelView system and compute two relations

BO : O ↔ OI BA : A ↔ AI

the columns of which represent the set OI and the set AI , respectively. If we use
the program cutset of Section 3.2 for the computation of BO and the method of
Section 4.2 to get BA from BO, we obtain as results the Boolean matrices shown
in the following two pictures:

T1
T2
T3
T4
T5
T6
T7

1 2 3 4 5 6 7 8 9 10

eq
is
aa
oa
ra

1 2 3 4 5 6 7 8 9 10

Hence, the triangles context leads to ten concepts. From the first columns of the
matrices we obtain (∅, A) as first context, the second context ({T4}, {eq, is, aa})
is represented by the second columns and so on.

As mentioned before, the concept lattice (BI ,v) is isomorphic to the complete
lattice (OI ,⊆) and the inclusion order of the latter relation-algebraically can be
described as right residual BO \BO. We renounce the RelView-representation
of the inclusion order as Boolean matrix. Instead we show in the next picture
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how the system depicts this relation as a directed graph using the hierarchical
graph drawing algorithm of [14].

1

2

3

4

5

6

7

89

10

Such a layout of a partial order relation R is neither economic nor easy to
comprehend since it contains many superfluous arcs. Therefore, it is customary
to depict only the upper neighbour relationship given by R, which goes by the
name Hasse-diagram HR of R. In [21] it is shown that HR = S ∩ SS with S
being the irreflexive part of R. A translation of this description into the language
of RelView is trivial and leads to the following code:

ipa(R) = R & -I(R).

hasse(R)

DECL S

BEG S = ipa(R)

RETURN S & -(S * S)

END.

Having depicted the Hasse-diagram of a concept lattice as a “nice” directed
graph with the aid of the RelView system and its graph drawing features, it
remains to label the vertices of the drawn graph using the system’s labeling
mechanism. However, labeling all vertices with the elements of the corresponding
concepts would lead to a diagram which is difficult to understand because of
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the lot of labels. To enhance readability, therefore, in the literature it has become
customary to label the vertex corresponding to a set C ∈ OI with x ∈ O precisely
if C is a minimal set (with respect to inclusion) that contains x, that is, x ∈ C
holds and there exists no D ∈ OI such that D ⊂ C and x ∈ D. See [17] for
example. Using the relation BO : O ↔ OI as column-wise representation of the
set OI and the simple facts that x ∈ C (respectively x ∈ D) is equivalent to BO

xC

(respectively BO
xD) and D ⊆ C is equivalent to (BO \BO)DC , the little calculation

x ∈ C ∧ ¬∃D : D ⊂ C ∧ x ∈ D

⇐⇒ BO
xC ∧ ¬∃D : (BO \BO)DC ∧ I DC ∧ BO

xD

⇐⇒ BO
xC ∧ BO((BO \BO) ∩ I ) xC

⇐⇒ (BO ∩ BO ipa(BO \BO) )xC

shows that the vertex corresponding to C is labeled with x if and only if (x,C)
is contained in the following object labeling relation:

BO ∩ BO ipa(BO \BO) : O ↔ OI

Based on a computation of the set OI via a call cutset(I) it is obvious how to
compute the object labeling relation by a RelView-program. Here is the code:

objlabeling(I)

DECL BO

BEG BO = cutset(I)

RETURN BO & -(BO * ipa(BO \ BO))

END.

Attribute labels are saved by labeling a vertex corresponding to C ∈ AI with
x ∈ A if and only if C is a maximal set (with respect to inclusion) that contains
x. The latter means that x ∈ C and there exists no proper superset D of C
which contains x. Again it is rather trivial to develop from this description a
RelView-program for computing the corresponding attribute labeling relation.
We get:

attrlabeling(I)

DECL BO

BEG BO = cutset(I)

RETURN BO & -(BO * ipa(BO \ BO)^)

END.
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The following two RelView-matrices show the object labeling relation and
the attribute labeling relation for the triangles context:

T1
T2
T3
T4
T5
T6
T7

1 2 3 4 5 6 7 8 9 10

eq
is
aa
oa
ra

1 2 3 4 5 6 7 8 9 10

If we label the hierarchical drawing of the Hasse-diagram of the triangles concept
lattice according to these two relations, then the RelView system, finally, shows
on its graph window the following picture:

1

T4 eq
2

T6
3

T3 aa
4

T2
5

T7 ra
6

T1
7

T5 oa
8

   is
9

10

Of course, the user of RelView interactively can change this drawing using the
mouse, if it does not satisfy his aesthetical demands.

5 Conclusion

In this paper we have shown how relational algebra and the RelView system can
be used for computing and depicting cut completions and concept lattices. We
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have tested the approach with many examples to see how the programs perform
in practice. To give an example, on a modern PC (Pentium, running Linux at
1.2 GHz) we needed 76 seconds to compute the vector representation of the set
O

I
for a context of the specific form (O,O, I ) with 19 objects using the program

cutvect of Section 3.2. To get for the same context the relation of the concept
lattice using the program cutset of Section 3.2 takes 258 seconds. It should be
remarked that a so-called diagonal context (O,O, I ) constitutes a worst case since
its concept lattice is isomorphic to (2O,⊆); see [17].

Besides the computation of concept lattices there are many further algorithmic
tasks in formal concept analysis and their relation-algebraic solutions are subject
of current and future research. How to column-clarify a context has already been
demonstrated in Section 4.2 and row-clarification is obtained by column-clarifying
the transpose of the incidence relation. Also reduction of contexts has already
been solved by combining the relation-algebraic descriptions

↗= I ∩ I ((I \ I)T ∩ IT I ) ↙= I ∩ (( I / I ) ∩ I IT) I

of the arrow relations ↗ : O ↔ A and ↙ : O ↔ A (which play a decisive role
in reduction; see [17]) with the operation inj for generating injective mappings
from vectors. Presently, we work on the relational-algebraic modeling of the com-
position of concept lattices using direct products and sums.

Acknowledgement. I wish to thank B. Ganter, G. Schmidt and M. Winter for
valuable discussions on the topic of the paper.
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